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—— Abstract

Generalizations of plain strings have been proposed as a compact way to represent a collection of
nearly identical sequences or to express uncertainty at specific text positions by enumerating all
possibilities. While a plain string stores a character at each of its positions, generalizations consider
a set of characters (indeterminate strings), a set of strings of equal length (generalized degenerate
strings, or shortly GD strings), or a set of strings of arbitrary lengths (elastic-degenerate strings,
or shortly ED strings). These generalizations are of importance to compactly represent such type
of data, and find applications in bioinformatics for representing and maintaining a set of genetic
sequences of the same taxonomy or a multiple sequence alignment. To be of use, attention has been
drawn to answering various query types such as pattern matching or measuring similarity of ED
strings by generalizing techniques known to plain strings. However, for some types of queries, it has
been shown that a generalization of a polynomial-time solvable query on classic strings becomes
NP-hard on ED strings, e.g. [Russo et al., 2022]. In that light, we wonder about other types of
queries that are of particular interest to bioinformatics: unique substrings, absent words, anti-powers,
longest previous factors, and Lempel-Ziv-like compression schemes. While we obtain a polynomial
time algorithm for a variation of longest previous factors, we show that all other problems are
NP-hard to compute, some of them even under the restriction that the input can be modeled as an
indeterminate or GD string.
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1 Introduction

In many applications, uncertainty is a known problem that hinders the adaptation of classic
algorithms requiring full information. We here model uncertainty by explicitly stating all
possibilities. Such a model found popularity when working with biological data such as
gene sequences, for which indeterminate strings [96] have been proposed. An indeterminate
string models a string that can have multiple alternative characters at any of its positions;
each element of an indeterminate string becomes a subset of the input alphabet, which
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we call a symbol. Symbols generalize the TUPAC notation [71] to represent the ambiguous
specification of nucleic acids in DNA or RNA sequences. A generalization of indeterminate
strings are generalized degenerate (GD) strings that store strings of equal length instead of
characters. Finally, [70] removed the restriction on equal length and called the modelled
string an elastic-degenerate (ED) string, which was proposed as a model of a set of similar
sequences. From a language theoretic point of view, an ED-string is a regular expression
without nested parentheses or Kleene star. Figure 1 gives an example of the three models.

G
— A ~ A ~ A
T1:A{ }C{G} TQ:A{ G}c{"} T3:A{ G}c T
C T CA T €
ccT
T,) = { AACG, AACT T,) = AAGCG ~
L) =1 ’ ’ AT) { ’ L(T3) = { AAGCG, AAGCT,
ACCG, ACCT } AAGCT, ACACG, ACACT }

AAGCCCT, ACG, ACT, ACCCT }

Figure 1 Example for an indeterminate string T (left), a GD string T (middle), and an ED
string Ts (right). The language E(ﬁ) of each string T, is depicted below; the language is the set of
strings represented by the indeterminate/GD/ED string. A symbol storing only one character c is
written as { c} or just c.

ED strings found application to encode the consensus of a population of sequences [9, 29,
75] in a multiple sequence alignment. While advances in pattern matching on ED strings
spawned recent research interest, not much is known about the computational complexity of
typical string characteristics used, among others, in bioinformatics on classic strings.

Our contribution. We here prove NP-hardness for the adaptation of five string problems to
ED strings, which makes it unlikely to come up with efficient solutions for these problems on
large ED strings.

1. Finding a unique substring of length %k in an indeterminate string is NP-hard (Thm. 1).
Finding an absent word of length k in an indeterminate string is NP-hard (Thm. 3).
Finding a k-anti-power in a GD string is NP-hard (Thm. 5).

Computing the longest previous factor length in an ED string is NP-hard (Thm. 7).
Covering an indeterminate string with Lempel-Ziv factors is NP-hard (Thms. 9 and 11).

bl ol ol A

The studied NP-hard problems are not only NP-hard, but also NP-complete. To see that,
we show that we can verify a certificate in polynomial time. In all problems except the last,
a certificate is a classic string X that solves the addressed problem. To verify that X is a
solution, we apply a pattern matching algorithm on the input ED string S , which runs in
polynomial time. For instance, a certificate for a unique substring or an absent word is a
string X, for which we check that it occurs exactly once or zero times, respectively.

Roadmap. In the remainder of this article, we first give an overview on related work in
Section 2. We then give preliminaries in Section 3 and present our hardness results in
Sections 4-7. Subsequently, we propose MAX-SAT formulations for finding a minimal unique
substring or a minimal absent word in Section 8 and an implementation that can solve both
problems in practice on inputs of moderate size. While the conclusion in Section 9 states
several open problems, a more elaborated open problem on the inequality testing of two ED
strings is described in the appendix in Appendix C. In the appendix, we also give polynomial
time algorithms for computing the longest repeating substring in Appendix A and longest
previous factors in indeterminate strings in Appendix B.
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2 Related Work

We structure the related work in work dedicated to ED strings and work tackling one of the
aforementioned problems, however on different types of input (mostly classic strings).

2.1 ED Strings

A big part of research on ED strings has been devoted to pattern matching, structural
properties or regularities, the reconstruction of ED strings from indexes that are not necessarily
self-indexes, and the comparison of two ED strings.

Pattern Matching. For indeterminate strings, we point out a Boyer-Moore adaptation [64],
a combination [96] of ShiftAnd and Boyer-Moore-Sunday, and an KMP-based approach [86].
For ED strings, there is a rather long line on improvements for exact pattern matching [13,
35, 25, 70, 93, 14], with one error [24], or general approximate pattern matching [26, 58, 92].
There are indices for pattern matching on ED texts, based on the suffix tree [59], on the
Burrows—Wheeler transform (BWT) [77] or on a graph for read mapping [29]. The first
study [59] also gives lower bounds on the time complexity for indexed pattern matching
queries. The problem to align a pattern to a GD string [83] or ED string [84] has also recently
been studied.

Given that r is the maximum size of the set a symbol in the ED string represents, NP-
hardness for order-preserving pattern matching has been shown for r = 3 [94] and subsequently
even for r = 2 [57]. The same article [57] also gives NP-hardness for parameterized pattern
matching for r = 2.

Structural Properties. For structural properties on indeterminate strings, we are aware
of the computation of covers and/or seeds [12, 18], maximal gapped palindromes [11], a
study on periodicity [53], an extension of the Lyndon factorization [42], and an augmentation
with rank/select data structures [27]. [41] showed that computing the shortest cover is
NP-complete, but fixed-parameter tractable (FPT) in the number of symbols with sizes
larger than one. Finally, [76] gave a new representation model for indeterminate strings.

Reconstruction. Reconstruction of indeterminate strings from data structures is another
active line of research. The reconstruction has been considered from border array, or suffix
array and the LCP array [85], from a graph based on the prefix array [7], or from a graph
whose vertices are text positions and edges are text positions having matching characters [63].
[34] gave a characterization of whether an array can be the prefix array of a classic string or
an indeterminate string. Finally, [28] studied the relation of prefix arrays of indeterminate
strings to undirected graphs and border arrays.

