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Abstract
Cartesian tree matching is a form of generalized pattern matching where a substring of the text
matches with the pattern if they share the same Cartesian tree. This form of matching finds
application for time series of stock prices and can be of interest for melody matching between musical
scores. For the indexing problem, the state-of-the-art data structure is a Burrows–Wheeler transform
based solution due to [Kim and Cho, CPM’21], which uses nearly succinct space and can count the
number of substrings that Cartesian tree match with a pattern in time linear in the pattern length.
The authors address the construction of their data structure with a straight-forward solution that,
however, requires pointer-based data structures, resulting in O(n lg n) bits of space, where n is the
text length [Kim and Cho, CPM’21, Section A.4]. We address this bottleneck by a construction
that requires O(n lg σ) bits of space and has a time complexity of O(n lg σ lg n

lg lg n
), where σ is alphabet

size. Additionally, we can extend this index for indexing multiple circular texts in the spirit of
the extended Burrows–Wheeler transform without sacrificing the time and space complexities. We
present this index in a dynamic variant, where we pay a logarithmic slowdown and need space
linear in the input texts in bits for the extra functionality that we can incrementally add texts.
Our extended setting is of interest for finding repetitive motifs common in the aforementioned
applications, independent of offsets and scaling.
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1 Introduction

String matching is ubiquitous in computer science, and its variations are custom-made to
solve a wide variety of problems. We here focus on a special kind of variation called substring
consistent equivalence relation (SCER) [21]. Two strings X and Y are said to SCER-match
if they have the same length and all substrings of equal length starting at the same text
position SCER-match, i.e., X[i..j] SCER-matches with Y [i..j] for all 1 ≤ i ≤ j ≤ |X| = |Y |.
A specific instance of SCER-matching is order-preserving matching [19, 16], which has been
studied for the analysis of numerical time series. The aim of order-preserving matching
is to match two strings if the relative order of the symbols in both strings is the same.
Order-preserving matching therefore can find matches independently of value offsets and
scaling.

Since order-preserving matching takes the global order of the symbols in a string into
account, it may be too strict in applications that primarily consider the local ordering of
ranges partitioned by the peaks. In fact, time series of stock prices are such a case, where
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26:2 Extending the BWT for Cartesian Tree Matching

a common pattern called the head-and-shoulder [8] involves one absolute peak (head) and
neighboring local peaks (shoulders), where each of these neighboring peaks can be treated
individually to match similar head-and-shoulder patterns with slightly changed local peaks.
For such a reason, Park et al. [26] proposed Cartesian tree matching. Cartesian tree matching
relaxes the notion of order-preserving matching in the sense that an order-preserving match
is always a Cartesian tree match, but not necessarily the other way around. For instance,
the two strings of digits 1537462 and 2438372 fit into the head-and-shoulder pattern, do
not order-preserving match, but Cartesian tree match. For that, Cartesian tree matching
compares the Cartesian trees of two strings to decide whether they match. The Cartesian
tree [28] is a binary tree built upon an array of numbers. If all numbers are distinct, it
is the min-heap whose in-order traversal retrieves the original array. Since its inception,
Cartesian tree matching and variations thereof have attracted interest from researchers, whose
studies include multiple pattern matching [26, 27], approximate matching [1, 18], substring
matching [4], subsequence matching [24], indeterminate matching [10], cover matching [15],
and palindromic matching [9].

In addition to stock prices, applications of generalized pattern matching can also be
found in melody matching between musical scores. Pattern matching music scores such
as differences, directions, or magnitudes have been studied [12]. However, the detection of
repetitions in a piece of music has also been considered of importance [7]. The question
therefore is whether we can find repetitive substrings that Cartesian tree match with a
repetition of a set of melodic motifs (i.e., input texts). For that to be efficient, we want to
index these motifs.

An index for Cartesian tree matching of a text string T is a data structure built upon T

that can report the number of substrings of T that Cartesian tree match a given pattern.
Given T has n symbols drawn from an integer alphabet of size σ, Park et al. [26] and
Nishimoto et al. [23] proposed indexes for Cartesian tree matching of T that both occupy
O(n lg n) bits of space and are constructed with O(n lg n) and O(nσ lg n) additional bits of
space, respectively. Park et al. [26, Section 5.1] achieve O(m lg σ) time and Nishimoto et
al. [23, Section 5.1] O(m(σ + lg m) + occ) time for answering count queries, where occ is
the number of occurrences of the pattern of length m. Adapting Ferragina and Mantaci’s
FM-index for exact string matching [5], Kim and Cho [17] proposed an index that occupies
3n + o(n) bits of space, and answers a count query in O(m) time for a pattern of length m.
For construction, they proposed a straight-forward solution that takes as input the Cartesian
suffix tree of Park et al. [26], which, however, requires O(n lg n) additional bits of space.

We address two goals in this paper. The first is a construction algorithm for Kim
and Cho’s index that takes O(n lg σ) bits of working space, which is compact for constant
alphabet sizes. While we consider an index supporting access to a character of the length-n
text T as compact if its space is O(n lg σ) bits, we here restrict queries to Cartesian-tree
pattern matching, and a Cartesian tree storing n nodes can be represented in 2n bits, cf. [26,
Section 3.5]. Therefore, a compact index for Cartesian-tree pattern matching takes O(n)
bits, a bound we reach for constant alphabets. Second, while all aforementioned indexes
can partially address the problem by indexing multiple texts, it is hard to detect whether
the pattern is a repetition of one of the input texts, which is of interest in case of indexing
melodic motifs that can repeat. Here, our goal is an index that can find such matches, even
if they start with different offsets of the same repetition. In concrete words, our aim is to
index multiple texts for Cartesian pattern matching. The search space for a pattern are the
texts that are considered to be infinite concatenations with themselves.

In this paper, we propose an extension of the index of Kim and Cho [17] for Cartesian
tree matching with techniques of the extended Burrows–Wheeler transform [20], and call the
resulting data structure the cBWT index. The cBWT index is an extension in the sense that
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i 1 2 3 4 5 6 7 8
V [i] 7 14 5 1 11 27 11 7

Figure 1 Example integer string V to illustrate queries. Here, rank11(V, 5) = 1,
rnkcntV (2, 7, 7, 14) = 3, select11(V, 2) = 7, RNVV (1, 5, 8) = 11, and MIV (5, 6) = [4..8].

it supports indexing multiple input texts for Cartesian tree matching circularly. We show
that we can compute the cBWT index in O(n lg σ lg n

lg lg n ) time and O(n lg σ) bits of space, where
n is the total length of all texts to index. Our construction allows to build the cBWT index
incrementally, i.e., we support the incremental addition of a new string to the set of texts we
index. We can also compute the original index of Kim and Cho within the same complexities.
Our ideas stem from construction algorithms of indexes for parameterized matching by
Hashimoto et al. [11] and Iseri et al. [14], which we recently extended for multiple circular
texts [25]. During construction, the cBWT index supports the backward search and count
queries for pattern strings in O(m lg σ lg n

lg lg n ) time, where m is the pattern length.

2 Preliminaries

Let lg = log2 denote the logarithm to base two. We assume a random access model with
word size Ω(lg n), where n denotes the input size. An interval {i, i + 1, .., j − 1, j} of integers
is denoted by [i..j], where [i..j] = ∅ if j < i.

