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Abstract

The Burrows–Wheeler transform (BWT) lies at the heart of succinct and
compressed full-text indexes for pattern matching queries. Notable variants
are (a) the extended BWT (eBWT) capable to index multiple circular texts
for pattern matching, or (b) the parameterized BWT (pBWT) for param-
eterized pattern matching. A natural extension is the combination of the
virtues of both variants into a new data structure, whose name we coin with
extended parameterized BWT (epBWT). We show that the epBWT supports
pattern matching in context of parameterized pattern matching on multiple
circular texts, within the same complexities as known solutions presented for
the pBWT [Kim and Cho, IPL’21] for patterns not longer than the shortest
indexed text. Additionally, we show how to compute the epBWT within the
same complexities as [Iseri et al., ICALP’24], i.e., in compact space and quasi-
linear time. As an application, we extend the matching statistics problem to
the parameterized pattern matching setting on circular texts.

Keywords: extended Burrows–Wheeler transform, parameterized pattern
matching, circular texts, matching statistics

1. Introduction

The seek for compact indexing data structures stems from the need to
manage and analyze the ever-increasing amount of available data [2]. A
mainstream line of research is devoted to fast yet space-economical varia-
tions of the FM-index [3], a full-text index built upon the Burrows–Wheeler
transform (BWT) [4]. Given a pattern, the FM-index allows us to query for

⋆This article is an extension of a contribution [1] to the Data Compression Conference
2024.



the number of its occurrences in the indexed text, called count query, or the
starting positions of these occurrences, called locate query. For the former, it
suffices to encode the BWT with a data structure supporting rank and select
queries such as the wavelet tree [5]. For the latter, we add suffix array samples
to map found positions in the BWT into text-range. The few number of tools
make the FM-index a predestined data structure for compact text indexing.
However, the standard variant only supports exact pattern matching in the
classic sense. On the one hand, a common variation in bioinformatics and
computational geometry is to search in circular texts [6]. For instance, the
genetic data like of the herpes simplex virus (HSV-1) [7] or circular RNA [8, 9]
can be modeled as circular strings. With the aim for an index built on cir-
cular texts for pattern matching, Mantaci et al. [10] proposed the extended
BWT (eBWT), which can additionally index multiple circular strings. On
the other hand, structural analysis of RNA data involves a different kind of
pattern matching, coined as parameterized pattern matching by Baker [11],
and introduced to the context of RNA data by Shibuya [12]. BWT-based
indexes such as the parameterized BWTs (pBWTs) by Ganguly et al. [13]
and Kim and Cho [14] emerge as compact indexes for parameterized pattern
matching. Recently, Iseri et al. [15] showed how to build the latter pBWT
variant.

In the light that bioinformatic problems ask for RNA indexes that can
cope with circular as well as parameterized pattern matching, a natural ques-
tion to ask is whether an extension of the FM-index exists that allows a com-
bination of both types of queries. A straight-forward answer to this question
is to use the pBWT to index the concatenation of the text with itself and ap-
ply some post-processing after a query. However, this has certain drawbacks:
we need twice the amount of space for the second duplicate of the text to in-
dex and cannot find conjugates of texts whose iterated concatenation contain
the pattern as a prefix. For instance, we consider the pattern P = abcabcab

to cyclic match at the beginning of the text T = abc by regarding the text
as its infinite concatenation abcabcabc · · · . Such an extension of pattern
matching is of interest when querying for repetitive patterns, so that we can
support texts that store only short snippets of the repetitive pattern we want
to find.

Without the need for text duplication and post-processing, we present
the extended parameterized BWT (epBWT), which is based on the ideas of
Mantaci et al. [10] for the eBWT and the tricks used by Iseri et al. [15]
for the pBWT. The epBWT achieves the same complexities as one of the
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pBWT versions of Ganguly et al. [13] or of Kim and Cho [14]. As an applica-
tion, we generalize the matching statistics problem proposed by Chang and
Lawler [16] to a parameterized version on multiple circular texts, and show
that the epBWT index can solve this problem.

1.1. Related Work
We briefly review work on circular texts and parameterized string match-

ing. To avoid confusion, we remind the reader aware of the circular pattern
matching problem that this problem asks for reporting all conjugates of the
pattern, while we here study the problem to find a pattern in all conjugates
of the circular texts subject to index.

Circular Texts. A folklore solution for a pattern matching index on a circu-
lar text is to index twice the linearized input by a standard indexing tech-
nique such as the suffix tree [17], and use a filter after a query to avoid
reporting pattern occurrences completely within the second copy of the in-
put. Let n be the total length of the d circular texts we want to index. A
solution that does not need this duplication trick is the eBWT [10]. The
eBWT takes as an input a multiset of primitive, cyclic strings and is de-
fined as the last characters of all the rotations of all the cyclic strings in
the multiset sorted in a lexicographic-like total order ≤ω [10, Definition 4],
which does not coincide with the lexicographic order in general. For ex-
ample, the eBWT of the multiset {ab, ab, aba} is babbaaa since aab ≤ω

aba ≤ω ab ≤ω ab ≤ω baa ≤ω ba ≤ω ba.1 The inverse of the eBWT, known
as the Gessel–Reutenauer transform [18], has already been conceived more
than ten years prior to the discovery of the eBWT. Given a string T , the
Gessel–Reutenauer transform maps T to the multiset of strings whose eBWT
is T . However, Mantaci et al. [10] did not cover algorithmic details like the
construction — yet it is clear that the construction time is upper bounded
by the total length of all conjugates [10, after Example 9], which is O(n2).
Later, Hon et al. [19] proposed a circular pattern matching algorithm using
eBWT. They use n log σ(1 + o(1)) + O(n) + O(d log n) bits and can answer
a count query in O(m lg σ) for a pattern of length m. Subsequently, with
a larger number of authors [20], they gave a construction algorithm for the

1The relation ≤ω is not to be confused with the here later defined preorder ⪯ω since
the former assigns a linear order even on periodic strings by measuring the lengths of their
roots for breaking ties.
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eBWT in O(n lg n) time. Their idea is to construct a so-called circular suffix
array CSA such that the i-th position of the eBWT is given by T [CSA[i]−1],
where T is the concatenation of all input texts. For their algorithm to work,
they make the assumption that all input strings are non-periodic, belong to
different conjugacy classes, and have asymptotically the same lengths. Very
recently, Cotumaccio [21] showed how to get rid of these assumptions while
retaining the same time and space complexities. Bonomo et al. [22] presented
an online algorithm building the eBWT in O(n lg n/ lg lg n) time; here, on-
line means that a construction algorithm updates the eBWT on reading a
new input string. An interesting aspect regarding the online construction is
that the up so far only known online technique [23, 24] for computing the
traditional BWT needs the text to be given in reversed order (starting with
the last character). Recently, Bannai et al. [25] showed that the eBWT can
be constructed in linear time. Subsequently, Boucher et al. [26] practically
simplified this construction. One of the currently fastest eBWT construction
algorithms in practice is due to Olbrich et al. [27].

Parameterized Matching. The parameterized suffix tree as an extension of
suffix trees to the parameterized indexing problem by Baker [11, 28] pioneered
a new research area that adapts classic indexes to parameterized pattern
matching. We briefly mention some achievements in this field and refer to
Mendivelso et al. [29] for a more comprehensive overview of this research area.
In timeline, we are aware of parameterized versions of the suffix array [30,
31], the longest previous factor array [32], the position heap [33], the LCP
array [34], the linear-sized suffix trie [35], the suffix tray [36], compact suffix
trees [37], and DAWGs [38]. Finally, Ganguly et al. [13] proposed the pBWT
as the first parameterized index that is compact, i.e., the number of required
bits is linear in the length of the input text. Kim and Cho [14] gave a
simplification of this technique, requiring however twice the amount of space.
The construction of Kim and Cho’s variant has been addressed by Hashimoto
et al. [39] whose time, like other construction algorithm of preceding data
structures, is linearly dependent on both the text length and the alphabet size
of the parameterized symbols. Finally, a breakthrough in the time complexity
was achieved by Iseri et al. [15], who improved the latter linear dependency
to a logarithmic one, and thus gave for the very first time a construction
algorithm for a parameterized index with quasilinear time for arbitrarily
large alphabets.
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1.2. Structure of this Article
We start with Section 2 to cover basic notations and tools. We introduce

the pBWT and formalize the type of index that is subject to this article.
Subsequently, we present the epBWT index in Section 3 and give a construc-
tion algorithm in Section 4. As an application, we solve a generalization of
matching statistics to parameterized matching on circular texts in Section 5
and finally give a conclusion in Section 6 with open problems and future
work. Our main result can be stated as follows.