Comparison. [9] studied how to compare GD strings. An extension to ED strings is due
to [50], where the focus is put on the intersection of the languages of two ED strings, a
problem coined as the ED String Intersection Problem (EDSI). The authors showed that EDSI
is NP-complete if the alphabet is unary while the letters are stored run-length compressed [50,
Thm. 9]. Otherwise, EDSI is polynomial-time solvable [50, Thm. 24]. Additionally, they gave
conditional lower bounds for computing the intersection.
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2.2 Addressed Problems on Classic Strings

We here give motivation for the problems we address in this article by highlighting, for each
problem, its importance and existing solutions, which however do not cover ED strings.

Minimal Unique Substring. The problem of computing minimal unique substrings (MUSs)
was introduced by Pei et al. [90], and has found application in sequence alignment [4],
genome comparison [61], and phylogenetic tree construction [31]. A weaker version, the
shortest unique substring (SUS), asks for only local minimality, which can be expressed by
a point or region to cover. The interest in computing SUSs resulted in a line of research
improvements on the time and space complexities [67, 98, 69, 79, 81]. There are solutions
offering a trade-off in both complexities [55, 17]. Also, different settings like the computation
within a sliding window [82] or on run-length encoded strings [79] have been proposed. For
theoretical guarantees, [80] studied the maximum number of SUSs covering a given query
position. Recently, a survey article [3] has been dedicated to SUS computation. Finally,
there are variations for computing SUSs within a given range [1, 2] or computing SUSs with
k mismatches [65, 95, 8].

Minimal Absent Word. Minimal absent words (MAWSs) have been introduced by [91] as
biomarkers for potential preventive and curative medical applications. MAWSs have been
found valuable for phylogeny [33], sequence comparison [37], information retrieval of musical
content [36], and the reconstruction of circular binary strings [89]. For computing MAWs,
algorithms have been proposed that use the suffix array [19], the directed acyclic word
graph (DAWG) [49, 48], or maximal repeats [15]. Algorithms working in parallel [20] or in
external memory [62] have also been proposed. Extensions are the computation of MAWs
of run-length compressed strings [6], MAWs common to multiple strings [88], or MAWs on
trees [44]. Another extension is the computation within a sliding window [38, 82], for which
bounds on the number of changes in the answer set based on the sliding movement have
been analyzed [5].

Anti-Power. [46] introduced anti-powers as a new combinatorial concept. We are aware of
algorithms for computing anti-powers [16, 10], and counting them [73]. Anti-powers have
been explicitly analyzed for prefixes of the Thue-Morse word [43, 54] and for aperiodic
recurrent words [23]. A specialization of anti-powers is to strengthen inequality by Abelian
inequality, where all factors of an Abelian anti-power must have pairwise distinct Parikh
vectors [45]. Another specialization is due to [30] with the restriction that the computed
anti-power must be also a repetition, i.e., an integer power of a word.

Longest-Previous-Factor and LZ77 factorization. The longest previous factor (LPF)
array [47, 39] has been proposed for pattern matching, computing the Lempel-Ziv 77 (LZ77)
factorization, and detecting runs. There are algorithms [39, 40, 32] computing the LPF array
in linear time. These linear-time algorithms directly give linear-time algorithms computing
the LZ77 factorization.

3 Preliminaries

We start with introducing basic concepts for strings, and then formalize generalizations to
indeterminate, GD, and ED strings.
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Strings. Let X be an alphabet. An element of ¥* is called a (classic) string. Given a string T,
the i-th character of T is denoted by T'[i], for an integer i € [1..|T'|], where |T'| denotes the
length of T. For two integers ¢ and j with 1 < ¢ < j < |T|, a substring of T starting at
position 7 and ending at position j is denoted by T'[i..j], i.e., T[i..j] = T[T + 1] --- T[4]. A
substring P of T with |P| > 1 is called proper if P # T. We write T* for the k-power of the
string T, i.e., T' = T and T* = TT*=1. Further, ¥*¥ C £* denotes the set of all k-length
strings whose characters are from X.

Indeterminate and Generalized/Elastic-Degenerate Strings. We study the following
extensions of classic strings. For that, we make the distinction between characters of the
alphabet ¥ and symbols of a string belonging to one of the three types of generalizations
defined as follows. First, an indeterminate string is a string S [1..n] whose symbols are drawn
from non-empty subsets of ¥, i.e., ) # g[z] C 3. Next, a generalized degenerate string or GD
string is a string §[1n] whose symbol at the i-th position is a non-empty subset of strings in
Yk ie., 0 # 5[2] C X% for some k; depending on 4. Finally, an elastic-degenerate string or
ED string is the most general type allowing each symbol to be a set of strings including the
empty word ¢, which is non-empty and not {e}, i.e., S[i] C X* with 0 # S[i] # {¢}. Each
indeterminate string can be expressed as a degenerate string by interpreting characters as
strings of length one. For any type of string class, we call its elements symbols. Like for
strings, we denote with S[i..j] = S[i] - - S[j] the ED substring that starts at position i and
ends at position j.

The Cartesian concatenation of two symbols X and Y is X ® Y :={zy |z € X,y € Y}.

Consider an ED string S of length n. The language of Sis £(S):=S[1]®S[2]@ - S[n],
cf. [9, Def. 5]. An element of £(S) has length n if S is indeterminate, or length D iy ki if Sis
a GD string. To address a character in an ED string S, we assume that each symbol S [ ] is an
ordered list (e.g., ordered canonically in lexicographic order) such that S[i][j][k] addresses the
k-th character of the j-th string in the i-th symbol. We say that (z j, k) is the text-position of

S’[ i][j][k]. Regarding the ED strings of Figure 1, Tl[l][l}[ |=AT1[2][2)[1] =C T3[4][3][3] =T.

The size of a symbol is the total length of the characters it contains, where the empty string
is counted as havmg length one, e.g., the sizes of the symbols of T3 are 1,3,1,5. The size of
an ED string S, denoted by ||| is the sum of the sizes of all its symbols. Finally, let r(S) or
shortly r denote the maximum number of strings a symbol in S contains, e.g., the symbols
of T3 contain 1,2,1,3 strings, respectively, so T(Tg) =3.

We say that a classic string P has an occurrence starting at text-position (¢, j, k) in an
ED string S if we can factorize P into P = P, - -+ P,, such that g[z] [7][k..] = Py1, Pp, is a
prefix of some string in S[i +m — 1] and P, € S[i +x — 1] for all # € [2..m — 1]. For instance,
P = CAC has an occurrence in E at text-position (2,2, 1).