Strings. Let Σ denote an alphabet. We call elements of Σ symbols, a sequence of symbols
from Σ a string over Σ, and denote the set of strings over Σ by Σ∗. Let U, V, W ∈ Σ∗. The
concatenation of U and V is denoted by U ·V or UV . We write Uk if we concatenate k instances
of U for a non-negative integer k, and Uω for the string obtained by infinitely concatenating U .
We call U primitive if U = Xk implies U = X and k = 1. It is known that for every U ∈ Σ∗

there exists a unique primitive X ∈ Σ∗ and a unique integer k such that U = Xk, denoted
by root(U) and exp(U), respectively. If X = UV W , then U is called a prefix, W a suffix,
and U, V, W substrings of X. The length |U | of U is the number of symbols in U , lcp(U, V )
reports the length of the longest common prefix of U and V , ε denotes the unique string of
length 0, and we define Σ+ = Σ∗ − {ε}. Let X ∈ Σ+ and i, j ∈ [1.. |X|]. Then X[i] denotes
the i-th symbol in X, and X[i..j] = X[i] · · ·X[j], where X[i..j] = ε if j < i, X[..i] = X[1..i],
and X[i..] = X[i.. |X|]. For notational convenience, X[..k] = ε if k ≤ 0, and V [k..] = ε if
k ≥ |V | + 1. We call 1 ≤ p ≤ |X| satisfying X[q] = X[q + p] for every q ∈ [1.. |X| − p]
a period of X. Let Rot(X, 0) = X and Rot(X, k + 1) = Rot(X, k)[2..] · Rot(X, k)[1] for
each non-negative integer k, i.e., Rot(X, k) denotes the k-th left rotation of X. The left
rotations of X for k ∈ [0.. |X| − 1] are the conjugates of X. We write U < V if and only if
(a) U = V [.. |U |] and |U | < |V | or (b) U [lcp(U, V ) + 1] < V [lcp(U, V ) + 1].

Let V ∈ Σ+ be a (dynamic) string, c ≤ d ∈ Σ, i ∈ [1.. |V |+1], j ∈ [0.. |V |] and k ∈ [1.. |V |].
Then insertV (i, c) inserts the symbol c at position i of V , deleteV (k) deletes the k-th entry
of V , rankc(V, j) returns the number of occurrences of c in V [..j], rnkcntV (i, j, c, d) returns
|{x ∈ [i..j] | c ≤ V [x] ≤ d}|, selectc(V, i) returns the index of the i-th occurrence of c in V if
i ≤ rankc(V, |V |), RNVV (i, j, c) returns the smallest value in V [i..j] larger than c if it exists,
and MIV (j, c) returns the maximal interval [ℓ..r] such that 0 ≤ ℓ ≤ j ≤ r ≤ |V | and V [x] ≥ c

for every x ∈ [ℓ + 1..r]. See Figure 1 for examples. We represent strings by the following
dynamic data structure, which supports the aforementioned operations and queries.
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(d) ct(T [4..7]).

Figure 2 Cartesian trees of T = 625178265, P = 7347, T [3..6] = 5178, and T [4..7] = 1782. Here,
P ≈ T [3..6] and P ̸≈ T [4..7].

▶ Lemma 2.1 ([14, Lemma 4]). A dynamic string of length n over [0..σ] with σ ≤ nO(1) can
be stored in a data structure occupying O(n lg σ) bits of space, supporting insertion, deletion
and the queries access, rank, rnkcnt, select, RNV and MI in O( lg σ lg n

lg lg n ) time.

Alphabet. Throughout, we will work with the integer alphabet Σ = [0..σ], where σ ≤ nO(1),
and a special symbol $ ̸∈ Σ stipulated to be smaller than any symbol from Σ. The special
symbol is motivated by the construction algorithm, and as a delimiter when a string should
not be considered circular, as in the index of Kim and Cho [17]. Let Σ$ = Σ ∪ {$}.

Cartesian Tree Matching. The Cartesian tree ct(V ) of a string V ∈ Σ∗
$ is a binary tree

defined as follows. If V = ε, then ct(V ) is the empty tree. If V ̸= ε, let i denote the position
of the smallest symbol in V , where ties are broken with respect to text position. Then ct(V )
has V [i] as its root, ct(V [..i− 1]) as its left subtree and ct(V [i + 1..]) as its right subtree. We
say that two strings U, V ∈ Σ∗

$ Cartesian tree match (ct-match) if and only if ct(U) = ct(V ),
and write U ≈ V . For instance, in Figure 2 the substring T [3..6] = 5178 of T = 625178265
ct-matches P = 7347 while T [4..7] = 1782 does not.

Parent Distance Encoding. Park et al. [26] use an encoding scheme for representing
Cartesian trees that reduces the computation of a ct-match to checking whether the encoded
strings exactly match. We here give a variant thereof which takes the special symbol $ into
account. Let ∞ ̸∈ Σ$ denote a symbol larger than any integer. The parent distance encoding
⟨V ⟩ of V ∈ Σ$ is a string of length |V | over Σ$ ∪ {∞} such that

⟨V ⟩[i] =


∞ if $ ̸= V [i] < min{V [j] | j ∈ [..i− 1]},
V [i] if V [i] = $,
i−max{j ∈ [..i− 1] | V [j] ≤ V [i]} otherwise,

for each i ∈ [1.. |V |]. We have ⟨V ⟩[..i] = ⟨V [..i]⟩ for each V ∈ Σ+
$ and i ∈ [1.. |V |]. For

example, ⟨41327$3⟩ = ∞∞121$1.1

▶ Lemma 2.2 ([26, Theorem 1]). Let U, V ∈ Σ∗. Then U ≈ V ⇔ ⟨U⟩ = ⟨V ⟩.

1 As a side note, the parent distance encoding has been leveraged for devising compact O(n)-bit data
structures answering range minimum queries, such as the 2d-Min-Heap by Fischer [6] and the LRM-trees
by Sadakane and Navarro [22], which semantically coincide.
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Problem Statement. We are interested in a solution to the following problem.

▶ Problem (Count). Given ∅ ≠ T ⊂ Σ+ and P ∈ Σ∗, count each of the conjugates of the
strings in T whose infinite iteration has a prefix ct-matching P .

Throughout, let ∅ ≠ T = {T1, ..., Td} ⊂ Σ+. Our running example consists of the strings
T1 = 512, T2 = 5363 and T3 = 4478 over Σ = [0..8]. Given our running example, the solution
to Count for P1 = 643 and P2 = 5634 is 0 and 2, respectively. Here, P2 ≈ Rot(T3, 2)ω[..4] ≈
Rot(T1, 2)ω[..4] since ⟨P2⟩ = ∞1∞1 = ⟨Rot(T3, 2)ω[..4]⟩ = ⟨Rot(T1, 2)ω[..4]⟩.

3 O(n lg σ)-bit Index

Let n = |T1 · · ·Td|, nk = |Tk| for each k ∈ [1..d], and CT (i) = Rot(Tj , i− 1−
∑j−1

k=1 nk) for
each i ∈ [1..n], where j = min{h ∈ [1..d] |

∑h
k=1 nk ≥ i}, i.e., we identify each conjugate

of each text T1, ..., Td with its start position inside the concatenation T1 · · ·Td, such that
we give them ranks from 1 to n. See Figure 3 for an example. In what follows, we put
these ranks in a specific order by a permutation of [1..n] such that the permuted ranks of
all conjugates with prefixes of their infinite concatenation ct-matching a pattern form an
interval [ℓ..r] ⊆ [1..n].

3.1 Conjugate Array
We express the permutation of the ranks of all conjugates by the so-called conjugate array,
which we will subsequently define. To achieve this, we extend the ideas of Mantaci et al. [20]
to Cartesian tree matching, and introduce a preorder on Σ+

$ . For notational convenience,
we define the rotational parent distance encoding ⟨V ⟩r of V ∈ Σ+

$ by ⟨V ⟩r = ⟨V 2⟩[|V |+ 1..].
For any V, U ∈ Σ+

$ , let V ⪯ω U if and only if there exists some natural number i such that
⟨V ω[..i]⟩ < ⟨Uω[..i]⟩ or root(⟨V ⟩r) = root(⟨U⟩r) holds.