Theorem 1.1. Let T1, ..., Td non-empty, parameterized strings over an al-
phabet Σ of size σ and n = |T1 · · ·Td|. The epBWT index of {T1, ..., Td} is
a data structure that takes O(n lg σ) bits of space and can be computed in
O(n lg σ) bits of space and O(ntquery) time, where tquery = lg σ lgn

lg lgn
. Given a

pattern P of length m, it counts all conjugates of T1, ..., Td whose infinite
concatenation has a prefix that p-matches with P , in O(mtquery) time. It
can restore the conjugacy classes of T1, ..., Td up to p-match equivalence, in
O(ntquery) time. It can add and remove a text in O(n′tquery) time, where n′

is the maximum length of all texts (including the one to insert). By switch-
ing to static data structures, we can improve tquery to lg σ and the space to
2n lg σ + 2n+O(n lg lgn

lgn
) bits of space.

Compared to the conference version [1], we give details on the construc-
tion and matching statistics as an application. The presentation of the
epBWT index has been simplified and didactically improved with exam-
ples and explanations. In particular, we could simplify the description of
ω-preorder of the conjugates in the epBWT by introducing a new encoding
⟨..⟩r (cf. Lemma 3.1) such that we no longer need to rely on the J..K-encoding
like in the conference paper.

2. Preliminaries

Let lg = log2 and N≥1 denote, respectively, the logarithm to base two and
the set of natural numbers starting at 1. An interval {i, i + 1, .., j − 1, j} of
integers is denoted by [i..j], where [i..j] = ∅ if j < i. Appendix A gives an
overview of the variables used in this article. We start with basic notations
for strings, queries we want to answer on strings, data structures that can
answer those queries, and then move to the parameterized matching. In the
end of this section, we formalize the problem we tackle in this article.
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2.1. Strings
Let Σ denote an alphabet, i.e., a non-empty, finite and totally ordered set.

An element of Σ is called a symbol, a sequence of symbols from Σ a string
over Σ and a subsequence U of a consecutive range of elements from a string
V over Σ a substring of V . A substring U of V is proper if U ̸= V . Let
Σ∗ denote the set of all finite sequences of symbols from Σ, Σω the set of all
countably infinite sequences of symbols from Σ, and Σ∞ = Σ∗ ∪ Σω. Then
an element of Σ∗ is called a finite string over Σ and an element of Σω an
infinite string over Σ. Whether we are talking about a finite or an infinite
string should be clear from the context at all times. The concatenation of
any U ∈ Σ∗ and V ∈ Σ∞ is denoted by U · V or UV . We write Uk if we
concatenate k ∈ N instances of U ∈ Σ∗, and we denote by Uω the infinite
string obtained by infinitely iterating U , i.e., Uω = UUU · · · ∈ Σω. We call
a string V ∈ Σ∗ primitive if V = Uk for U ∈ Σ∗ and k ∈ N already implies
V = U and k = 1. It is known that for every V ∈ Σ∗ there exists a unique
primitive U ∈ Σ∗ and a unique k ∈ N such that V = Uk, denoted by root(V )
and exp(V ), respectively.

If U = VW for V ∈ Σ∗ and W ∈ Σ∞, then the substrings V and W are
called prefix and suffix of U , respectively. Assume W ∈ Σ∗. Then WV is
called a conjugate of U = VW . For U ∈ Σ∞, let |U | denote the length of
U , i.e., |U | = ∞ if U ∈ Σω, or the number of symbols in U otherwise. Let
ε denote the unique string of length 0 and denote the length of the longest
common prefix of U, V ∈ Σ∞ by lcp(U, V ). Also, let Σ+ = Σ∗ − {ε}.

Fix some V ∈ Σ∞ and i, j ∈ [1.. |V |]. Then V [i] denotes the i-th symbol
of V . A substring V [i] · · ·V [j] starting at position i and ending at position j
of V is denoted by V [i..j], where we set V [i..j] = ε if j < i. Let V [..i] denote
the prefix V [1..i] of V and V [i..] the suffix W of V such that V = V [..i−1]W .
For notational convenience, if k ≤ 0, then V [..k] = ε, and if k ≥ |V |+1, then
V [k..] = ε.

We assume V ∈ Σ+ for the remainder of the section. Let Rot(V, 0) = V
and Rot(V, k + 1) = Rot(V, k)[2..]Rot(V, k)[1] for k ∈ N, i.e., Rot(V, k) de-
notes the k-th left rotation of V . Note that Rot(V, k) = Rot(V, k mod |V |)
for every k ∈ N. We call k ∈ [1.. |V |] satisfying V [i] = V [i + k] for every
i ∈ [1.. |V | − k] a period of V .

Let < denote the lexicographical order on Σ. For U,W ∈ Σ∗, we write
U < W if and only if U is a proper prefix of W or U [lcp(U,W ) + 1] <
W [lcp(U,W )+1]. For U,W ∈ Σω, we write U < W if and only if there exists
k ∈ N such that U [..k − 1] = W [..k − 1] and U [k] < W [k].
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2.2. Queries on Strings
Let f ≤ g ∈ Σ and i, j ∈ [1.. |V |]. The query rankg(V, i) returns the

number of occurrences of g in V [..i], the query selectg(V, i) returns the index
of the i-th occurrence of g in V if it exists, and 0 otherwise and the query
rnkcntV (i, j, f, g) returns the number of entries in V [i..j] having a value in
[f..g]. Moreover, the operation insertV (i, g) inserts the symbol g at posi-
tion i of V and the operation deleteV (i) deletes the i-th entry of V , e.g.,
insert312(2, 4) transforms 312 into 3412 and delete3412(3) transforms 3412
into 342. For i ≤ j, the query RmQV (i, j) returns the index of a minimal
value in V [i..j], the query RMQV (i, j) returns the index of a maximal value
in V [i..j], and the query RNVV (i, j, g) returns the smallest value in V [i..j]
larger than g if it exists, and g otherwise.

We borrow notation from Iseri et al. [15, Section 2.1], who introduced find
previous queries (FPQ) and find next queries (FNQ) as syntactic elements for
range searches in a string. Both queries are generalizations of predecessor and
successor queries by additionally requiring the output to satisfy a predicate.2
In detail, they are defined as follows. Let i ∈ [0.. |V |]. The query FNQg(V, i)
returns the smallest index k ∈ [max{i, 1}.. |V |] such that V [k] = g if it exists
and |V |+1 otherwise. Similarly, the query FNQ≥g(V, i) returns the smallest
k ∈ [max{i, 1}.. |V |] such that V [k] ≥ g if it exists, and |V |+1 otherwise. The
query FPQg(V, i) returns the largest k ∈ [1..i] such that V [k] = g if it exists
and 0 otherwise, and the query FPQ≥g(V, i) returns the largest k ∈ [1..i]
such that V [k] ≥ g if it exists, and 0 otherwise. Last, the query MIV (i, g)
returns the maximal interval [ℓ..r] such that 0 ≤ ℓ ≤ i ≤ r ≤ |V |, V [k] ≥ g
for every k ∈ [ℓ+ 1..r]. Note that FPQg and FNQg queries can be answered
by a constant number of rank and select queries, and an MI query can be
answered by a constant number of FPQ≥g and FNQ≥g queries. See Figure 1
for examples.