4 Hardness of Finding Unique Substrings and Absent Words

In what follows, we reduce 3-SAT with n variables to the decision problem whether a minimal
unique substring (MUS), or a minimal absent word (MAW) of length at most n exists. The
input of 3-SAT is a formula F' in conjunctive normal form (CNF), i.e., F' joins a set of clauses
C; by conjunction (AND), where each clause C; is a disjunction of three literals. We assume
that the n variables xq,...,z, are ranked.

The idea is to specify for each clause C; all variable assignments that make C; unsatisfiable.

Subtracting the union of these unsatisfying assignments from all possible assignments gives
us all satisfiable assignments. The solution further deviates from hereon for MUSs and
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MAWs: For MUSs, if we also express the set of all assignments as an indeterminate substring
of §, then the unsatisfiable assignments appear (at least) twice in S while the satisfying
assignments only once. We show that these also coincide with the shortest MUSs if F is
satisfiable. For MAWs, if we instead append an indeterminate string to S covering all possible
substrings of length n — 1, then a MAW must be of length at least n. It is then left to show
that a shortest MAW of S is a substring of length n that represents a satisfying assignment.

4.1 Hardness of Minimal Unique Substring

We start with a formal definition of MUSs based on classic strings. We call a substring U of
a classic string T unique if it occurs exactly once in T, i.e., there is no other position in 7" at
which a substring starts that matches with U. In particular, we call a unique substring U to
be a minimal unique substring (MUS) of T if every proper substring of U occurs at least
twice in T'.

We generalize the notion of MUSs to indeterminate strings by first simplifying the notion
of an occurrence in indeterminate strings from ED strings. For that, we say that a string
P € ¥* has an occurrence in an indeterminate string S at position 7 if there exists a string
X € £(S) with X[i..i + |P| — 1] = P. We say a string P in S is unique if it has only one
occurrence, meaning that the position of its occurrence is uniquely determined. Further, we
call P a minimal unique substring (MUS) if every proper substring X of P has at least two
occurrences in S.

We show that the decision version of finding a unique substring of a specific length in an
indeterminate string is NP-hard. The optimization version of minimizing the length then
gives a MUS.

» Problem 1 (UNIQUE SUBSTRING problem). Given an indeterminate string S and an
integer k, the UNIQUE SUBSTRING problem is to decide whether there is a unique substring
of S with length at most k.

» Theorem 1. UNIQUE SUBSTRING is NP-hard for o > 3 and r > 2.

Proof. Given a 3-CNF F = Cy A --- A C,, with n variables and m clauses. We construct an
indeterminate string S over the alphabet {0, 1,$} such that there is a unique substring of S
of length at most n if and only if F is satisfiable. We assume the variables are x1, ..., z,.
Let {4, £y, and £. be the literals of the clause C; = (¢, V £, V £.) such that ¢; is the literal
of the variable x; for i € {a,b,c}. For each i, we set v; = 0 if ¢; is positive (¢; = z;) and
v; = 1 otherwise (¢; = —z;), and construct the following indeterminate string T; based on

the v;’s.
) ety

()
=y (k9 s {0 s {0 {0

b—a—1

Then, S is given as follows:

-1

S has O(nm) symbols because each ,T; has n symbols. We make the following observations
on S:
Each bitstring, i.e., a string of the alphabet {0, 1}, of length n occurs at least once, namely

in the symbol {(1)} at S[1+ (n + 1)m].



D. Koppl and J. Olbrich

Each bitstring shorter than n occurs more than once.
No substring of length at most n contains more than one “$”.
Every string of length at most n containing a “$” occurs more than once.
A bitstring B[1..n] of length n encodes an assignment with B[i] = 1 if and only if z; is
true. Such a bitstring B occurs more than once in S if and only if its encoded assignment
falsifies F'. Specifically, B occurs in ﬁ if its assignment falsifies C;.
Therefore, there can be no unique substring of length less than n, and a unique substring of
length n exists if and only if F is satisfiable. <

» Example 2. Given the 3-CNF F = (z1 V —xa V x3) A (2 V -3 V 4) with n = 4 variables
T1,%2,x3,x4. The indeterminate string S for F' as described in the proof of Thm. 1 is

o { s {0 oo 0 s {0 s {0

The string 1000 (z1 = 1,22 = 23 = x4 = 0) is a MUS because it occurs only once in §, all
strings of length 3 on the alphabet {0,1} occur in S. Other strings of length 4 such as 0100
and 00$1 occur at least twice. Thus, 1000 is one of the shortest MUS in S.

4.2 Hardness of Minimal Absent Word

An absent word of a classic string T is a non-empty string that is not a substring of 7. An
absent word X of T is called a minimal absent word (MAW) of T if all proper substrings of
X occur in T. More general, we say that a string in an indeterminate string S is absent if
it does not occur in S. An absent string X is minimal in S if every proper substring of X
occurs in S. In what follows, we show that the decision problem for finding an absent word
of at most a specific length is NP-hard.

» Problem 2 (ABSENT WORD problem). Given an indeterminate string S and an integer k,
the k-ABSENT WORD problem is to decide whether there is an absent word of S with length
at most k.

» Theorem 3. ABSENT WORD is NP-hard for c > 3 and r > 3.

Proof. Our idea is to follow the proof of Theorem 1, except that we define S as

n—1

0

_ ’v ﬁv o ﬂv 0 n—1
:1$ 2$$ m71$ m$ $ .
S=T {8 (sh (VT ()T (511 (1]

S contains all strings from the alphabet {0, 1, $} with a length of at most n — 1 as a substring.

An absent word thus must be of length at least n. Since any string of length at most n
0 nt n—1

containing a $ occurs also in the last 2n + 1 symbols of §, ie, 1 {S} {(1)} , the
$

search for an absent word of length at most n boils down to finding a bitstring of length n.
Each bitstring B encodes an assignment. If the assignment does not satisfy clause C;, then
B matches T;. On the one hand, if there is no satisfying assignment for the CNF, then all
substrings of length n with alphabet {0, 1} must be present in S. In total, there is no absent
word of length at most n in S. On the other hand, if there is a satisfying assignment, there
is also an absent word of length n, which is the bitstring encoding this assignment. <
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» Example 4. We reuse the 3-CNF F' from Example 2, i.e., F' = (z1V-xaVas)A(z2VxsVay).
The indeterminate string S for F' as described above is

3

5=y (s { oo sy 1y 9 {0

o

&

The string 1000 (z1 = 1,29 = 23 = 24 = 0) does not occur in S. However, its longest proper
prefix 100 and suffix 000 occur each in S. Hence, 1000 is a MAW. It is also a shortest MAW
since each string of length 3 appears in S.

The ABSENT WORD problem is FPT in the size s of the language £(.5). The algorithm
of [88] computes a generalized MAW of a set of strings S in O(m) time, where m is the total
length of all strings in S. Here, a generalized MAW is a string that is a MAW for all strings

in S. Hence, computing the generalized MAW of L(S) takes O(ns) time, and the computed
generalized MAW is a MAW of S.