▶ Lemma 3.1. The relation ⪯ω defines a total preorder on Σ+
$ , i.e., the relation ⪯ω is

binary, reflexive, transitive and connected.

We call this preorder the ω-preorder. We write V =ω U if and only if V ⪯ω U ∧ U ⪯ω V ,
and V ≺ω U if and only if V ⪯ω U ∧ V ̸=ω U . For instance, T3 = 4478 ≺ω 125 = Rot(T1, 1)
and T2 = 5363 =ω 6353 = Rot(T2, 2). Note that the latter example violates antisymmetry,
i.e., the relation ⪯ω is not a total order. In the following, we present a convenient but not
necessarily optimal way to compute the ω-preorder of two given strings.

▶ Lemma 3.2 (Weak Periodicity Lemma). Let p and q be two periods of a string X. If
p + q ≤ |X|, then gcd(p, q) is also a period of X.

▶ Lemma 3.3 ([13, Lemma 5]). Let V, U ∈ Σ+
$ and z = max{|V | , |U |}. Then V =ω U if

and only if ⟨V ω[..3z]⟩ = ⟨Uω[..3z]⟩.

Proof. Without loss of generality, |U | = z. Let |V | = i, |root(⟨V ⟩r)| = j and |root(⟨U⟩r)| = k.
(⇐) Assume ⟨V ω[..3z]⟩ = ⟨Uω[..3z]⟩. Then, on the one hand,

⟨Rot(V, z)⟩ωr [..2z] = ⟨V ω[..3z]⟩[z + 1..] = ⟨Uω[..3z]⟩[z + 1..] = ⟨U⟩r · ⟨U⟩r.

Since the rotational prev-encoding is commutative with left rotations, j is a period of
⟨Rot(V, z)⟩r. Consequently, both z and j are periods of ⟨U⟩r · ⟨U⟩r. Since j + z ≤ 2z =
|⟨U⟩r · ⟨U⟩r|, we can apply Lemma 3.2 and find that gcd(j, z) is a period of ⟨U⟩r · ⟨U⟩r. As

CPM 2025
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i CT (i) ⟨CT (i)ω[..12]⟩ CA−1
T [i] CAT [i] ⟨CT (CAT [i])ω[..12]⟩ CT (CAT [i])

1 512 ∞∞1131131131 9 8 ∞11131113111 4478
2 125 ∞11311311311 3 9 ∞11311131113 4784
3 251 ∞1∞113113113 7 2 ∞11311311311 125
4 5363 ∞∞1212121212 10 5 ∞12121212121 3635
5 3635 ∞12121212121 4 7 ∞12121212121 3536
6 6353 ∞∞1212121212 11 10 ∞1∞111311131 7844
7 3536 ∞12121212121 5 3 ∞1∞113113113 251
8 4478 ∞11131113111 1 11 ∞∞1113111311 8447
9 4784 ∞11311131113 2 1 ∞∞1131131131 512

10 7844 ∞1∞111311131 6 4 ∞∞1212121212 5363
11 8447 ∞∞1113111311 8 6 ∞∞1212121212 6353

Figure 3 The conjugate array CAT of our running example T = {512, 5363, 4478}.

gcd(j, z) divides z = |⟨U⟩r|, ⟨U⟩r can be formed by repeating ⟨U⟩r[.. gcd(j, z)] an integral
number of times, which implies gcd(j, z) ≥ k, i.e., i ≥ j ≥ k. On the other hand,

⟨V ⟩r · ⟨V ⟩r = ⟨V ω[..3z]⟩[i + 1..3i] = ⟨Uω[..3z]⟩[i + 1..3i] = ⟨Rot(U, i)⟩ωr [..2i].

Since the rotational prev-encoding is commutative with left rotations, k is a period
of ⟨Rot(U, i)⟩r. As k ≤ i, k is a period of ⟨V ⟩r · ⟨V ⟩r in addition to i. Then k + i ≤
2i = |⟨V ⟩r · ⟨V ⟩r| and Lemma 3.2 imply that gcd(k, i) is a period of ⟨V ⟩r · ⟨V ⟩r. As
gcd(k, i) divides i = |⟨V ⟩r|, ⟨V ⟩r[.. gcd(k, i)] can be repeated an integral number of
times to form ⟨V ⟩r, which implies gcd(k, i) ≥ j. Consequently, k ≥ j, and therefore
|root(⟨V ⟩r)| = j = k = |root(⟨U⟩r)|. In particular, root(⟨V ⟩r) = ⟨V ω[..3z]⟩[3z− j + 1..] =
⟨Uω[..3z]⟩[3z − k + 1..] = root(⟨U⟩r), i.e., V =ω U .

(⇒) Let V =ω U . Assume ⟨V ω[..3z]⟩ ≠ ⟨Uω[..3z]⟩ with x minimal such that ⟨V ω[..3z]⟩[x] ̸=
⟨Uω[..3z]⟩[x]. If max{⟨V ω[..3z]⟩[x], ⟨Uω[..3z]⟩[x]} < ∞, then Rot(root(⟨V ⟩r), x − 1)[1] =
⟨V ω[..3z]⟩[x] ̸= ⟨Uω[..3z]⟩[x] = Rot(root(⟨U⟩r), x − 1)[1], which contradicts V =ω U .
Hence, and without loss of generality, assume ⟨V ω[..3z]⟩[x] = ∞. Then ⟨Uω[..3z]⟩[x] < ∞,
x ≤ |root(⟨V ⟩r)|, and consequently root(⟨U⟩r)[x] = ⟨Uω[..3z]⟩[x] < x ≤ root(⟨V ⟩r)[x], a
contradiction to V =ω U . Thus, ⟨V ω[..3z]⟩ = ⟨Uω[..3z]⟩. ◀

▶ Corollary 3.4. Let V, U ∈ Σ+
$ and z = max{|V | , |U |}. Then V ≺ω U if and only if

⟨V ω[..3z]⟩ < ⟨Uω[..3z]⟩.

Similarly to Boucher et al. [2], we define the conjugate array CAT of T as the string of
length n over [1..n] such that CAT [i] = j if and only if

i− 1 = |{k ∈ [1..n] | CT (k) ≺ω CT (j) or CT (k) =ω CT (j) ∧ k < j}|,

i.e., i− 1 is the number of all conjugates smaller than CT (j) according to ω-preorder, where
we break ties first with respect to text index, and then with respect to text position. By
resolving all ties this way, we ensure that CAT is well-defined. Since CAT is a permutation,
its inverse, which we denote by CA−1

T , is also well-defined. See Figure 3 for our running
example’s conjugate array. We define the conjugate range CRT (P ) of a pattern P ∈ Σ∗ of
length m in T as a maximal interval [ℓ..r] ⊆ [1..n] such that P ≈ CT (CAT [i])ω[..m] for every
i ∈ [ℓ..r]. Leveraging Lemma 2.2, we find that the conjugate range is well-defined.

▶ Corollary 3.5. Let ∅ ̸= T = {T1, ..., Td} ⊂ Σ+
$ , n = |T1 · · ·Td|, P ∈ Σ∗, and m = |P |.

Then P ≈ CT (CAT [i])ω[..m] if and only if i ∈ CRT (P ).
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We have CRT (ε) = [1..n] because the empty string is a prefix of every conjugate. The
computation of CRT (P ) for some pattern P ∈ Σ∗ on indexes related to the FM-index usually
perform an algorithmic technique called the backward search. The backward search for P in
T processes P backwards in an online manner and refines CRT (P [i + 1..]) to CRT (P [i..])
at the i-th step on reading P [i] with P [|P | + 1..] = ϵ. Finally, the length of CRT (P ) is
the solution to Count by Corollary 3.5. For our running example, CRT (643) = ∅ and
CRT (5634) = [6..7]. Below we define the necessary tools to allow for an efficient backward
search.