Depending on the queries and operations required, we may represent a
string by one of the following data structures. We assume a random access
model with word size Ω(lg n), where n denotes the length of an input string.

Lemma 2.1 ([41, 42]). A static string of length n over [0..σ] with σ ≤ nO(1)

can be stored in a data structure occupying n lg σ + O(n lg lgn
lgn

) bits of space,

2A cousin of FPQs and FNQs are next smaller value queries [40], which can express,
together with successor queries, FPQ and FNQs.
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i 1 2 3 4 5 6 7 8
V [i] 7 14 5 1 11 27 11 7

Figure 1: Example integer string to illustrate queries. Here, rank11(V, 5) = 1,
select11(V, 2) = 7, select23(V, 1) = 0, rnkcntV (2, 7, 7, 14) = 4, RmQV (2, 5) = 4,
RMQV (2, 5) = 2, RNVV (1, 5, 8) = 11, RNVV (3, 5, 13) = 13, FNQ1(V, 2) = 4,
FNQ≥23(V, 7) = 9, FPQ1(V, 2) = 0, FPQ≥1(V, 2) = 2, MIV (5, 6) = [4..8], and
MIV (2, 15) = [2..2].

supporting the queries access, rank, select and rnkcnt in O(lg σ) time. It can
be constructed in O(n lg σ) time with additional n lg σ +O(1) bits of space.

Lemma 2.2 ([43]). A static string of length n over an alphabet of size σ ∈
O(n) can be stored in a data structure occupying 2n+O(n lg lgn

lgn
) bits of space,

supporting either the query RmQ or the query RMQ in O(1) time. It can be
constructed in O(n) time with additional O(n) bits of space.

Lemma 2.3 ([44]). A dynamic string of length n over [0..σ] with σ ≤ nO(1)

can be stored in a data structure occupying O(n lg σ) bits of space, supporting
insertion, deletion and the queries access, rank and select in O( lgn

lg lgn
) time.

Lemma 2.4 ([15, Lemma 4]). A dynamic string of length n over [0..σ] with
σ ≤ nO(1) can be stored in a data structure occupying O(n lg σ) bits of space,
supporting insertion, deletion and the queries access, rank, select, RNV,
FPQ≥, FNQ≥ and rnkcnt in O( lg σ lgn

lg lgn
) time.

2.3. Parameterized Matching
Let Σs and Σp denote two disjoint alphabets, σs = |Σs| and σp = |Σp|. A

symbol from Σs is called a static symbol (s-symbol) and a symbol from Σp is
called a parameterized symbol (p-symbol). We set Σ = Σs ∪Σp, σ = |Σ|, and
call a string over Σ a parameterized string (p-string). Finally, we introduce
two special symbols that do not convey any information of the input we want
to index, but are needed for technical reasons. The first is $ that denotes the
smallest s-symbol. The second is the symbol ∞ ̸∈ Σs∪Σp, which we stipulate
to be larger than any integer.

We assume σ ≤ nO(1), i.e., each symbol from Σ can be represented by
O(lg n) bits of space. Since we can define order preserving mappings from Σs

and Σp to [−σs..− 1] and [1..σp], respectively, we can assume that N ∩ Σs =
∅, that any s-symbol is distinguishable from both p-symbols and positive
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integers in O(1) time and that the order of two s-symbols can be determined
in O(1) time. For any examples throughout, we will use Σs = {$, a, b} and
Σp = {A, B, C}, where $ < a < b.

We say that two p-strings U, V ∈ Σ∗ of equal length parameterized match
(p-match) if and only if there exists a bijection ψ : Σp → Σp such that
U [i] = V [i] if V [i] ∈ Σs, or U [i] = ψ(V [i]) otherwise, for each i ∈ [1.. |U |],
and write U ≈ V . For example, U = BCAaCB ≈ CABaAC = V , where ψ(A) = C,
ψ(B) = A and ψ(C) = B.

The goal of this subsection is to study parameterized matching, which we
define as follows.

Problem 1 (p-Count). Given a text p-string T and a pattern p-string P ,
count the number of all occurrences of P in T .

By counting occurrences we mean to count all substrings of T that p-
match with P , or more formally, to compute the cardinality of the subset
I ⊂ [1..n] with i ∈ I if and only if P ≈ T [i..i + |P | − 1]. As an example,
we consider the text p-string T = CABaAC and the pattern p-strings P1 = bA

and P2 = CB. It is easy to see that P1 has no occurrences in T since the
s-symbol b does not occur in T . The pattern p-string P2, on the other hand,
has exactly 3 occurrences since P2 ≈ T [1..2] ≈ T [2..3] ≈ T [5..6], P2 ̸≈ T [3..4]
and P2 ̸≈ T [4..5].

While Baker [11] gives a linear time algorithm to check if two p-strings
p-match, they note that it does not generalize conveniently to solving p-
Count. Instead, they present an encoding that reduces checking whether
two strings p-match to the exact matching of their encodings. In what fol-
lows, we introduce two such convenient encodings, the first of which is a
variant of Baker’s.

Kim and Cho’s [14] prev-encoding ⟨V ⟩ of V ∈ Σ∗ is a string of length |V |
over Σs ∪ [1.. |V | − 1] ∪ {∞} such that

⟨V ⟩[i] =


V [i] if V [i] ∈ Σs,
∞ if V [i] ∈ Σp ∧ ∀(1 ≤ j < i) : V [i] ̸= V [j], and
FPQV [i](V, i− 1) otherwise,

for every i ∈ [1.. |V |], i.e., the leftmost occurrence of a p-symbol in V is
replaced by ∞ and each successive occurrence with the distance to its previous
occurrence. Note that ⟨V ⟩[..i] = ⟨V [..i]⟩ for each V ∈ Σ∗ and i ∈ [1.. |V |].
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i ⟨V [i..]⟩ ⟨Rot(V, i)⟩ ⟨V [..i]⟩ JV [i..]K JRot(V, i)K JV [..i]K
1 ∞∞∞a35 ∞∞a3∞1 ∞ 323a21 23a213 1

2 ∞∞a3∞ ∞a∞∞13 ∞∞ 23a23 3a2132 22

3 ∞a∞∞ a∞∞13∞ ∞∞∞ 3a33 a21323 333

4 a∞∞ ∞∞13∞a ∞∞∞a a22 21323a 333a

5 ∞∞ ∞1∞∞a3 ∞∞∞a3 22 1323a2 323a2

6 ∞ ∞∞∞a35 ∞∞∞a35 1 323a21 323a21

Figure 2: Encodings of substrings and conjugates of V = CABaAC.

For any U ∈ Σ∗, let |U |p = rank∞(⟨U⟩, |U |) denote the number of distinct
p-symbols in U . The encoding JV K of V ∈ Σ∗ proposed by Hashimoto et
al. [39] is given by a string of length |V | over Σs∪[1..σp] such that JV K[i] = V [i]
if V [i] ∈ Σs, or JV K[i] =

∣∣Rot(V, i)[..selectV [i](Rot(V, i), 1)]
∣∣
p otherwise, for

each i ∈ [1.. |V |]. In other words, we view V circularly and replace each
occurrence of a p-symbol in V by the number of distinct p-symbols until its
next occurrence. See Figure 2 for some examples.

Lemma 2.5 ([11, 39, Propositions 1]). Let U, V ∈ Σ∗. Then ⟨U⟩ = ⟨V ⟩ ⇔
U ≈ V ⇔ JUK = JV K.

By Lemma 2.5, a naive solution for p-Count is to check either ⟨P ⟩ =
⟨T [i..i+ |P | − 1]⟩ or JP K = JT [i..i+ |P | − 1]K for every i ∈ [1..n− |P |+ 1].

In what follows, we count the number of ∞’s in the longest common prefix
of two p-strings U and V , which helps us to judge, given both are prefixed
by symbols, the order between the prev-encoding of the prefixed versions, if
the order of the prev-encoding of U and V is already known. We later use
that fact for adapting the backward search, the centerpiece of the FM-index,
to parameterized matching.