5 Hardness of k-ANTI-POWER

A factorization of a classic string T is a partition of T into factors F1, ..., Fj such that their
concatenation gives T', i.e., Fy -+ Fy, = T. T is an anti-power of order k if T' can be factorized
into k factors of equal length such that all factors are distinct. As a generalization, we say
that a GD string has a k-anti-power if its language contains a k-anti-power.

» Problem 3 (ANTI-POWER problem). Given a GD string S and an integer k, the ANTI-
POWER problem is to decide whether S has an anti-power of order k.
If the cardinality of £(S) is polynomial in the length m(= 3", |S[i][1]]) of a string in

L(S), then we check each string in £(.S) one by one for being a k-anti-power. The time

per check is O(m), and thus we obtain polynomial time in m times the cardinality of £(.5).

However, the cardinality of £(S) can be exponential.
» Theorem 5. ANTI-POWER is NP-hard for o > 2 and r > n.

Proof. We reduce from HAMILTONIAN PATH, which is one of Karp’s classic NP-hard prob-
lems [72]. Given an undirected graph G = (V, E) with n = |V| > 2 without self-loops, we
construct a GD string S such that S has an anti-power of order k = 2((5) = |E|+n)—1if and
only if G has a Hamiltonian path. For this, we assume that we can enumerate the vertices
such that V' = {vy,...,v,}. Then we can identify each vertex v; € V with a character ¢; of an
alphabet ¥ = {c1,...,¢,}. Let E = (‘2/) \ E ={ey,... >€|E\} be the complement of F, again
without self-loops. For each e; = {u;,v;} € E we define the string S; = ¢y, ¢y, * ¢y, cu, € B4
Then define the GD string S as

n—2
) (e ci
S=6.--5— ¢ : : :
1 [E| : : :
3 4 3

We make the following observations on S.
The length of each string of the language £(S) is 4((5) — |E| +n) — 2 due to the following
two reasons, where we split the analysis by the prefix of the S;’s and the remaining
suffix. First, the cardinality of E is () — |E| and therefore the summation of the
lengths of all S;’s accumulates to 4|E| = 4((5) — |E|). The remaining suffix has length
3+4(n —2) + 3 = 4n — 2. The summation of both is 4((}) — |E| 4+ n) — 2, which is 2k.
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A k-anti-power X of S is a member of £(§ ), and thus must have length 2k. In particular,
X consists of k factors of equal length 2. By construction, each factor of X starts at an
odd position in S.

Every string Y € L£(S) corresponds to a walk W([l..n] over n nodes in the complete

graph Gg = (V, (‘2/)) without self-loops, and vice versa: To understand that, let us focus
on the suffix S[4|E| + 1..] directly after the sequence of S;’s. For each j € [1..n], let
s; =1+ 4|E|+4(j —1). Then Y|[s;..s; + 1] is of the form c,c, for some a € [1..n]
and encodes that the j-th visited node of W is W[j] = v,. By construction for j < n,
Y[s; + 2..s; + 3] is of the form c,c;, where Wj] = v, and W{j + 1] = v}, are the j-th
and (j + 1)-st node on W, respectively. Now take a walk W/[l..n] over n nodes in G¢
represented by a string Y. W is a permutation if and only if it is Hamiltonian in Go by
the pigeonhole principle — otherwise a node has to appear twice in W{l..n]

If and only if W is not Hamiltonian in G¢, W visits at least one node ¢ more than once.

In this case, c¢;c; occurs twice in Y, starting at odd positions. Therefore, Y cannot be a
k-anti-power.
If and only if W uses an edge from v, to v, with a # b, there is some j such that
Y([s;..s; + 5] = cqacacacepey for the string ¥ e £(§) corresponding to W. Assume that
this edge {v,,vp} is not in E. Since {va, v} € E, cacp also occurs starting at some odd
position p < 4|E| in Y, more precisely in the part of Y generated by an S;. Therefore, Y’
cannot be a k-anti-power.
Because of the previous two statements, a Hamiltonian path in (V| E) corresponds to a
k-anti-power. Since every walk of length n (and thus every Hamiltonian path) corresponds
to a string in £(S), the converse is also true.
Finally, we can generalize the proof to GD strings over the binary alphabet {0, 1} by replacing
each ¢; with a unique bitstring (€ {0,1}*) of length [log, n]. The anti-power we aim to
compute is still of order k, but each factor then contains [log, n] bits. |

» Example 6. Consider the following graph, with characters V = {a,b,c,d} instead of
numbers as node labels for readability.

a—=m=>D

N

c—d

The set of edges is E = {{a,b},{a,c},{b,c},{c,d}}. Its complement, omitting self-loops, is
E = {{a,d},{b,d}}. The corresponding GD string is

aaa aaaa aaaa aaa
= bbb bbbb bbbb bbb
S= {ad}{da}{bd}{db} ccc cccc cccc ccc

ddd dddd dddd ddd

We color the characters of S to make the example more readable. Characters in yellow
color (M) encode the visited nodes of a walk, and characters in blue color (M) encode the
edges between the visited nodes. There are four anti-powers of S of order k = 11, namely

addabddbaaabbbbccccddd for a — b — ¢ — 4,

addabddbbbbaaaaccccddd for b — a — ¢ — 4,

addabddbdddccccaaaabbb for d — ¢ — a — b, and

addabddbdddccccbbbbaaa for d - ¢ — b — a.
From each anti-power we can construct a Hamiltonian path by reading each same-character
pair in yellow color ().
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6 Hardness of Longest Previous Factor

The LPF problem on a classic string T'[1..n] is to compute, for a given position T7[i], the
length of a substring starting before ¢ that shares the longest common prefix with T'i..], i.e.,

LPF[i) :=max{{ € [0.n—i+ 1] | T[j..i+ £ -1 =Tli.i+£— 1 Aj <i}.

LPF[é] is the length of the longest previous factor (LPF) of T[i]. We can translate this
problem to ED strings by a weak and a strong variant. Given a text-position (4, j, k) in an
ED string S , the weak variant states that an LPF is the longest string that has an occurrence
at (i,7, k) and an earlier occurrence at (7', 5, k') < (i, 4, k), where (', j', k') < (i,4, k) if ' <4
or (i =14, j/ = j, and k' < k). Informally, the strong variant requires the LPF to choose
the same path through S in case it takes characters from S [i]. More technically, the LPF of
(4,7, k) is the LPF at position z of a classic string X in the language E(g) such that X covers
(i,7,k) at position x. With covering we mean that there is a factorization X = X; --- X,
such that X, is a (possibly empty) substring of X with X, € S[z] for each z € [1..n]

and X; = 5[@] [4] with | X7 --- X;_1] + k = z. Consider for example S = {ab} {atcac} In

the strong variant, the LPF of text-position (2,1, 1) is ab because there is only one string
X = ababc € £(S) covering (2,1, 1) at position 3, and the LPF of X[3] is ab. In the weak
variant, abc is also permissible. The weak variant can be reduced to computing LCEs,
and therefore is solvable in quadratic time (cf. Appendix A in the appendix). This strong
variant is at least as hard as computing the maximum length ¢ of the LPFs of the strings in
L£(S), ie., £ = max{max{LPF(T)[i] | 1 <i < |T|} | T € £(S)}. While we can compute ¢ for
indeterminate strings in polynomial time (see Appendix B), we show that computing ¢ is
NP-hard, formalized by the following decision problem:

» Problem 4 (LPF problem). Given an ED string S and an integer k, the LPF problem is to

decide whether the longest LPF in L(S) is of length at least k.