3.2 LF-mapping
We want to define a map that allows us to cycle backwards through each of the texts to be
indexed by mapping to the position of a conjugate in the conjugate array from the position of
its left rotation. However, if we want to represent this mapping space-efficiently, we have to
be careful since we used tie-breaks within texts when we sorted the conjugates by a preorder.
Our idea is to relax the requirements and define a map that allows us to cycle backwards
through a text that is ω-equal to the original to dodge any issues arising from our tie-breaks.
For that, we want to cycle backwards in text order inside the roots of each ⟨..⟩r-encoded text.
Whenever we want to move backwards at the starting position of a root, we jump to its end
position. We express this backwards movement with the following permutation. For every
i ∈ [1..n] with j = min{h ∈ [1..d] |

∑h
k=1 nk ≥ i}, let

prevT (i) =
{

i− 1+ | root(⟨Tj⟩r) | if CT (i) =ω Tj ,
i− 1 otherwise.

For our running example, prevT = (1 3 2)(4 5)(6 7)(8 11 10 9). Here, we observe that we have
two cycles (4 5) and (6 7) corresponding to T2[1..2] = 53 and T2[3..4] = 63, respectively, which
are ω-equal to the original text T2 = 5363. Now we are ready to express the LF-mapping in
terms of the function prevT . The LF-mapping LFT of T is a string of length n over [1..n]
such that LFT [i] = CA−1

T [prevT (CAT [i])] for each i ∈ [1..n]. Since the LF-mapping is a
permutation, it has an inverse LF−1

T , which we call the FL-mapping of T and denote by
FLT . See Figure 5 for an example. The LF-mapping is at the core of the backward search.
However, storing LF-mapping and FL-mapping in their plain form creates the need for two
integer arrays of length n and entries of lg n bits, which motivates the following encoding
scheme. Let the rotational Cartesian tree signature encoding JV K of V ∈ Σ+

$ denote a string
of length |V | over Σ$ such that

JV K[i] =
{

V [i] if V [i] = $,
rank∞(⟨Rot(V, i)⟩, |V |)− rank∞(⟨V [i] · Rot(V, i)⟩[2..], |V |) otherwise,

for each i ∈ [1.. |V |], i.e., if V [i] ̸= $, then JV K[i] reports the number of positions j ∈ [1.. |V |]
such that Rot(V, i)[j] ≥ V [i] and ⟨Rot(V, i)⟩[j] = ∞. See Figure 4 for an example. Note that
JV K[i..select$(V, 1)] = JV [i..select$(V, 1)]K for each V ∈ Σ+

$ satisfying rank$(V, |V |) ≥ 1 and
i ∈ [1..select$(V, 1)].

▶ Lemma 3.6. Let V ∈ Σ+
$ . Then

∑j
i=1JV K[i] ≤ |V |, where j = select$(V, 1) − 1 if

rank$(V, |V |) ≥ 1, and j = |V | otherwise.

Taking advantage of both encodings, we investigate how the ω-preorder of two strings changes
if we rotate them. For convenience, we borrowed the following notation from literature [14, 11].
Let π(V ) = JV K[1] for every V ∈ Σ+

$ , and lcp∞(U, W ) = rank∞(⟨U⟩, lcp(⟨U⟩, ⟨W ⟩)) for each
U, W ∈ Σ∗

$. For example, π(4478) = 1 and lcp∞(4478, 7844) = 1.
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i T3[i] Rot(T3, i) ⟨Rot(T3, i)⟩ ⟨T3[i] · Rot(T3, i)⟩ JT3K[i]
1 4 4784 ∞113 ∞1113 1
2 4 7844 ∞1∞1 ∞1131 2
3 7 8447 ∞∞11 ∞1∞11 1
4 8 4478 ∞111 ∞∞111 0

Figure 4 Rotational Cartesian tree signature encoding JT3K of T3 = 4478.

▶ Lemma 3.7 ([17, Lemma 3]). Let V, U ∈ Σ+
$ such that Rot(V, 1) ≺ω Rot(U, 1). Then

V ≺ω U if and only if (a) π(V ) = $ or (b) π(V ) ≥ min{e, π(U)} and π(U) ̸= $, where
e = lcp∞(Rot(V, 1), Rot(U, 1)).

Proof. We show the statement for min{π(V ), π(U)} ∈ Σ since it is non-trivial. Let z =
max{|V | , |U |} and λ = lcp(⟨Rot(V, 1)ω[..3z]⟩, ⟨Rot(U, 1)ω[..3z]⟩). Then ⟨Rot(V, 1)ω[..3z]⟩ <

⟨Rot(U, 1)ω[..3z]⟩ by Corollary 3.4, λ < 3z, and select∞(⟨Rot(V, 1)⟩, e) ≤ min{|V | , |U |}.
(⇒) Assume π(V ) < min{e, π(U)}. Let i = select∞(⟨V ⟩, 2). Then ⟨V ⟩[..i− 1] = ⟨U⟩[..i− 1]

and ⟨V ⟩[i] = ∞ ̸= i − 1 = ⟨U⟩[i], i.e. ⟨U⟩ < ⟨V ⟩. Consequently, ⟨Uω[..3z]⟩ < ⟨V ω[..3z]⟩,
which implies U ≺ω V by Corollary 3.4. The statement follows by contraposition.

(⇐) We exhaust all possible cases for π(V ) ≥ min{e, π(U)}.
Case 1. Assume min{e, π(V )} > π(U). Let i = select∞(⟨U⟩, 2). Then ⟨V ⟩[..i−1] = ⟨U⟩[..i−1]

and ⟨V ⟩[i] = i − 1 ̸= ∞ = ⟨U⟩[i], i.e. ⟨V ⟩ < ⟨U⟩. Consequently, ⟨V ω[..3z]⟩ < ⟨Uω[..3z]⟩,
which implies V ≺ω U by Corollary 3.4.

Case 2. Assume min{π(V ), π(U)} ≥ e. Then we have ⟨V ω[..3z]⟩[..λ+1] = ⟨Uω[..3z]⟩[..λ+1].
Since Rot(V, 1) ≺ω Rot(U, 1), λ + 2 ≤ 3z by Lemma 3.3. If ⟨Rot(U, 1)ω[..3z]⟩[λ + 1] = ∞,
⟨V ω[..3z]⟩[λ + 2] ≤ λ < λ + 1 = ⟨Uω[..3z]⟩[λ + 2]. If ⟨Rot(U, 1)ω[..3z]⟩[λ] ̸= ∞, then
⟨V ω[..3z]⟩[λ + 2] = ⟨Rot(V, 1)ω[..3z]⟩[λ + 1] < ⟨Rot(U, 1)ω[..3z]⟩[λ + 1] = ⟨Uω[..3z]⟩[λ + 2].
Thus, V ≺ω U by Corollary 3.4.

Case 3. Assume e > π(V ) = π(U). Then ⟨V ω[..3z]⟩[..λ + 1] = ⟨Uω[..3z]⟩[..λ + 1] and λ ≤ z.
Moreover, ⟨V ω[..3z]⟩[λ + 2] = ⟨Rot(V, 1)ω[..3z]⟩[λ + 1] < ⟨Rot(U, 1)ω[..3z]⟩[λ + 1] =
⟨Uω[..3z]⟩[λ + 2]. Hence, V ≺ω U by Corollary 3.4. ◀

Our representation of the LF- and FL-mapping consists of two strings LT and FT ,
which are defined as follows. First, LT is the string of length n over Σ$ such that LT [i] =
π(CT (CAT [LFT [i]])) = JCT (CAT [i])K[|CT (CAT [i])|] for each i ∈ [1..n].