For V ∈ Σ+, let π(V ) = JV K[1]. For U, V ∈ Σ∗, let lcp∞(U, V ) =
rank∞(⟨U⟩, lcp(⟨U⟩, ⟨V ⟩)). Since ∞ does not appear in ⟨V i⟩[|V | + 1..] for any
V ∈ Σ∗ and integer i ≥ 1, lcp∞(U, V ) = lcp∞(U j, V k) for each U, V ∈ Σ∗

and integers j, k ≥ 1. The following results are obtained by examination of
the definitions.

Lemma 2.6 ([15, Corollary 7]). Let U, V ∈ Σ+, e = lcp∞(U [2..], V [2..]) and
⟨U [2..]⟩ < ⟨V [2..]⟩. Then ⟨V ⟩ < ⟨U⟩ if and only if π(V ) < π(U) ∧ (π(V ) ∈
Σs ∨ (π(U), π(V ) ̸∈ Σs ∧ π(V ) ≤ e)).
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Lemma 2.7 ([15, Table 1]). Let U, V ∈ Σ+ and e = lcp∞(U [2..], V [2..]).
Then

lcp∞(U, V ) =



0 if π(U) ̸= π(V ) ∧ (π(U) ∈ Σs ∨ π(V ) ∈ Σs),
e if π(U) = π(V ) ≤ e,
π(U) if π(U) ̸∈ Σs ∧ π(U) ≤ e ∧ π(U) < π(V ),
π(V ) if π(V ) ̸∈ Σs ∧ π(V ) ≤ e ∧ π(V ) < π(U),
e+ 1 otherwise, i.e., if e < min{π(U), π(V )}.

2.4. The Parameterized Burrows–Wheeler Transform
Let T ∈ Σ+ denote a string of length n such that rank$(T, n) = 1 and

T [n] = $, i.e., $ is the unique delimiter of the string T . In what follows, we
present a variant of Ganguly et al.’s [13] original, space-efficient index solving
p-Count for T .

The (parameterized) suffix array [30] SAT is a string of length n over
[1..n] such that SAT [i] = j if and only if there are i − 1 suffixes of T whose
prev-encodings are smaller than the prev-encoding of the suffix T [j..], i.e.,

i− 1 = |{k ∈ [1..n] | ⟨Rot(T, k)⟩ < ⟨Rot(T, j − 1)⟩}|
= |{k ∈ [1..n] | ⟨T [k..]⟩ < ⟨T [j..]⟩}| .

Then the parameterized Burrows–Wheeler Transform (pBWT) LT of T is
a string of length n over Σs ∪ [1..σp] such that LT [i] = JRot(T, SAT [i] −
1)K[n] for each i ∈ [1..n]. The pBWT is further augmented to act as an
index. We let FT denote a string of length n over Σs ∪ [1..σp] such that
FT [i] = JRot(T, SAT [i] − 1)K[1] for each i ∈ [1..n], and we let LCP∞

T denote
a string of length n over [0..σp] such that LCP∞

T [1] = 0 and LCP∞
T [i] =

lcp∞(Rot(T, SAT [i]− 1),Rot(T, SAT [i− 1]− 1)) for each i ∈ [2..n].
The statement regarding construction of the following result is originally

for an index of a suffix-based variant of our pBWT, which differs in the
definition of FT and LT . The transformation into FT and LT as defined here
is done after construction by computing JT K and utilization of the so-called
LF-mapping.

Lemma 2.8 ([14, 15]). Let T ∈ Σ+, n = |T |, T [n] = $ and rank$(T, n) = 1.
Then FT , LT and LCP∞

T form an index that occupies O(n lg σ) bits of space
and solves p-Count in O(m lg σ) time, where m is the length of the pattern.
The index can be computed in O(n lg σ) bits of space and O(n lg σ lgn

lg lgn
) time,

and the original text T restored up to p-match equivalence in O(n lg σ) time.
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i SAT [i] FT [i] LT [i] VT [i]
1 25 $ 1 0

2 2 a 1 0

3 5 a 2 1

4 3 b a 0

5 22 b 2 1

6 17 b 3 1

7 6 b a 1

8 24 1 1 0

9 1 1 $ 1

10 4 2 b 1

11 21 2 3 1

12 16 3 3 2

13 23 1 b 1

i SAT [i] FT [i] LT [i] VT [i]
14 8 1 2 1

15 10 1 2 2

16 18 1 b 2

17 12 1 2 3

18 20 3 3 1

19 15 3 2 3

20 7 2 b 2

21 9 2 1 2

22 11 2 1 2

23 14 2 3 2

24 19 3 1 2

25 13 3 1 3

Figure 3: The pBWT index of T = BabBabABBAABBACAbBBCAbBB$. Here, VT = LCP∞
T .

We call the index of Lemma 2.8 the pBWT index of T . See Figure 3 for
an example. The pBWT index of a text T ∈ Σ+ can compute the suffix
range SRT (P ) of a pattern P ∈ Σ∗, which is the unique maximal interval
[ℓ..r] ⊆ [1..n] such that P ≈ T [SAT [i]..SAT [i]+|P |−1] if and only if i ∈ [ℓ..r].
The length of this interval is consequently the number of occurrences of P in
T , i.e., the solution to p-Count.

The computation of the suffix range is also called the backward search,
which works similarly to its namesake in the BWT. At its core is the so-called
LF-mapping LFT , which maps i ∈ [1..n] to SA−1

T [SAT [i] − 1] if SAT [i] > 1,
and otherwise to SA−1

T [n] = 1, where SA−1
T denotes the inverse of the suffix

array. It can be computed efficiently by finitely many queries on FT and LT ,
which is due to Lemma 2.6 and basing the definition of FT and LT on the
J..K-encoding.

Corollary 2.9 ([14]). Let T ∈ Σ and i ∈ [1.. |T |]. Then

LFT (i) = selectLT [i](FT , rankLT [i](LT , i)).

Given a pattern p-string P ∈ Σ∗, a symbol g ∈ Σ and the suffix range
SRT (P ), we can use the LF-mapping to compute SRT (gP ).

Corollary 2.10 ([14]). Let T, P ∈ Σ∗ and g ∈ Σ. If g is an s-symbol or
a p-symbol that already occurred in P , then LFT (i) ∈ SRT (gP ) if and only
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if i ∈ SRT (P ) and LT [i] = π(gP ), and otherwise LFT (i) ∈ SRT (gP ) if and
only if i ∈ SRT (P ) and LT [i] ≥ π(gP ).

We give an exemplary, naive backward search for P = bCC with the pBWT
index of T = BabBabABBAABBACAbBBCAbBB$, which is presented in Figure 3.
Initially, SRT (P [4..]) = SRT (ε) = [1..25]. Since the p-symbol P [3] = C

did not yet occur in P [4..] = ε, we have to compute the LF-mapping for
each i ∈ [1..25] satisfying LT [i] ≥ π(C) = 1 to obtain SRT (C) = [8..25] by
Corollary 2.10. Next, we find that the p-symbol P [2] = C already occurred
in P [3..] = C. Thus, we have to compute the LF-mapping of each i ∈ [8..25]
satisfying LT [i] = π(CC) = 1 to obtain SRT (CC) = [13..17]. Last, we find that
P [1] = b is an s-symbol. Hence, we have to compute the LF-mapping of each
i ∈ [13..17] such that LT [i] = π(bCC) = b, which yields SRT (P ) = [5..6]. This
concludes the backward search. We find that bCC occurs twice, p-matching
T [22..24] and T [17..19].

2.5. Circular, Parameterized Matching
Throughout, let T = {T1, ..., Td} ⊂ Σ+ with d ∈ N≥1 and nk = |Tk| for

each k ∈ [1..d]. For our running example, let d = 3, T1 = Bab, T2 = ABBA

and T3 = CAbBB. We are interested in solving the following problem on T .