Like Problem 3, LPF can be answered in polynomial time if L(S) has polynomial cardinality
because we can compute the LPF array for each string in £(S) in linear time to its length [39].

» Theorem 7. LPF is NP-hard forc >3 andr > o + 1.

Proof. We first define two concepts: periodicity and roots. A string S is called periodic if
the largest possible rational number k& > 1 with S = RF for a string R is at least two; in that
case we call R the root of S.

For the proof, we reduce from COMMON SUBSEQUENCE. Let S be a set of strings and
k > 1 an integer. COMMON SUBSEQUENCE asks whether there is a string of length k£ that is
a subsequence common to all strings in S. COMMON SUBSEQUENCE is NP-hard [78] in the
cardinality of S for alphabet sizes of at least 2.

The general idea is to construct an ED string such that every sufficiently long repeated
factor F overlaps and therefore is periodic, such that F’s root is a subsequence of length &
(modulo a separator symbol) of some or all strings in S. In what follows, we show that the
longest such factor F' is a subsequence of length k£ common to all strings in S.

Assume that all strings in § = {S4,..., Sy} are over the alphabet ¥. We now construct an
ED string S that has a longest LPF of length (k+1)(f +£)+ 1 if and only if S has a common
subsequence of length k. For each i € [1..f] we define S; = { Sig[l] } { Sigp] } e {Si[LSi” } .

By construction, £(S;) is the set of subsequences of S;. Let $ be a symbol not in X. Let



D. Koppl and J. Olbrich

¢ > 3 be minimal such that k- (¢ —2) > > |S5;| = ||S||, where ||S|| denotes the accumulated
lengths of all strings in S. By misusing notation, we interpret ¥ as an ED symbol matching
any character of ¥, and denote the ED symbol matching any character of 3 and the empty
word by ¥ = ¥ U {€}. Then define

S=({sy=") {8} Si {8} {8} {s}="{s}.

By the minimality of the chosen value of ¢, H~§|| € O(a||S[[). Now consider the LPF of the
position of the second occurrence of {$} in S, i.e., symbol Sk + 2].

The only non-empty previous factor F' of S [k + 2] starts at the very beginning of S

because it must start with “$”. Assume that F' is the longest possible such factor.

On the one hand, F has length at least (¢ — 1)(k + 1) + 1 due to the prefix ({$ } Ek)e of

S with ¢ > 3 matching the first (£ — 1)(k + 1) + 1 symbols starting at S[k + 2].

On the other hand, F is of the form ($W)*$(W[1..p]) for some z > 0, p € [0..k — 1],

W € ¥F because the occurrences of F' starting at S [1] and at the second {$} overlap.
If|F| = (k+1)(f+¢)+1, W is a common subsequence of all strings in S. That is because F’
is a prefix of a string X € E(g ) by the definition of the strong variant of LPF, and therefore its
substrings Y; and Y;;; matching with SN’Z and 5:;:17 respectively, must match, i.e., Y; = Y;4;
for every i € [1..f — 1]. Thus, W =Y is determined by S;, for all i. Finally, F' cannot be
longer than (k4 1)(f + ¢) + 1 due to the number of $’s and since every (k 4 1)-st character
of Fis $. Tt is left to show that all other text-positions have a shorter LPF.

An occurrence of a string starting after the prefix ({ $ } Zk)l_l of S can have length at

most

! !
3+2k+ Y (1+[Si) =3+2k+f+ ) [Si]
=1 =1
<342+ frk(f—2)= 3+ f+ke
<kfHfHk+e+1= k+1)(f+0+1

An occurrence of a string starting at a text-position p before ({ $ } Zk)é_l with length
of at least 2k + 2 has a substring matching {$ } ok {$ } A sufficiently long LPF for
text-position p must overlap by construction, and thus again every (k + 1)-st character
must be $. When p is after the second $, the LPF of P is shorter than (k+1)(f+¢)+1. <«

» Example 8. As an example for the proof of Theorem 7 consider § = {57,532} with
f =18 =2, 51 = abb and Sy = bab. We want to test whether S has a common subsequence
of length k = 2. Therefore, we need to select the smallest £ > (|S1| + |Sa|)/k + 2 = 5, which

ciwmn- (PR (T

2\ 6
2

a
S=1|s!v $§1$3§${§} $
13

SEVS(EY) e e e
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The second occurrence of $, i.e., S[4] = $ has the LPF ($ab)®$ starting at S[1]. This length
is (k4+1)(f +¢) 4+ 1, and thus ab must be a common subsequence of S; and Sy of length
k=2.

7 LZ77

A natural extension of the LZ77 factorization from strings to ED strings is to define the
LZ factorization on ED strings as a set of paths that cover the characters of the ED string.
More precisely, given an ED string S, we define a graph G = (V, E) such that each character
S[i][j][k] is a vertex v; ;. € V. There is a directed edge from v; j 1 to vy o4 if and only if
i=4i and j=j and k+1=FK, or
i+1=14and ¥ =1 and |S[i][j]| = k-
A path factorization of S is then defined as a set of paths in G such that each vertex in V is
covered by at least one path. We call a path factorization an LZ factorization if each path
of the factorization starting at position v; ; has a previous occurrence ending before S 7],
i.e., there exists a path ending at some position v/ jr - with i < 4 such that the sequence of
characters on both paths are identical, and this occurrence is the longest possible.

» Problem 5 (LZ problem). Given an indeterminate string S and an integer k, the Lz problem
is to decide whether S has an LZ factorization with k paths.

We here focus on two flavors of the Lz problem, which differ in whether we are allowed to
cover the same character positions multiple times by different factor paths or not. In other
words, the restricted version enforces a partition of the ED string by factor paths.