▶ Corollary 3.8. Let ∅ ≠ T ⊂ Σ+
$ , n the accumulated length of all texts in T , i, j ∈ [1..n],

and i < j. If LT [i] = LT [j], then LFT [i] < LFT [j].

Second, FT is the string of length n over Σ$ such that FT [LFT [i]] = LT [i] for each i ∈ [1..n].
By what follows, LT and FT suffice to compute both LF- and FL-mapping of T .

▶ Corollary 3.9. Let ∅ ̸= T ⊂ Σ+
$ , n the accumulated length of all texts in

T , and i ∈ [1..n]. Then LFT [i] = selectLT [i](FT , rankLT [i](LT , i)) and FLT [i] =
selectFT [i](LT , rankFT [i](FT , i)).

In Figure 5 we present FT and LT of our running example.

▶ Remark 3.10. Let d = 1, rank$(T1, n1) = 1 and T1[n1] = $. If we substitute the occurrence
of $ in FT and LT for −1, then the modified strings constitute the integer-based representation
of Kim and Cho’s index [17, Section 4].
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Algorithm 1 Computing the conjugate range CRT (P [i..]). Here, ∅ ̸= T ⊂ Σ+
$ , P ∈ Σ+,

m = |P |, i ∈ [1..m], [ℓ..r] = CRT (P [i+1..]), h = π(P [i..]·$), and e = rank∞(⟨P [i..]⟩, m−i+1).

1 Function crangeupd(e, h, [ℓ..r], LT , FT , LCP∞
T ):

2 r′ ← r;
3 if e > 1 then // Case 1 in Lemma 3.13

4 if c← rnkcntLT (ℓ, r, h, h) ≥ 1 then
5 r′ ← LFT [selecth(LT , rankh(LT , r))];

6 else // Case 2 in Lemma 3.13

7 if c← rnkcntLT (ℓ, r, h, σ) ≥ 1 then
8 v ← RNVLT (ℓ, r, h− 1);
9 x← selectv(LT , rankv(LT , r));

10 [ℓ′′..r′′]← MILCP∞
T

(x, v + 1);
11 y ← rnkcntLT (ℓ, x− 1, h, σ) + rnkcntLT (x + 1, r′′, h, σ);
12 r′ ← LFT [x] + c− (y + 1);

13 return [r′ − c + 1..r′]; // returns [r + 1..r] = ∅ if c = 0

3.3 Backward Search

The LF-mapping can be leveraged for the backward search by the following result, which is
due to Lemma 2.2 and Corollary 3.5.

▶ Lemma 3.11 ([17, Lemma 6]). Let ∅ ≠ T ⊂ Σ+
$ , P ∈ Σ+, |P | = m, i ∈ [1..m], h =

π(P [i..] ·$) and e = rank∞(⟨P [i..]⟩, m− i + 1). For j ∈ CRT (P [i + 1..]), LFT [j] ∈ CRT (P [i..])
if and only if (a) e > 1 and LT [j] = h or (b) e = 1 and LT [j] ≥ h.

At this point it is straight-forward to apply the techniques developed by Kim and Cho [17,
Sections 5 and 6] to define a static index of T ⊂ Σ+ that occupies 3n + o(n) bits of space
and that solves Count in O(m) time, where m is the pattern length. However, for brevity
and in view of a space efficient construction of our proposed index and its extension, we
will represent FT and LT by the dynamic data structure of Lemma 2.1, and introduce an
auxiliary string for the backward search. Let LCP∞

T denote a string of length n over Σ such
that LCP∞

T [1] = 0 and LCP∞
T [i] = lcp∞(CT (CAT [i]), CT (CAT [i− 1])) for each i ∈ [2..n].

▶ Lemma 3.12. Let ∅ ≠ T = {T1, ..., Td} ⊂ Σ+
$ , n = |T1 · · ·Td|, i, j ∈ [1..n], and i < j. Then

lcp∞(CT (CAT [i]), CT (CAT [j])) = min{LCP∞
T [k] | k ∈ [i + 1..j]} = RNVLCP∞

T
(i + 1, j,−1).

▶ Lemma 3.13. Let ∅ ≠ T ⊂ Σ+
$ , P ∈ Σ+, m = |P |, i ∈ [1..m], [ℓ..r] = CRT (P [i + 1..]),

h = π(P [i..] · $), and e = rank∞(⟨P [i..]⟩, m − i + 1). Then Algorithm 1 correctly computes
[ℓ′..r′] = CRT (P [i..]).

Proof. Let c = |CRT (P [i..])|. We show how Algorithm 1 computes c and r′ to obtain [ℓ′..r′].
Case 1. Assume e > 1. This case is handled from Line 3 through Line 5. By Lemma 3.11,

LFT [j] ∈ CRT (P [i..]) if and only if LT [j] = h for each j ∈ [ℓ..r]. We compute c in Line 4
and return an empty interval in Line 13 due to Line 2 if c ≤ 0. Assume c ≥ 1. We
compute the largest x ∈ [ℓ..r] such that LT [x] = h, and then r′ = LFT [x] in Line 5, with
correctness following by Corollary 3.8.
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i CAT [i] CT (CAT [i]) LFT [i] FT [i] LT [i] LCP∞
T [i] ⟨CT (CAT [i])⟩

1 8 4478 8 1 0 0 ∞111
2 9 4784 1 2 1 1 ∞113
3 2 125 9 2 0 1 ∞11
4 5 3635 10 2 0 1 ∞121
5 7 3536 11 2 0 1 ∞121
6 10 7844 2 1 2 1 ∞1∞1
7 3 251 3 1 2 2 ∞1∞
8 11 8447 6 0 1 1 ∞∞11
9 1 512 7 0 1 2 ∞∞1
10 4 5363 4 0 2 2 ∞∞12
11 6 6353 5 0 2 2 ∞∞12

Figure 5 The cBWT index of our running example T = {512, 5363, 4478}.

Case 2. Assume e = 1. This case is handled from Line 6 through Line 12. By Lemma 3.11,
LFT [j] ∈ CRT (P [i..]) if and only if LT [j] ≥ h for each j ∈ [ℓ..r]. Thus, we correctly
compute c in Line 7, and return an empty interval in Line 13 due to Line 2 if c ≤ 0.
Assume c ≥ 1. We compute the lowest value v in LT [ℓ..r] greater than h− 1 in Line 8
and determine the largest x ∈ [ℓ..r] such that LT [x] = v in Line 9. Let [ℓ′′..r′′] denote the
interval computed in Line 10. Then lcp∞(CT (CAT [j]), CT (CAT [k])) ≥ v + 1 for each
j, k ∈ [ℓ′′..r′′] by Lemma 3.12. We compute y = LFT [x]− ℓ′. The following statements
hold due to Lemma 3.7.

If j ∈ [ℓ..x− 1] satisfies LT [j] ≥ h, then LFT [j] < LFT [x] since v ≤ LT [j].
If j ∈ [x + 1..r′′] satisfies LT [j] ≥ h, then LFT [j] < LFT [x] since v < LT [j] and
v < v + 1 ≤ lcp∞(CT (CAT [j]), CT (CAT [x])).
If j ∈ [r′′ + 1..r] satisfies LT [j] ≥ h, then LFT [j] > LFT [x] since we have v ≥
lcp∞(CT (CAT [j]), CT (CAT [x])).

We apply these results to compute y in Line 11, and then infer r′ = LFT [x] + c− (y + 1)
in Line 12. ◀

The next result is obtained from the computation of Demaine and colleagues’ [3] Cartesian
tree signature encoding of the given string.