Problem 2 (ep-Count). Given a set of p-strings T and a pattern p-string
P , count each conjugate of the p-strings in T whose infinite iteration has a
prefix p-matching P . More formally, return

d∑
x=1

|{i ∈ [1..nx] | Rot(Tx, i)ω[1..|P |] ≈ P}| .

We call the query described in Problem 2 a count query, and call a count
query for a pattern no longer than the shortest text a shortcount query.
As an example, consider the count query for P = CCB in our running ex-
ample T , which is a shortcount query. We find that only the conjugates
Rot(T2, 1)ω[..3] = BBA, Rot(T2, 3)ω[..3] = AAB and Rot(T3, 3)ω[..3] = BBC of
text p-strings in T p-match CCB, i.e., the count query returns the value 3.

In the remainder of this section, we present a straight-forward solution
that supports shortcount queries based on Lemma 2.8. We assume that
the special character $ does not appear in the input, i.e., rank$(Tk, nk) = 0
for each k ∈ [1..d]. In the preprocessing, we construct the pBWT index

13



T1 T1 T2 T2 T3 T3
T [i] = B a b B a b A B B A A B B A C A b B B C A b B B $

AT [i] = 1 1 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0
BT [i] = 0 1 0 1 0 1 0 0 1 0 0 1 0 1 1 1 0 0 1 1 1 0 0 1 0

i = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

Figure 4: Bit strings AT [i] and BT [i] augmenting the pBWT index for answering ep-
Count, instantiated with our running example whose pBWT index is given in Figure 3.

of T = T 2
1 · · ·T 2

d $. If we compute the suffix range SRT (P ) of a pattern p-
string P ∈ Σ∗ no longer than the shortest text, then the length of the suffix
range SRT (P ) is at least the number of occurrences since each conjugate
of T1, ..., Td appears once as a prefix of distinct suffixes of T . However, an
occurrence might be counted twice or cross text boundaries. In our running
example, compare the occurrences of P = a in T1, ..., T3 totaling 1 with the
occurrences in T = T 2

1 · T 2
2 · T 2

3 · $, which total 2.
To remedy this issue, let AT = 1n10n1 · · · 1nd0nd0 and let BT denote a bit

string of length |T | such that BT [i] = 1 if and only if AT [SAT [i]] = 1. Then
the entries of BT evaluating to 1 are one-to-one to the conjugates of T1, ..., Td
and consequently rank1(BT , r)− rank1(BT , ℓ) +BT [ℓ] is the shortcount of P ,
where [ℓ..r] = SRT (P ). Thus, the pBWT index of T augmented with AT and
BT solves ep-Count in the case of shortcount queries with the same time
complexity as a pBWT index for p-Count. See Figure 3 and Figure 4 for
the solution to our running example. Note that this index cannot solve count
queries in general because a conjugate of a text is considered in ep-Count
even if it is shorter than P , e.g., the count query for P = T 9

1 should return
1, but the solution based on Lemma 2.8 for our running example returns 0.

In what follows, we apply Mantaci and colleagues’ [10] techniques to the
pBWT to obtain a space-efficient index capable of count queries on multiple
texts that does without any artificial symbols or an increase in input size.

3. An Extension of the pBWT

Throughout, let T = T1 · · ·Td, n = |T | and LENT = 10n1−1 · · · 10nk−11.
Then Tk = T [select1(LENT , k)..select1(LENT , k + 1)− 1] for each k ∈ [1..d].
Let txtT (i) = rank1(LENT , i), posT (i) = i − select1(LENT , txtT (i)) and
CT (i) = Rot(TtxtT (i), posT (i)) for each i ∈ [1..n], i.e., each position i in T
corresponds to exactly one of the conjugates CT (i) we are considering, which
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in turn can be reported by means of this position in the event of a p-matching
prefix. In our running example, CT (3) = Rot(TtxtT (3), posT (3)) = Rot(T1, 3−
1) = bBa and CT (9) = Rot(TtxtT (9), posT (9)) = Rot(T3, 9− 8) = AbBBC. See
Figure 5 for more examples.

3.1. Conjugate Array
We extend the ideas of Mantaci et al. [10] to p-matching, and introduce

a new preorder on Σ∗ to compare conjugates across texts. For notational
convenience, we define the rotational prev-encoding ⟨V ⟩r of V ∈ Σ∗ by ⟨V ⟩r =
⟨V 2⟩[|V |+ 1..].

Lemma 3.1. Let V, U ∈ Σ+. Then ⟨V ⟩r = ⟨U⟩r if and only if V ≈ U .

Proof. (⇒). Let U ̸≈ V . If |U | ̸= |V |, then ⟨V ⟩r ̸= ⟨U⟩r. Hence, assume
|U | = |V |. Then ⟨U⟩ ̸= ⟨V ⟩ by Lemma 2.5. Let i ∈ [1.. |U |] minimal such
that ⟨U⟩[i] ̸= ⟨V ⟩[i]. If max{⟨U⟩[i], ⟨V ⟩[i]} < ∞, then ⟨U⟩r[i] = ⟨U⟩[i] ̸=
⟨V ⟩[i] = ⟨V ⟩r[i], i.e., ⟨V ⟩r ̸= ⟨U⟩r. Thus, assume max{⟨U⟩[i], ⟨V ⟩[i]} = ∞.
Without loss of generality, ⟨U⟩[i] = ∞. Then ⟨V ⟩r[i] = ⟨V ⟩[i] < i ≤ ⟨U⟩r[i],
i.e., ⟨V ⟩r ̸= ⟨U⟩r.
(⇐). Let U ≈ V . Then ⟨U⟩ = ⟨V ⟩ by Lemma 2.5. In particular, |⟨U⟩r| =
|⟨V ⟩r|. Assume ⟨U⟩r ̸= ⟨V ⟩r. Let i ∈ [1.. |U |] minimal such that ⟨U⟩r ̸=
⟨V ⟩r. Since ⟨W ⟩[k] < ∞ implies ⟨W ⟩[k] = ⟨W ⟩r[k] for each W ∈ Σ+ and
k ∈ [1.. |W |], ⟨U⟩[i] = ⟨V ⟩[i] = ∞, i.e., min{⟨V ⟩r[i], ⟨U⟩r[i]} ≥ i. Without
loss of generality, ⟨V ⟩r[i] < ⟨U⟩r[i] ≤ |V |. Let j = i − ⟨V ⟩r[i] + |V |. Then
⟨V ⟩[j] < ∞, i.e., V [j] occurs at least twice in V . However, U [j] ̸= U [i], which
contradicts U ≈ V since V [i] = V [j] is mapped to two different p-symbols
or an s-symbol and a p-symbol. Hence, ⟨U⟩r = ⟨V ⟩r.

For any U, V ∈ Σ∗, we write U ⪯ω V if and only if there exists an integer
i ≥ 1 such that ⟨Uω[..i]⟩ < ⟨V ω[..i]⟩ or root(⟨V ⟩r) = root(⟨U⟩r) holds.

Corollary 3.2. The relation ⪯ω defines a total preorder on Σ∗, i.e., the
relation is binary, reflexive, transitive and connected.

We call the relation ⪯ω the ω-preorder. We write U =ω V if and only if
U ⪯ω V ∧V ⪯ω U , and U ≺ω V if and only if U ⪯ω V ∧U ̸=ω V . Note that =ω

is an equivalence relation. For example, BBAA ≺ω ABBA, aBBaB ≺ω aBB and
CA =ω BCBC =ω ABABAB. The latter example also shows that the ω-preorder
is not a total order since CA ̸= BCBC ∧ CA =ω BCBC violates antisymmetry.
Adapting Hon et al. [20, Lemma 5], we give a convenient but not necessarily
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optimal way to compute the ω-preorder of two p-strings making use of the
weak periodicity lemma (cf. Crochemore and Rytter’s book [45]).

Lemma 3.3 (Weak Periodicity Lemma). Let j and k be two periods of a
string V . If j + k ≤ |V |, then gcd(j, k) is also a period of V .