7.1 Restricted Version

For the restricted version, we obtain hardness by reducing from the 3-dimensional matching
problem (3DM) [56, Sect. 3.1.2]. In 3DM we are given three finite sets X, Y, and Z of
the same size k. Let T be a subset of X x Y x Z. This means that T' consists of triples
(z,y,2) where z € X, y € Y, and z € Z. It is known that finding a perfect matching in
T is NP-complete [72]. Here, a subset M C T is called a matching if, for any two distinct
triples (z1,41,21) € M and (29, Y2, 22) € M, it holds that x; # 29, y1 # y2, and 21 # 2. M
is further called a perfect matching if every element of X, Y, and Z appears in exactly one
triple in M.

For the reduction, we assume that X, Y, and Z all have different elements, and treat the
three sets as disjoint alphabets. Next, we construct a string P as follows, which is initially
empty. For each triplet (z;,y;,2;) € T, append x;y;z; to P. Finally, append a symbol § to P
that nowhere else appears in P, and define S:=PXYZ , where we interpret X, Y, and Z
each as indeterminate symbols. Now, the LZ77 factorization without overlaps has zp + k
factors if and only if T has a perfect matching, where zp is the number of LZ77 factors of P$.

» Theorem 9. The restricted LZ problem is NP-hard for indeterminate strings with an
alphabet size of ©(n) and r = O(n).

» Example 10. Given three sets X = {x1,22}, Y = {y1,92}, and Z = {z1, 22}, and
the triplet set T = {(z1,y1,22), (€1,¥y2,21), (x2,¥2,21)}, we construct the string P =
X1Y,22X1Y521X2Y5218. Then, we have S = PXYZ. The LZ77 factorization of P$ has
zp = 9 factors as follows: x1 | y; | z2 | x1 | yo | 21 | %2 | y5-21 | $, where “|”
separates the factors and ‘-’ highlights concatenation. Since T has a perfect matching
M = {(z1,y1,22), (x2,¥2,21)}, we can cover the remaining part XY Z of S with k = 2
additional LZ paths: x; -y, - 22 and x5 - y, - 2;. Thus, the total number of LZ paths to cover

Sis zp + k= 11.
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7.2 Unrestricted Version

In case that we allow paths to overlap the same node, the above reduction does not work
anymore. Instead, we reduce from set cover for this problem. Set cover asks, given n elements
and m sets and an integer k, whether there exist k sets (among the m ones) whose union
contains all n elements.

Suppose that the elements are enumerated 1, ..., z,, and let y be a new element. Define the
list L;[1..n] with L;[i] = x; if ; is in the j-th set, and otherwise L;[i| = y. Further, define

-1 L HEHE) (b

We now analyze the number of LZ paths to cover S. Since S[1] is the first ED symbol, it
does not contain any LZ paths by definition. Next we focus on the path y"! in S[2..]. It is

possible to cover these characters with one LZ path using the last string in S[1] as a reference.
We actually have to select this path or any suffix of it to cover the last character y in S.

Finally, to cover all characters in S [2..n] except those in y, we need to select a reference from
S[1] that contains the respective character x; to cover S[i + 1]. However, each such reference
selections corresponds to the selection of a set in the set cover problem, by ignoring the y

characters, which have already been covered by the path for y"*!. Consequently, the number

of paths needed for covering the S [2..] is exactly the size of the minimum set cover plus one.

» Theorem 11. The unrestricted Lz problem is NP-hard for GD strings with an alphabet
size of ©(n) and r = O(n).

» Example 12. Counsider the set cover instance with elements {a,b, c,d} and sets {a, b},
{b. ¢}, {c,d}, and {a,d}. The minimum set cover has size 2, e.g., by selecting the sets {a, b}
and {c,d}. We construct the GD string S below.

To cover S with LZ paths, we first select the path yyyyy from the last string in S [1] to cover
the last character y in S. T hen, to cover the other characters, we need to select two more
paths from S[1], e.g., S[1][1] = abyy and S[1][3] = cd, which correspond to the selected sets
in the set cover instance. Thus, we need at least three LZ paths to cover S.

abyy

be
s=ywea CHOMH 0
Yyyyyy

8 SAT Formulation

In what follows, we present SAT formulations for computing a unique substring or an absent
word of a specified length z in an indeterminate string. The SAT formulations can be
transformed into a MAX-SAT formulation by an optimizing objective on « € [1..n]. For the
formulations, we represent a symbol of an indeterminate string T [1..n] as a list of characters
such that T[i] is a list. We let TTi][k] denote the k-th character in the list T7i] and |TTi]| the
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number of characters stored in Tv[z} We interpret the Boolean variables true and false as
integers 1 and 0 to allow us to use expressions such as summations. We model our answer as
a string X[1..z] € 3% of length x. The length x can be given (decision problem) or is object
to optimization to obtain the shortest length. We can model z by n Boolean variables z;
as follows.

Zx =1 (LENX) min{i € [1.n] : 2; = 1}. (MINX)

In the following, variables that are not defined are assumed to be false (not set).

8.1 Shortest Minimal Absent Word (MAW)

X can be expressed by zo Boolean variables arranged in a matrix X'[1..z][1..0] choosing
characters from ¥ = {1,...,0}.

Ve l.a]: ZU:X’M, =1 (SETX)

c=1

{O(x), O(0)}

The gray curly brackets denote two asymptotic upper bounds, the first is on the number
of generated clauses and the second on the maximum size of each such clause. Here, we
generate for each X-position a clause of size o.

To check whether X is absent, we need to verify that there is no occurrence of X starting
at any text position ¢ € [1.n — x + 1] of T. In other words, we check for each such ¢ that
there is an X-position £ € [1..z] such that X[¢] & T[t + ¢ — 1]. To express that as a formula,
we create a three-dimensional grid of boolean variables M [k, t, ¢] modelling these mismatches.
We set M|k, t, 0] to true if X[(] # Tt + ¢ — 1][k], where T[t + ¢ — 1][k] denotes the k-th
character in the list T[t 4+ ¢ — 1], if it exists.

Veelalteln—a+ 1, ke[l Tt+€—1]]: X[(] £ Tt +£—1[k] = M[k,t,4]. (M)
{O(xnr), O(1)}

Recall that r = r(T) < o is the maximum number of characters a list T[] can store. Next
we reduce M|k, t, (] to M'[t,{] by setting M'[t, (] to true only if X[{] mismatches with all
characters in the list T[t + ¢ — 1], i.e.,

|T[t4¢—1]|
VeelLalte[ln—z+1]: > Mkt =[T[t+(—1]] = M'[t,{]. (M)
k=1

{O(zn), O(r)}

So M'[t, €] is true if and only if X[¢] & T[t 4+ ¢ — 1]. Finally, we require that there is some
X-position ¢ for which we cannot match X [¢] with any of the characters of T'[t + ¢ — 1], i.e.,

Vte[ln—z+1]: ZI:M’[t,K] £0. (CONS)
/=1

{O(n), O(z)}
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Table 1 Computation of a shortest MAW and MUS on a randomly generated indeterminate
string S with o = 4 and r(S) = 2. Time is in seconds, and n is the length of the prefix T of S taken
as input for computation.