▶ Lemma 3.14. Given P ∈ Σ∗
$ of length m, we can process P in O(m) time such that we

can subsequently compute π(P [i..] · $) and rank∞(P [i..], m − i + 1) in O(1) time, for every
i ∈ [1..m].

▶ Theorem 3.15. Let ∅ ≠ T = {T1, ..., Td} ⊂ Σ+
$ and n = |T1 · · ·Td|. There exists a data

structure occupying O(n lg σ) bits of space that solves Count in O(m lg σ lg n
lg lg n ) time, where m

is the pattern length.

Proof. We represent FT , LT and LCP∞
T by the data structure of Lemma 2.1, which leads

to the claimed space complexity. We preprocess a pattern P ∈ Σ+ of length m with
Lemma 3.14, and compute CRT (P [i..]) from CRT (P [i+1..]) for each i ∈ [1..m] in descending
order leveraging Lemma 3.13. Since each conjugate range update takes O(1) queries, the
claimed complexity for solving Count follows from Lemma 2.1. ◀

We call the data structure of Theorem 3.15 the cBWT index of T . The cBWT index of the
running example is presented in Figure 5.
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4 Construction in O(n lg σ) Bits of Space

We will show how to construct the cBWT index of a single text, and how an existing cBWT
index can be extended to also index an additional text. We then leverage these two results to
iteratively construct the cBWT index of any set of texts, adding one new text per iteration
step.

4.1 Single Text cBWT Index
Before we can tackle the construction of the cBWT index of a single text, we need another
technical result, which follows from an examination of the definitions and Lemma 3.7.

▶ Lemma 4.1. Let V, U ∈ Σ+
$ , Rot(V, 1) ≺ω Rot(U, 1), and e = lcp∞(Rot(V, 1), Rot(U, 1)).

Then

lcp∞(V, U) =


0 if π(U) = $ or π(V ) = $,
e− π(V ) + 1 if V ≺ω U and $ ̸= π(V ) = π(U) < e,
1 otherwise.

We will first show how to construct the cBWT index of a text from Σ+
$ in which $ occurs

exactly once, and then show how to construct the cBWT index of an arbitrary text from Σ+

(without the requirement on $).

▶ Lemma 4.2. Let R ∈ Σ+
$ , ρ = |R| ≥ 2, R[ρ] = $, and rank$(R, ρ) = 1. Algorithm 2

correctly computes CA−1
{bR}[1] and the cBWT index of {bR} for each b ∈ Σ.

Proof. For each i ∈ [0..π(bR)], let Ji = [ℓi..ri] maximal such that ri ≤ CA−1
{R}[1] and

lcp∞(R, C{R}(CA{R}[j])) = i for each j ∈ Ji, and Jπ(bR)+1 = [ℓπ(bR)+1..rπ(bR)+1] maximal
such that lcp∞(R, C{R}(CA{R}[j])) ≥ π(bR) + 1 for each j ∈ Jπ(bR)+1, i.e., the left and right
boundary of the former are computed in Line 6 and Line 5, respectively, and the latter in
Line 2. The following statements are due to the location of the single $ in each conjugate of
R and Lemma 3.7.

If j ∈ [rπ(bR)+1 + 1..ρ], then bR ≺ω C{R}(CA{R}[LF{R}[j]]).
If j ∈ [CA−1

{R}[1]+1..rπ(bR)+1], then C{R}(CA{R}[LF{R}[j]]) ≺ω bR if and only if L{R}[j] ≥
π(bR) + 1.
If j = CA−1

{R}[1], then C{R}(CA{R}[LF{R}[j]]) = ($ ·R)[..ρ] ≺ω bR.
If j ∈ [ℓπ(bR)+1..CA−1

{R}[1]−1], then C{R}(CA{R}[LF{R}[j]]) ≺ω bR if and only if L{R}[j] ≥
π(bR).
If i ∈ [0..π(bR)] and j ∈ Ji, then C{R}(CA{R}[LF{R}[j]]) ≺ω bR if and only if L{R}[j] ≥ i.

We apply these results from Line 2 through Line 6 to compute the number c of conju-
gates of R smaller than bR according to ω-preorder. Since C{R}(k)[..select$(C{R}(k), 1)] =
C{bR}(k + 1)[..select$(C{R}(k), 1)] for each k ∈ [1..ρ] by assumption on R and b,

C{bR}(CA{bR}[i])[..x] =


C{R}(CA{R}[i])[..x] if i ∈ [1..c],
bR if i = c + 1,
C{R}(CA{R}[i− 1])[..x] otherwise,

for each i ∈ [1..ρ + 1] with x = select$(C{bR}(CA{bR}[i]), 1). Thus, c is also the number
of conjugates of bR smaller than bR according to ω-preorder. Subsequently, Algorithm 2
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Algorithm 2 Computing c + 1 = CA−1
{bR}[1] and updating the cBWT of {R} to that of

{bR} for b ∈ Σ. Here, R ∈ Σ+
$ , ρ = |R|, R[ρ] = $, rank$(R, ρ) = 1, and y = CA−1

{R}[1].

1 Function extend(π(bR), y, F{R}, L{R}, LCP∞
{R}):

2 [ℓ..r]← MILCP∞
{R}

(y, π(bR) + 1);
3 c← rnkcntL{R}(ℓ, y − 1, π(bR), σ) + 1 + rnkcntL{R}(y + 1, r, π(bR) + 1, σ);
4 for i← π(bR) to 0 do
5 r′ ← ℓ− 1;
6 [ℓ..r]← MILCP∞

{R}
(y, i);

7 c← c + rnkcntL{R}(ℓ, r′, i, σ);
8 p, s← 1; // p stores LCP∞

{bR}[c + 1], and, if c < ρ, s stores LCP∞
{bR}[c + 2]

9 if FL{R}[c] < y and π(bR) = F{R}[c] then
10 p← RNVLCP∞

{R}
(FL{R}[c] + 1, y,−1)− π(bR) + 1;

11 if c < ρ and FL{R}[c + 1] > y and π(bR) = F{R}[c + 1] then
12 s← RNVLCP∞

{R}
(y + 1, FL{R}[c + 1],−1)− π(bR) + 1;

13 insertLCP∞
{R}

(c + 1, p);
14 if c < ρ then LCP∞

{R}[c + 2]← s ;
15 insertF{R}(c + 1, π(bR));
16 L{R}[y]← π(bR);
17 insertL{R}(c + 1, $);
18 return c + 1, F{R}, L{R}, LCP∞

{R}; // CA−1
{bR}[1] and the cBWT index of {bR}

updates the cBWT index of {R} from Line 8 through Line 17. By assumption on b and R,
LCP∞

{R}[..c] = LCP∞
{bR}[..c] and LCP∞

{R}[c + 2..] = LCP∞
{bR}[c + 3..]. From Line 8 through

Line 14 we leverage Lemma 3.12 and Lemma 4.1 to compute LCP∞
{bR}[c + 1] and, if c < ρ,

LCP∞
{bR}[c + 2], and update LCP∞

{R}. By assumption on R, π(C{R}(j)) = π(C{bR}(j + 1))
for each j ∈ [1..ρ]. Consequently, F{R}[..c] = F{bR}[..c] and F{R}[c + 1..] = F{bR}[c + 2..].
Moreover, if we set L{R}[CA−1

{R}[1]] = π(bR), then L{R}[..c] = L{bR}[..c] and L{R}[c + 1..] =
L{bR}[c + 2..]. It remains to compute F{bR}[c + 1] and L{bR}[c + 1], which are π(bR) and $,
respectively. The update of both F{R} and L{R} is done from Line 15 through Line 17. ◀

▶ Corollary 4.3. Let R ∈ Σ+
$ , ρ = |R|, R[ρ] = $, and rank$(R, ρ) = 1. The cBWT index of

{R} can be constructed in O(ρ lg σ) bits of space and O(ρ lg σ lg ρ
lg lg ρ ) time.