Lemma 3.4. Let V, U ∈ Σ+ and z = max{|V | , |U |}. Then V =ω U if and
only if ⟨V ω[..3z]⟩ = ⟨Uω[..3z]⟩.

Proof. Without loss of generality, |U | = z. Let |V | = i, |root(⟨V ⟩r)| = j and
|root(⟨U⟩r)| = k.
(⇐). Assume ⟨V ω[..3z]⟩ = ⟨Uω[..3z]⟩. Then, on the one hand,

⟨Rot(V, z)⟩ωr [..2z] = ⟨V ω[..3z]⟩[z + 1..] = ⟨Uω[..3z]⟩[z + 1..] = ⟨U⟩r · ⟨U⟩r.

Since the rotational prev-encoding is commutative with left rotations, j is a
period of ⟨Rot(V, z)⟩r. Consequently, both z and j are periods of ⟨U⟩r · ⟨U⟩r.
Since j + z ≤ 2z = |⟨U⟩r · ⟨U⟩r|, we can apply Lemma 3.3 and find that
gcd(j, z) is a period of ⟨U⟩r · ⟨U⟩r. As gcd(j, z) divides z = |⟨U⟩r|, ⟨U⟩r can
be formed by repeating ⟨U⟩r[.. gcd(j, z)] an integral number of times, which
implies gcd(j, z) ≥ k, i.e., i ≥ j ≥ k. On the other hand,

⟨V ⟩r · ⟨V ⟩r = ⟨V ω[..3z]⟩[i+ 1..3i] = ⟨Uω[..3z]⟩[i+ 1..3i] = ⟨Rot(U, i)⟩ωr [..2i].

Since the rotational prev-encoding is commutative with left rotations, k is a
period of ⟨Rot(U, i)⟩r. As k ≤ i, k is a period of ⟨V ⟩r · ⟨V ⟩r in addition to
i. Then k + i ≤ 2i = |⟨V ⟩r · ⟨V ⟩r| and Lemma 3.3 imply that gcd(k, i) is a
period of ⟨V ⟩r · ⟨V ⟩r. As gcd(k, i) divides i = |⟨V ⟩r|, ⟨V ⟩r[.. gcd(k, i)] can be
repeated an integral number of times to form ⟨V ⟩r, which implies gcd(k, i) ≥
j. Consequently, k ≥ j, and therefore |root(⟨V ⟩r)| = j = k = |root(⟨U⟩r)|.
In particular, root(⟨V ⟩r) = ⟨V ω[..3z]⟩[3z− j+1..] = ⟨Uω[..3z]⟩[3z−k+1..] =
root(⟨U⟩r), i.e., V =ω U .
(⇒). Let V =ω U . Assume ⟨V ω[..3z]⟩ ≠ ⟨Uω[..3z]⟩ with xminimal such that
⟨V ω[..3z]⟩[x] ̸= ⟨Uω[..3z]⟩[x]. If max{⟨V ω[..3z]⟩[x], ⟨Uω[..3z]⟩[x]} < ∞, then
Rot(root(⟨V ⟩r), x−1)[1] = ⟨V ω[..3z]⟩[x] ̸= ⟨Uω[..3z]⟩[x] = Rot(root(⟨U⟩r), x−
1)[1], which contradicts V =ω U . Hence, and without loss of generality, as-
sume ⟨V ω[..3z]⟩[x] = ∞. Then ⟨Uω[..3z]⟩[x] < ∞, x ≤ |root(⟨V ⟩r)|, and conse-
quently root(⟨U⟩r)[x] = ⟨Uω[..3z]⟩[x] < x ≤ root(⟨V ⟩r)[x], a contradiction to
V =ω U . Thus, ⟨V ω[..3z]⟩ = ⟨Uω[..3z]⟩.
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i CT (i) ⟨CT (i)
ω[..15]⟩ CA−1

T [i] CAT [i] ⟨CT (CAT [i])
ω[..15]⟩

1 Bab ∞ab3ab3ab3ab3ab 4 2 ab∞ab3ab3ab3ab3
2 abB ab∞ab3ab3ab3ab3 1 3 b∞ab3ab3ab3ab3a
3 bBa b∞ab3ab3ab3ab3a 2 10 b∞1∞∞b4155b4155
4 ABBA ∞∞1313131313131 10 1 ∞ab3ab3ab3ab3ab
5 BBAA ∞1∞131313131313 6 9 ∞b∞1∞5b4155b415
6 BAAB ∞∞1313131313131 11 5 ∞1∞131313131313
7 AABB ∞1∞131313131313 7 7 ∞1∞131313131313
8 CAbBB ∞∞b∞155b4155b41 9 11 ∞1∞∞b4155b4155b
9 AbBBC ∞b∞1∞5b4155b415 5 8 ∞∞b∞155b4155b41
10 bBBCA b∞1∞∞b4155b4155 3 4 ∞∞1313131313131
11 BBCAb ∞1∞∞b4155b4155b 8 6 ∞∞1313131313131
12 BCAbB ∞∞∞b4155b4155b4 12 12 ∞∞∞b4155b4155b4

Figure 5: The conjugate array CAT of our running example T = {Bab, ABBA, CAbBB}.

Corollary 3.5. Let V, U ∈ Σ+ and z = max{|V | , |U |}. Then V ≺ω U if
and only if ⟨V ω[..3z]⟩ < ⟨Uω[..3z]⟩.

We generalize the suffix array similarly to Boucher et al. [26]. The conju-
gate array CAT of T is a string of length n over [1..n] such that CAT [i] = j if
and only if i−1 = |{k ∈ [1..n] | CT (k) ≺ω CT (j)∨(CT (k) =ω CT (j)∧k < j)}|,
i.e., i − 1 is the number of all conjugates smaller than CT (j) according to
ω-preorder, where we break ties first with respect to text index, and then
with respect to text position. By resolving all ties this way, we enforce a
linear order on the conjugates considered in T , and conclude that CAT is
well-defined. Since CAT is a permutation, its inverse, which we denote by
CA−1

T , is also well-defined. For the conjugate array of our running example,
see Figure 5.

The conjugate range CRT (P ) of a pattern P ∈ Σ∗ of length m and T is
a maximal interval [ℓ..r] ⊆ [1..n] such that P ≈ CT (CAT [i])

ω[..m] for every
i ∈ [ℓ..r]. Note that CRT (ε) = [1..n]. The following result is a consequence
of Lemma 2.5.

Corollary 3.6. Let T1, ..., Td ∈ Σ+, n = |T1 · · ·Td|, P ∈ Σ∗, m = |P | and
[ℓ..r] = CRT (P ). Then P ≈ CT (CAT [i])

ω[..m] if and only if i ∈ CRT (P ).

We call the computation of CRT (P ) for some pattern P ∈ Σ∗ the backward
search for P in T and the length of CRT (P ) is the return value to a count
query for P in T by Corollary 3.6, i.e., the solution to ep-Count.
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i T [i] LENT [i] ENCT [i] PRVT [i] prevT (i)
1 B 1 1 1 3
2 a 0 a 0 1
3 b 0 b 0 2
4 A 1 2 1 5
5 B 0 1 0 4
6 B 0 2 1 7
7 A 0 1 0 6
8 C 1 3 1 12
9 A 0 3 0 8
10 b 0 b 0 9
11 B 0 1 0 10
12 B 0 3 0 11

Figure 6: The permutation prevT of our running example and its associated data struc-
tures. Here, LENT [13] = PRVT [13] = 1.

For our running example, we consider the pattern p-strings P1 = ACAB,
P2 = CCB and P3 = a. Then CRT (P1) = ∅, CRT (P2) = [6..8] and CRT (P3) =
[1..1], and the count queries for P1, P2 and P3 return 0, 3 and 1, respec-
tively. In what follows, we define the necessary tools to allow for an efficient
backward search.