MAW MUS
n time x time «
10 0.02 2 0.03 2
100 169.62 4 171.60 3
150 566.88 4 580.68 4
200 1365.87 4 1376.11 4
250 2615.42 5 2708.00 5

If Eq. (CONS) holds, then X must be an absent word. In total, we have xzo + n selectable
Boolean variables. The number of clauses is in O(anr). The same upper bound has the size
of the CNF being the summation of the sizes of all clauses.

Listing 1 shows an encoding in answer set programming (ASP), where each line is
commented by one of the above equations.

Listing 1 ASP encoding computing a MAW. The last line (command show) is for the output.

1 {lenX) : X=1..n 2} 1. %(LENX)

#minimize { X : len(X) }. %(MINX)

1 {x(L,C) : a(C) } 1 :- len(X), L=1..X. %(SETX)

m(K,T,L) :- t(X,T+L-1,C), x(L,D), C!=D, len(X), T=1..n-X+1. % (M)
m(T,L) :- r { m(X,T,L) : K=1..r }, len(X), L = 1..X, T=1..n-X+1. % (M?)
:= { m(T,L) } 0, len(X), T=1..n-X+1. % (CONS)

#show x/2.

8.2 Shortest Minimal Unique Substring (MUS)

To find a unique substring of length = € [1..n], we slightly modify the above SAT formulation
by representing X differently as follows. We first select a starting position p € [1..n] of X
with n Boolean variables p; with only one set that marks the start of X in T, i.e.,

> pi=1 (POSP)
=1

Each character of X can be chosen such that X[¢] € T[p + £ — 1] for every £ € [1..z].
For that we create a two-dimensional table X'[¢, k] such that X'[¢,k] = 1 if and only if
X[€] = T[p+ ¢ — 1][k]. This can be modelled by the following constraint.

|Tlp+e-1]]
veellal: Y XLk =1 (SELX)
k=1
{O(x), O(r)}

Then we define M and M’ as above but omit in Eq. (CONS) the starting position p of
X in the range for t € [1.n —x + 1]\ {p}. The asymptotic complexity of the generated CNF
compared to Section 8.1 is that the number of selectable variables is 2n 4 rx, which can be
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fewer for large z € ©(n) and small r. Listing 2 shows an encoding in ASP. An evaluation on
a randomly generated string is shown in Table 1, and can be reevaluated with the source
code available on GitHub https://github.com/koeppl/edstringcharacteristics. The
evaluation ran on an Intel Xeon Gold 6330 CPU with Ubuntu 22.04 and clingo version 5.7.1
for interpreting the ASP encoding.

Listing 2 ASP encoding computing a MUS.

1 {len(X) : X=1..n } 1. %(LENX)

#minimize { X : len(X) }. % (MINX)

1 { pos(P) : P=1..n} 1. J(POSP)

1 { x(,C) : t(K,P+L-1,C) } 1 :- len(X), pos(P), L = 1..X. %(SELX)
m(K,T,L) :- t(X,T+L-1,C), x(L,D), C != D, len(X), T=1..n-X+1. (M)
m(T,L) :- r { m(X,T,L) : K=1..r }, len(X), L = 1..X, T=1..n-X+1. %(M*)
:= { m(T,L) } 0, len(X), pos(P), T=1..n-X+1, T != P. 7(CONS)

#show x/2.

9 Conclusion

We have studied various problems concerning the characterization of ED strings. While
notably longest common extension queries and the computation of the longest repeating
factor can be done in quadratic time, other problems are NP-hard to compute for specific
generalizations of strings such as indeterminate strings. Since every indeterminate string is a
GD string, and every GD string is also an ED string, all hardness results are also true for
taking ED strings as an input. For future work, it is natural to study whether we can obtain
the same results for smaller values of o and/or r and in some cases for smaller subclasses of
ED strings, e.g., indeterminate strings. Additionally to the inequality problem of Appendix C,
we would like to study whether some problems can be further parameterized to obtain FPT
algorithms, which hopefully work well in practice.
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A Longest Repeating Substring

The longest repeating substring (LRS) of a classic string T is the longest substring that
occurs at least twice in T. The search for longest repeating substring is important, among
others, for detecting similarities in biological sequences [21]. While textbook solutions
for this problem exist [60, APL4], the problem has been extended such that the reported
substring has to cover specific string positions [97, 99] or needs to be common among several
input texts [87]. While the textbook solution uses suffix trees, ideas have been adopted to
BWT-based indexes [22, 74].
We generalize LRS to ED strings as follows.

» Problem 6 (LRF problem). Given an ED string S, the LRF problem is to determine a
longest string that occurs at least twice in the language of S but has to start at least at two
different text-positions in S.

Our idea to compute LRF is to reduce the problem to longest common extension (LCE)
queries. The LCE query in a classic string 7" asks for the longest common prefix of two
suffixes T[i..] and T'[j..]. In the ED string setting, an LCE query at two text-positions asks
for the longest string that has an occurrence starting at both text-positions.

Given an ED string S with size N = |||, to find an LRS, we compute the LCE of every
pair of pairwise different text-positions, and report the longest LCE length we discovered.

We note that we can directly leverage the longest common substring solution of [52,
Section 6.4] and [51] working in O(Nm) time, where m =", n|S[i]| < N is the sum of the
cardinalities of the ED symbols of S. T here, the authors reduce their problem to LCE queries
on distinct positions, from which we can extract our solution by selecting the maximum
computed LCE value among pairs of distinct positions. Nevertheless, we present here a less
sophisticated but straight-forward solution that matches this time bounds when m = O(n).

Our idea is that we can compute all LCE lengths in O(N?) time with dynamic pro-
gramming by using the linearized form of an ED string [29], which maps an ED string to a
classic string whose alphabet contains three additional special characters. The linearized
form of an ED symbol { Wy, Wa, ..., Wy } is (Wi IWal...IW,) € (SU{(), I})*. The
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characters in {(,), |} are called special and are assumed to be not in ¥. The linearized
form of {Wl} is just Wj. Further we stipulate that ¢ is always the last string in an
ED symbol if it is present. Then the linearized form of an ED string S , denoted by L,
is the concatenation of the linearized forms of its symbols. For example, the linearized
~ b

form of S = b{:}c{acc} {2} is L = b(al)c(abclc) (alb). Since the number of
characters to write increases by a multiplicative constant®, |L| € O(N). The next function
next(i,¢) = min{j | j >4, L[j] = ¢} U {1 + |L|} gives the first text position of an occurrence
of cin L[i + 1..], or otherwise the invalid position 1+ |L|. Let

PE):={i+1}U{j+1]i<j<mext(i,’)’)AL[jl="1"}for L[{] ="C

denote all starting positions of non-special character strings within the parentheses starting
at L[i] divided by ’ |’ characters, or ’)’ in case that the last string is . For instance,
P(7) = {8,12} and P(2) = {3,5} for our example. Then the function adj below gives the set
of starting positions of non-special characters we want to match in case one of the characters

is special.
{i} if L[i] € %,
adi(i) = | e D7) 1) LA =21,
{i+1} if Lji] = )7,
P(i) if L[i] = (.