Proof. We show the case where ρ ≥ 2. We represent F{R[ρ−1..]} = $0, L{R[ρ−1..]} = 0$ and
LCP∞

{R[ρ−1..]} = 00 by the data structure of Lemma 2.1. Initially, CA−1
{R[ρ−1..]}[1] = 2. We

preprocess R with Lemma 3.14 in O(ρ) time to have access to π(R[i..]) = π(Rot(R, i−1)) for
each i ∈ [1..ρ] in O(1) time. For each i ∈ [1..ρ− 2] in descending order, we apply Algorithm 2
to compute CA−1

{R[i..]}[1] and extend the cBWT index of {R[i + 1..]} to that of {R[i..]}. Since
the extension of the cBWT index of {R[i + 1..]} to that of {R[i..]} takes O(π(R[i..])) queries
for each i ∈ [1..ρ− 2], the construction of the cBWT index of {R[1..]} = {R} takes a total of
O(ρ) queries by Lemma 3.6. The claimed complexities then follow by Lemma 2.1. ◀

▶ Remark 4.4. Due to Remark 3.10, the previous statement yields the integer-based repre-
sentation of Kim and Cho’s index [17, Section 4] by substituting $ with −1 in both FT and
LT . Thus, we can construct their compact index [17, Section 5] directly [17, Section A.4]
while retaining the complexities as stated in Corollary 4.3.
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▶ Corollary 4.5. Let T ∈ Σ+ and |T | = n. Then the cBWT index of {T} can be constructed
in O(n lg σ) bits of space and O(n lg σ lg n

lg lg n ) time.

Proof. Let R = T 4$. We construct the cBWT index of {R} within the claimed complexities
by Corollary 4.3. During construction, we build a bit string Y of length 4n + 1 such that
Y [i] = 1 if and only if CA{R}[i] ∈ [2..n + 1]. By choice of R, C{T }(i)ω[..3n] = C{R}(i)[..3n]
for each i ∈ [1..n], and C{T }(1)ω[..3n] = C{R}(n + 1)[..3n]. The following statements hold
for each i ∈ [1..n] by choice of Y and Lemma 3.3.

C{T }(CA{T }[i])ω[..3n] = C{R}(CA{R}[select1(Y, i)])[..3n].
π(C{T }(CA{T }[i])) = π(C{R}(CA{R}[select1(Y, i)])).
π(C{T }(CA{T }[LF{T }[i]])) = π(C{R}(CA{R}[LF{R}[select1(Y, i)]])).

Thus, F{T }[i] = F{R}[select1(Y, i)] and L{T }[i] = L{R}[select1(Y, i)] for each i ∈ [1..n].
Moreover, LCP∞

{T }[i] = RNVLCP∞
{R}

(select1(Y, i− 1) + 1, select1(Y, i),−1) for each i ∈ [2..n]
due to Lemma 3.12, and LCP∞

{T }[1] = 0. Hence, we can transform the cBWT index of {R}
to index {T} with O(n) queries and operations. The claimed complexities now follow by
Lemma 2.1. ◀

4.2 Extending an Existing cBWT Index
Let ∅ ≠ R ⊂ Σ+ be a non-empty set of strings and ρ = |CAR| denote the accumulated
length of all strings in R. In this subsection, we assume we have the cBWT index of R at
hand, and want to extend it by another text S ∈ Σ+ of length λ to index S = R∪ {S}. To
achieve this, we compute the integers cntR(Rot(S, i)), plcp∞

R (Rot(S, i)) and slcp∞
R (Rot(S, i))

for each i ∈ [1..λ], whose definitions follow. Let cntR(V ) = |{i ∈ [1..ρ] | CR(CAR[i]) ⪯ω V }|,

plcp∞
R (V ) =

{
−1 if cntR(V ) = 0,
lcp∞(CR(CAR[cntR(V )]), V ) otherwise, and

slcp∞
R (V ) =

{
lcp∞(CR(CAR[cntR(V ) + 1]), V ) if cntR(V ) < ρ,
−1 otherwise,

for each V ∈ Σ+
$ . We can apply the techniques exhibited in Lemma 4.2 to compute the

helper values.

▶ Lemma 4.6. Let ∅ ≠ R ⊂ Σ+, ρ = |CAR|, and V ∈ Σ+
$ with rank∞(V, |V |) ≥ 1. Then

Algorithm 3 correctly computes cntR(V ), plcp∞
R (V ) and slcp∞

R (V ).

Proof. Algorithm 3 takes π(V ), y = cntR(Rot(V, 1)), plcp∞
R (Rot(V, 1)), slcp∞

R (Rot(V, 1)),
and the cBWT index ofR as input. If π(V ) = $, then we return cntR(V ) = 0, plcp∞

R (V ) = −1
and slcp∞

R (V ) = 0 in Line 2 since R ⊂ Σ+. Thus, assume π(V ) > $. For each i ∈ [0..π(V )],
let Ji = [ℓi..ri] maximal such that ri ≤ y and lcp∞(V, CR(CAR[j])) = i for each j ∈ Ji. The
following statements are due to Lemma 3.7 and R ⊂ Σ+.

If j ∈ [y + 1..ρ], then CR(CAT [LFR[j]]) ≺ω V if and only if LR[j] ≥ π(V ) + 1 and
lcp∞(CR(CAT [i]), Rot(V, j)) ≥ π(V ) + 1.
If j ∈ [rπ(V ) + 1..y], then CR(CAT [LFR[j]]) ≺ω V if and only if LR[j] ≥ π(V ).
If i ∈ [0..π(V )] and j ∈ Ji, then CR(CAT [LFR[j]]) ≺ω V if and only if LT [j] ≥ i.

We apply these results from Line 3 through Line 10 to compute cntR(V ). Leveraging
Lemma 4.1 and (the proof of) Lemma 3.12, we then compute plcp∞

R (V ) and slcp∞
R (V ) from

Line 11 through Line 16 and from Line 17 through Line 23, respectively. ◀
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Algorithm 3 Computing c = cntR(V ), p = plcp∞
R (V ) and s = slcp∞

R (V ). Here,
∅ ̸= R ⊂ Σ+, ρ = |CAR|, V ∈ Σ+

$ , rank∞(V, |V |) ≥ 1, and y = cntR(Rot(V, 1)).

1 Function next(π(V ), y, plcp∞
R (Rot(V, 1)), slcp∞

R (Rot(V, 1)), FR, LR, LCP∞
R ):

2 if π(V ) = $ then return 0,−1, 0 ;
3 if slcp∞

R (Rot(V, 1)) ≥ π(V ) + 1 then [ℓ..r]← MILCP∞
R

(y + 1, π(V ) + 1) ;
4 else if plcp∞

R (Rot(V, 1)) ≥ π(V ) + 1 then [ℓ..r]← MILCP∞
R

(y, π(V ) + 1) ;
5 else [ℓ..r]← [y + 1..y] ;
6 c← rnkcntLR(y + 1, r, π(V ) + 1, σ) + rnkcntLR(ℓ, y, π(V ), σ);
7 for i← min{π(V ), plcp∞

R (Rot(V, 1))} to 0 do
8 r′ ← ℓ− 1;
9 [ℓ..r]← MILCP∞

R
(y, i);

10 c← c + rnkcntLR(ℓ, r′, i, σ);
11 if c = 0 then p← −1 ;
12 else if FLR[c] ≤ y and FR[c] = π(V ) < plcp∞

R (Rot(V, 1)) then
13 if FLR[c] = y then p← plcp∞

R (Rot(V, 1))− π(V ) + 1 ;
14 else if π(V ) ≥ RNVLCP∞

R
(FLR[c] + 1, y,−1) then p← 1 ;