3.2. LF-Mapping
Unlike Mantaci et al. [10], we did not assume our texts or their encodings

to be primitive, e.g., JT2K = 2121 is not primitive. This warrants the follow-
ing. Let ENCT = JT1K · · · JTdK = root(JT1K)exp(JT1K) · · · root(JTdK)exp(JTdK). We
define a bit string PRVT of length n + 1 marking the positions of ENCT
with a 1 if the position is a starting position of an encoded text root,
and set PRVT [n + 1] = 1 as a sentinel. Note that LENT = PRVT if
and only if JTkK is primitive for every k ∈ [1..d]. For every i ∈ [1..n],
let prevT (i) = select1(PRVT , rank1(PRVT , i) + 1) − 1 if PRVT [i] = 1, or
prevT (i) = i − 1 otherwise, i.e., the permutation prevT of [1..n] moves cir-
cularly to the previous position inside a root of an encoded input text. See
Figure 6 for an example. Note that prevT can be derived from the rotational
prev-encoding instead by Lemma 2.5 and Lemma 3.1.

Then the LF-mapping LFT of T is a string of length n over [1..n] such that
LFT [i] = CA−1

T [prevT (CAT [i])] for each i ∈ [1..n]. Since the LF-mapping is
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a permutation, it has an inverse LF−1
T , which we call the FL-mapping of T

and denote by FLT . The LF-mapping will be at the core of the backward
search. However, storing LF-mapping and FL-mapping in their plain form
creates the need for two integer arrays of length n and entries of lg n bits.
To represent both the LF- and FL-mapping of T in compact space, we need
one more result on the ω-preorder of two strings, which now follows.

Lemma 3.7. Let U, V ∈ Σ+, e = lcp∞(Rot(U, 1),Rot(V, 1)) and assume
Rot(U, 1) ≺ω Rot(V, 1). Then V ≺ω U if and only if π(V ) < π(U)∧ (π(V ) ∈
Σs ∨ (π(U), π(V ) ̸∈ Σs ∧ π(V ) ≤ e)).

Proof. Application of Lemma 2.6 and Corollary 3.5.

Finally, we introduce our representation of the LF- and FL-mapping,
which consists of two strings LT and FT , and are defined as follows. First,
the extended parameterized Burrows–Wheeler Transform (epBWT) LT of
T is defined as a string of length n over [1..σp] ∪ Σs such that LT [i] =
π(CT (CAT [LFT [i]])) for each i ∈ [1..n].

Lemma 3.8 (Non-crossing Property). Let T ⊂ Σ+ and i, j ∈ [1..n] with
i < j, where n is the accumulated length of all strings of T . If LT [i] = LT [j],
then LFT [i] < LFT [j].

Proof. Let LT [i] = LT [j]. Since CT (CAT [k]) = Rot(CT (prevT (CAT [k])), 1)
for every k ∈ [1..n], Lemma 3.7 implies

CT (prevT (CAT [i])) ⪯ω CT (prevT (CAT [j]))⇔ CT (CAT [i]) ⪯ω CT (CAT [j]).

As i < j, CT (prevT (CAT [i])) ⪯ω CT (prevT (CAT [j])). Then by definition
of the conjugate array, CA−1

T [prevT (CAT [i])] < CA−1
T [prevT (CAT [j])], i.e.,

LFT [i] < LFT [j].

Second, let FT denote a string of length n over [1..σp] ∪ Σs such that
FT [LFT [i]] = LT [i] for each i ∈ [1..n]. By the following result, LT and FT
suffice to compute both LF- and FL-mapping of T .

Corollary 3.9. Let T ⊂ Σ+ and n be the accumulated length of all strings
of T . Then

LFT [i] = selectLT [i](FT , rankLT [i](LT , i)) and
FLT [i] = selectFT [i](LT , rankFT [i](FT , i)) for each i ∈ [1..n].

19



We also achieve reversibility to a degree.

Corollary 3.10. Let T = {T1, ..., Td} ⊂ Σ+. Given FT and LT , we can
restore the conjugacy classes of T up to =ω-equivalence. In particular, we can
restore the conjugacy classes of T up to p-match equivalence if JT K1, ..., JT Kd
are primitive.

Proof. We obtain the text-roots of the J..K-encoded input texts from the cy-
cles of the LF-mapping and either FT or LT . Since the LF-mapping can
be computed from FT and LT by Corollary 3.9, the claims follow from
Lemma 2.5 and Lemma 3.1.

The LF-mapping of our running example can be found in Figure 7. To
restore the input texts, we examine its cycles. We start with FT [1] = a and
compute LFT [1] = 4, which yields FT [4] · FT [1] = 1a. Next, we proceed to
compute LFT [4] = 2 resulting in FT [2]·FT [4]·FT [1] = b1a. Since LFT [2] = 1,
the cycle ends; we have found a root of a J..K-encoded conjugate of an input
text string, namely JRot(T1, 2)K = b1a. If we do this for all the other cycles
of the LF-mapping, we obtain FT [8] ·FT [12] ·FT [9] ·FT [5] ·FT [3] = 1333b =
JRot(T3, 3)K and FT [10] · FT [6] = FT [11] · FT [7] = 21 = root(JT2K).

To enable restoration up to p-match and conjugacy class without the
assumption that the J..K-encoded input texts are primitive, we can pro-
ceed as follows. For each k ∈ [1..d], our goal is to ignore all but one
cycle in the LF-mapping corresponding to Tk and store exp(JTkK) in an
easily accessible way. Let DT denote a string of length n over [1..n] such
that DT [i] = exp(JTtxtT (CAT [i])K) if select1(LENT , rank1(LENT ,CAT [i])) =
select1(PRVT , rank1(PRVT ,CAT [i])), and DT [i] = 0 otherwise, i.e., non-zero
entries of DT correspond to entries in the first iteration of a root of a J..K-
encoded text and yield the exponent of the corresponding J..K-encoded text.
Restoration of up to p-match and conjugacy class is then straight-forward.

Note that we have to construct DT during the construction of FT and
LT since we are unable to discern the cycles of any two texts that have
ω-equal conjugates. Moreover, since

∑n
i=1 DT [i] = n, we can encode DT

as a bit string D′
T of length 2n, where entries of DT are encoded as unary

zeros that are separated by ’1’s with an additional ’1’ as a sentinel. Then
DT [i] = rank0(D′

T , select1(D
′
T , i)). Thus, DT can be stored in O(n) bits

of space if its binary encoding D′
T is represented by the data structure of

Lemma 2.1 or Lemma 2.3.
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In our running example, JT2K is not primitive. Consequently, DT =
111112011201, which we encode as D′

T = 010101010100110101001101. The
LF-mapping yields four cycles as before. However, for the cycle (7 11) we get
DT [7] = DT [11] = 0 indicating that the cycle does not correspond to the first
iteration of a root within a J..K-encoded indexed text. Thus, we discard the
cycle. The cycle (6 10), on the other hand, corresponds to the first iteration
of a root within a J..K-encoded indexed text, and DT [6] = DT [10] = 2 yields
the number of iterations to restore the text T2 up to conjugacy class and
p-match equivalence.

3.3. Backward Search
The backward search for a pattern P ∈ Σ∗ in T consists of updating the

conjugate range of P [i + 1..] to that of P [i..] for each i ∈ [1.. |P |], where
CRT (P [|P | + 1..]) = CRT (ε) = [1..n]. In what follows, we present two dif-
ferent methods to compute these conjugate range updates, where the second
one is motivated by our construction algorithm of the epBWT presented in
Section 4. The first one has better complexities while the second one allows
for an efficient construction and the possibilities to add and remove indexed
texts. For the first method, we adapt the findings of Kim and Cho [14].

Lemma 3.11. Let T ⊂ Σ+ and P ∈ Σ∗. Then Algorithm 1 correctly com-
putes [ℓ′..r′] = CRT (P [i..]) for each i ∈ [1..|P |].

Proof. Let m = |P |, i ∈ [1..m], h = π(P [i..]), [ℓ..r] = CRT (P [i + 1..]) and
c = |P [i+ 1..]|p. Algorithm 1 takes [ℓ..r], h, c, FT , LT and LFT as input.