In particular, adj(¢) advances if and only if ¢ is a position of a special character. We can
precompute adj(i) for all ¢ in linear time by scanning L from right to left with a stack
maintaining the positions of the recently read special characters.

Our goal is to compute a DP table for the longest common extension of two text-positions
in S that are mapped to the indices ¢ and j in L (the mapping of text-positions to L-positions
is injective but not surjective). We obtain this table by additionally specifying values for
special character positions in L, using the following recursion formula.

0 if max{i,j} > |L],
gy = LD+ LI+ if Li] = L|j] and L[i] € %,
R it L}i] # L[j] and L[i], L|j] € =,

max{D(i',j") | (¢,7") € adj(i) x adj(j)} otherwise.

» Example 13. We evaluate D(1,9) of the above example. We visualize L with indices.

1 1234567891011 12 13 14 15 16 17 18
Lil=b(al)c(abec | ¢ ) Ca | b)

To calculate D(1,9), we recursively apply the above formula.
D(1,9) =1+ D(2,10)
D(2,10) = max{D(3,10), D(5,10)}
= D(6,10) because D(3,10) = 0 and D(5,10) = D(6, 10)
D(6,10) =1+ D(7,11)

! The worst case is S = {Z} {Z} {Z}", for which the size grows from H§H =2nto |L| = 5n by a
factor of 2.5.
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D(7,11) = max{D(8,14), D(12,14)}
D(8,14) = max{D(8,15), D(8,17)} = 1
D(12,14) = max{D(12,15), D(12,17)} = 0

We used that D(12,15) = 0, D(12,17) = 0, D(8,15) = 1, and D(8,17) = 0. Hence,
D(1,9) =1+ D(2,10) = 1 + D(6,10) = 1 + 1 + D(7,11) = 2+ D(8,15) = 3.

We can compute D(4, j) in constant time when neither L[i] nor L[j] is an open parenthesis
character ’ (. Because parentheses are neither nested nor overlapping in L by construction,
adj(z) Nadj(j) = 0 for all 4+ # j with L[i] = L[j] = > (°. Therefore, each pair of positions
(¢/,4") is included in at most one computation of D(i, j) with L[i] = L[j] = *> (°. Similarly, we
use each adj(i) (with L[¢] = * (*) in at most O(N) computations of D(4,j) with L[j] # *> (°.
By this amortization argument, we compute D in O(N?) time.

» Theorem 14. We can solve LRF in O(N?) time.

It is also unlikely that we can do better in general. To understand that, we realize that
D can be used to solve the ED String Intersection problem (EDsI) [50]: Let S; and Sy be
two ED strings and ¢ € ¥ a character that has no occurrence in neither /Svl nor :S”; Then
the longest repeating substring of { ¢* } S {cF} S {c*} has length at least 2k if and only

if £(S1) N L(S) # 0 for a sufficiently large k € O(N) with N = ||Sy|| + |S2]|-

» Lemma 15. Under the Strong Exponential-Time Hypothesis (SETH), there is no O(N?~¢)-
time algorithm for LRF for any constant € > 0.

Proof. [50, Thm. 2] showed that there is no O(N?~¢)-time algorithm for any constant & > 0
for EDSI under SETH. |

B LPF for Indeterminate Strings

We show that Problem 4 can be solved in polynomial time if the input is an indeterminate
string S. Let j be the start of the longest previous factor of ¢, and let L be this LPF. If
|L| < i — j, there is no overlap and the LPF corresponds to the longest common prefix of
g[z] and g[]] Otherwise, L must be periodic with a period p < i — j, where p divides i — j
— otherwise we would take different paths at S [7]. That is, there is a string U of length p and
a (possibly empty) proper prefix V of U such that L = ULLI/P) .y,

We have min{LCP(i, j), LCP(i + p, j), LCP(i + 2p, j), ..., LCP(i + | |L|/p — 1|p,5)} > p
and LCP(i + [|L|/p]p,j) > |V]. Note that |V| can be derived from |L| and p.

The converse is also true, that is, if the above conditions are satisfied, we have an LPF of
length |L|, because we have these paths of lengths p that we repeatedly take, including at
the positions ¢ and j. For each pair (4,7), we can try all periods and possible LPF lengths
|L| and pick the longest.

C Hardness of Inequality?

Given two ED strings S and T, we want to address the problem to decide whether £(§ ) #£
E(f) If both strings are GD strings, then each symbol stores strings of equal length. It is
therefore possible to construct a finite deterministic automaton for each symbol with one
starting and accepting state, and connect starting and ending states of subsequent symbols
to form an automaton for a GD string S that accepts L(g), cf. [9, Sect. 3]. For instance
in Figure 2, the state g4 is the accepting state of the first symbol and the starting state of
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the second symbol. Finally, equivalence of two finite deterministic automata can be checked
in time linear in their sizes [66]. The same construction for a (regular) ED string? may
create a finite nondeterministic automaton because the length difference in an ED symbol
can cause e-transitions, cf. Figure 2. Testing inequivalence of two nondeterministic finite
automata is PSPACE-complete [56, AL1] while testing inequivalence of regular expressions
without Kleene star is NP-complete [56, Problem 3.3.10][68, Thm. 2.7]. Since the latter type
of expressions is a superclass of ED strings, we know that inequality testing for ED strings is
in NP.

aba :

— a N b .

Sl - abb b start H.—> e b b
aaa a a b

a

3

Figure 2 Automata representing the GD string Sy (top) and the ED string Sa (bottom). While
it is possible to construct an automaton in the size of an ED string, the automaton for ED strings
has e-transitions which may blow up the size exponentially when transforming the nondeterministic
automaton to a deterministic one.

Based on the proof of [68, Thm. 2.7], we further can show that inequivalence testing is
NP-complete for a slight extension of ED strings allowing one level of nesting, which we call

2ED strings. A 2ED string is a string T such that each symbol T'[i] is a set of ED strings.

To this end, we reuse the reduction from 3-SAT described Section 4, in particular the family
of indeterminate strings {T;}7>, constructed in the proof of Theorem 1. We define the two
2ED strings S and T' to compare with as

We observe that T is a (regular) ED string with £(T) = {0,1}™, i.e., the language of T
generates all binary strings of length n. Finally, £(S) # £(T) if and only if there is a
satisfying assignment.

However, the complexity of deciding whether £(S) # £(T) for two (regular) ED strings
is left open for future work.

2 In this section, we sometimes use the adjective regular to emphasize on the fact that we consider an
ED-string, not a specific subclass like an indeterminate string nor a superclass.
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