15 else p← min{plcp∞
R (Rot(V, 1)), RNVLCP∞

R
(FLR[c] + 1, y,−1)} − π(V ) + 1 ;

16 else p← 1 ;
17 if c = ρ then s← −1 ;
18 else if FLR[c + 1] ≥ y + 1 and FR[c + 1] = π(V ) < slcp∞

R (Rot(V, 1)) then
19 if FLR[c + 1] = y + 1 then s← slcp∞

R (Rot(V, 1))− π(V ) + 1 ;
20 else if π(V ) < RNVLCP∞

R
(y + 2, FLR[c + 1],−1) then

21 s← min{slcp∞
R (Rot(V, 1)), RNVLCP∞

R
(y + 2, FLR[c + 1],−1)} − π(V ) + 1;

22 else s← 1 ;
23 else s← 1 ;
24 return c, p, s

▶ Lemma 4.7. Let ∅ ≠ R ⊂ Σ+, ρ = |CAR|, V ∈ Σ+
$ , and rank∞(V, |V |) ≥ 1. If π(V ) ̸=

$, then cntR(V ), plcp∞
R (V ) and slcp∞

R (V ) can be computed from π(V ), cntR(Rot(V, 1)),
plcp∞

R (Rot(V, 1)) and slcp∞
R (Rot(V, 1)) in O((1 + π(V )) lg σ lg ρ

lg lg ρ ) time with the cBWT index
of R.

Proof. We apply Algorithm 3. Correctness follows from Lemma 4.6, and the time complexity
is due to the loop of Algorithm 3 in Line 7 and Lemma 2.1. ◀

For the iterative construction, we augment the cBWT index by a dynamic bit string E

with the invariant that E is zeroed before and after each extension with a new string. We
use E to temporarily mark modified parts in the cBWT such that we retain the functionality
of the index even during construction. The length of E is the number ρ of characters indexed
by the cBWT index, which we call in the next lemma the augmented cBWT index for clarity.

▶ Lemma 4.8. Let ∅ ̸= R ⊂ Σ+, ρ = |CAR|, S ∈ Σ+, S = R ∪ {S}, λ = |S|, and
z = max{|V | | V ∈ S}. The augmented cBWT index of R can be extended to index S in
O((λ + ρ) lg σ) bits of space and O(z lg σ lg(λ+ρ)

lg lg(λ+ρ) ) time.

Proof. We compute the cBWT index of {S} within the claimed complexities by Corollary 4.5.
Then we compute cntR(Rot(S, i)), plcp∞

R (Rot(S, i)) and slcp∞
R (Rot(S, i)) for each i ∈ [1..λ].
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Case 1. Assume Rot(S, i) =ω R for some R ∈ R and i ∈ [1..λ]. Then cntR(Rot(S, i)) = r,
plcp∞

R (Rot(S, i)) = rank∞(⟨Rot(S, i)⟩, λ), and, if r < ρ, slcp∞
R (Rot(S, i)) = LCP∞

R [r + 1]
by Lemma 3.3, where i ∈ [1..λ] and r is the right boundary of CRR(Rot(S, i)ω[..3z]).
Since rank∞(⟨Rot(S, i− 1)⟩, λ) = rank∞(⟨Sω[i..4z]⟩, 4z − i + 1) for each i ∈ [2..λ + 1], the
last λ steps of the backward search for Sω[2..4z] yield the necessary values to compute
cntR(Rot(S, i)), plcp∞

R (Rot(S, i)) and slcp∞
R (Rot(S, i)) for all i ∈ [1..λ] in descending

order within the claimed complexities by Theorem 3.15.
Case 2. Assume Rot(S, i) ̸=ω R for each R ∈ R and i ∈ [1..λ]. Let V = Sω[..4z] · $. By

assumption and Corollary 3.4, cntR(Rot(S, i)) = cntR(Rot(V, i)), plcp∞
R (Rot(S, i)) =

plcp∞
R (Rot(V, i)), and slcp∞

R (Rot(S, i)) = slcp∞
R (Rot(V, i)) for each i ∈ [1..λ]. We leverage

Lemma 3.14 to preprocess V within the claimed complexities. Since cntR(Rot(V, 4z)) = 0,
plcp∞

R (Rot(V, 4z)) = −1 and slcp∞
R (Rot(V, 4z)) = 0 by construction, we can now use

Lemma 4.7 to compute cntR(Rot(V, j)), plcp∞
R (Rot(V, j)) and slcp∞

R (Rot(V, j)) for each
j ∈ [1..4z − 1] in descending order. Hence, we obtain cntR(Rot(S, i)), plcp∞

R (Rot(S, i))
and slcp∞

R (Rot(S, i)) for all i ∈ [1..λ] in descending order within the claimed complexities
by Lemma 3.6.

Leveraging the backward search on the cBWT index of {S}, we store the plcp∞
R -values

and slcp∞
R -values in lex-order, which takes O(λ lg σ) bits of space. To store the cntR-

values in lex-order and stay within the claimed time and space complexity, we utilize
E, which we assume to be represented by the data structure of Lemma 2.1. For each
i ∈ [1..λ] in descending order, we call insertE(select0(E, cntR(Rot(S, i))) + 1, 1), and discard
cntR(Rot(S, i)) once cntR(Rot(S, i− 1)) has been computed. Then cntR(C{S}(CA{S}[i])) =
rank0(E, select1(E, i)). The following statements for each i ∈ [1..λ+ρ] are due to construction.

If E[i] = 0, then FS [i] = FR[rank0(E, i)] and LS [i] = LR[rank0(E, i)].
If E[i] = 1, then FS [i] = F{S}[rank1(E, i)] and LS [i] = L{S}[rank1(E, i)].
LCP∞

S [1] = 0.
If i ≥ 2, E[i− 1] = 1 and E[i] = 1, then LCP∞

S [i] = LCP∞
{S}[rank1(E, i)].

If i ≥ 2, E[i− 1] = 1 and E[i] = 0, then LCP∞
S [i] = slcp∞

R (C{S}(CA{S}[rank1(E, i)])).
If i ≥ 2, E[i− 1] = 0 and E[i] = 1, then LCP∞

S [i] = plcp∞
R (C{S}(CA{S}[rank1(E, i)])).

If i ≥ 2, E[i− 1] = 0 and E[i] = 0, then LCP∞
S [i] = LCP∞

R [rank0(E, i)].

Consequently, O(λ) queries and operations are needed to update the cBWT index of R
to index S. Finally, we zero E. The claimed complexities then follow from Lemma 2.1. ◀

We are finally able to state the main result of this section.

▶ Theorem 4.9. Let ∅ ≠ T = {T1, ..., Td} ⊂ Σ+ and n = |T1 · · ·Td|. The cBWT index of T
can be constructed in O(n lg σ) bits of space and O(n lg σ lg n

lg lg n ) time.

Proof. Let |Tk−1| ≤ |Tk| for each k ∈ [2..d], and let Ej denote a zeroed bit string of
length |T1 · · ·Tj | for each j ∈ [1..d]. First, we construct E1 and the cBWT index of {T1}
within the claimed complexities by Lemma 4.5, where each string is represented by the data
structure of Lemma 2.1. Subsequently, we iteratively extend the cBWT index of {T1, ..., Tk−1}
augmented by Ek−1 to the cBWT index of {T1, ..., Tk} augmented by Ek for each k ∈ [2..d]
in ascending order leveraging Lemma 4.8. Then the cBWT index of T is constructed in
O((n+|Td|) lg σ) = O(n lg σ) bits of space and O((

∑d
k=1 |Tk|) lg σ lg n

lg lg n ) = O(n lg σ lg n
lg lg n ) time. ◀
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