By definition, h ≤ c + 1. For the computation of r′ and the length
δ = r′ − ℓ′ + 1 of [ℓ′..r′], we consider two cases depending on h, with the
first being treated from Line 2 through Line 6 and the second from Line 7
through Line 11. If δ > 0, then ℓ′ = r′− δ+1, which is computed in Line 12.
Case 1. Assume h ≤ c, i.e., h ∈ Σs or h ̸∈ Σs and there exists some
j ∈ [i+ 1..m] such that P [i] = P [j]. Then CT (CAT [LFT [j]])

ω[..m− i+ 1] ≈
P [i..] if and only if CT (CAT [j])

ω[..m− i] ≈ P [i+ 1] and LT [j] = h, for each
j ∈ [1..n]. Thus, LFT [j] ∈ [ℓ′..r′] if and only if j ∈ [ℓ..r] and LT [j] = h.
Then δ = rnkcntLT (ℓ, r, h, h), which is computed in Line 3. If δ ≤ 0, then we
return an empty interval in Line 5. If δ > 0, then the non-crossing property
of Lemma 3.8 already implies r′ = LFT [selecth(LT , rankh(LT , r))], which is
computed in Line 6.
Case 2. Assume h = c+1, i.e., h ̸∈ Σs and P [i] ̸= P [j] for each j ∈ [i+1..m].
Then CT (CAT [LFT [j]])

ω[..m−i+1] ≈ P [i..] if and only if CT (CAT [j])
ω[..m−

21



Algorithm 1: Updating [ℓ..r] = CRT (P [i + 1..]) to [ℓ′..r′] =
CRT (P [i..]). Here, h = π(P [i..]) and c = |P [i+ 1..]|p.
1 Function crangeupdrmq([ℓ..r], h, c, FT , LT , LFT ):
2 if h ≤ c then // Case 1 in Lemma 3.11
3 δ ← rnkcntLT (ℓ, r, h, h);
4 if δ ≤ 0 then
5 return [r + 1..r]; // empty interval

6 r′ ← LFT [selecth(LT , rankh(LT , r))];

7 else // Case 2 in Lemma 3.11
8 δ ← rnkcntLT (ℓ, r, h, σp);
9 if δ ≤ 0 then

10 return [r + 1..r]; // empty interval

11 r′ ← LFT [RMQLFT
(ℓ, r)];

12 ℓ′ ← r′ − δ + 1;
13 return [ℓ′..r′];

i] ≈ P [i+1..] and LT [j] > c, for each j ∈ [1..n]. Thus, LFT [j] ∈ [ℓ′..r′] if and
only if j ∈ [ℓ..r] and LT [j] > c. Consequently, δ = rnkcntLT (ℓ, r, h, σp), which
is computed in Line 8. If δ ≤ 0, then we return an empty interval in Line 10.
By Lemma 3.7, CT (CAT [LFT [j]]) ≺ω CT (CAT [LFT [k]]) for each j, k ∈ [ℓ..r]
with LT [j] ≤ c and LT [k] > c. Hence, r′ = max{LFT [j] | j ∈ [ℓ..r]}, which
we compute in Line 11.

Finally, we preprocess the pattern such that we can access the encoding
of its suffixes in constant time.

Lemma 3.12 ([13, Section 5.2]). Given a p-string P of length m, we can
process P in O(m lg σ) time such that we can subsequently compute π(P [i..])
and |P [i+ 1..]|p in O(1) time, for every i ∈ [1..m].

Theorem 3.13. Let T ⊂ Σ+ and n be the accumulated length of all strings
of T . There exists an index solving ep-Count in O(m lg σ) time, where m
is the length of the queried pattern p-string. The index takes 2n lg σ + 2n +
O(n lg lgn

lgn
) bits of space.

Proof. The index consists of representations of FT , LT and LFT . We rep-
resent FT and LT by the data structure of Lemma 2.1 and LFT by the
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data structure of Lemma 2.2, which leads to the claimed space complexity.
Let P ∈ Σ∗ with m = |P |. We preprocess P with Lemma 3.12. Then
the claim regarding count queries follows from Lemma 2.1, Lemma 2.2, and
Lemma 3.11.

For the second method, we took inspiration from Hashimoto et al. [39]
and Iseri et al. [15]. Let LCP∞

T denote a string of length n over [0..σp] such
that LCP∞

T [1] = 0 and LCP∞
T [i] = lcp∞(CT (CAT [i]), CT (CAT [i − 1])) for

i ∈ [2..n].

Lemma 3.14. Let T ⊂ Σ+ and n be the accumulated length of all strings of
T . Then for each i, j ∈ [1..n] with i < j,

lcp∞(CT (CAT [i]), CT (CAT [j])) = RNVLCP∞
T
(i+ 1, j,−1).

Proof. Let U, V,W ∈ Σ+ and z = max{|U | , |V | , |W |}. If ⟨Uω[..3z]⟩ ≤
⟨V ω[..3z]⟩ ≤ ⟨W ω[..3z]⟩, then we conclude that lcp(⟨Uω[..3z]⟩, ⟨W ω[..3z]⟩) =
min{lcp(⟨Uω[..3z]⟩, ⟨V ω[..3z]⟩), lcp(⟨V ω[..3z]⟩, ⟨W ω[..3z]⟩)}. By Lemma 3.4,
U ⪯ω V ⪯ω W implies lcp∞(U,W ) = min{lcp∞(U, V ), lcp∞(V,W )}.

Let i, j ∈ [1..n] and i < j. Then lcp∞(CT (CAT [i]), CT (CAT [j])) =
min{LCP∞

T [k] | k ∈ [i+ 1..j]} = RNVLCP∞
T
(i+ 1, j,−1).

Lemma 3.15. Let T ⊂ Σ+ and P ∈ Σ∗. Then Algorithm 2 correctly com-
putes [ℓ′..r′] = CRT (P [i..]) for each i ∈ [1..|P |].

Proof. Let m = |P |, i ∈ [1..m], h = π(P [i..]), [ℓ..r] = CRT (P [i + 1..]) and
c = |P [i+ 1..]|p. Algorithm 2 takes [ℓ..r], h, c, FT , LT and LCP∞

T as input.
By definition, h ≤ c + 1. The case where h ≤ c is treated from Line 2

through Line 6, and the proof for correctness is the same as that of Case 1
in the proof of Lemma 3.11. Thus, assume h = c + 1, which we treat from
Line 7 through Line 16. Then CT (CAT [LFT [j]])

ω[..m− i+ 1] ≈ P [i..] if and
only if CT (CAT [j])

ω[..m − i] ≈ P [i + 1..] and LT [j] > c, for each j ∈ [1..n].
Hence, LFT [j] ∈ [ℓ′..r′] if and only if j ∈ [ℓ..r] and LT [j] > c. Consequently,
δ = |CRT (P [i..])| = rnkcntLT (ℓ, r, h, σp), which is computed in Line 8. If
δ ≤ 0, then we return an empty interval in Line 10.

If δ > 0, then we compute the highest index x of LT such that x ∈
[ℓ..r] and LT [x] takes the lowest value v in LT [ℓ..r] higher than c in Line 11
and Line 12. We then proceed to compute y = LFT [x] − ℓ′, i.e., we count
the entries j ∈ [ℓ..r] with LT [j] ≥ h and j ̸= x such that CT (LFT [j]) ⪯ω
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Algorithm 2: Updating [ℓ..r] = CRT (P [i + 1..]) to [ℓ′..r′] =
CRT (P [i..]). Here, h = π(P [i..]) and c = |P [i+ 1..]|p.
1 Function crangeupdlcp([ℓ..r], h, c, FT , LT , LCP∞

T ):
2 if h ≤ c then
3 δ ← rnkcntLT (ℓ, r, h, h);
4 if δ ≤ 0 then
5 return [r + 1..r]; // empty interval

6 r′ ← LFT [selecth(LT , rankh(LT , r))];

7 else // Case in Lemma 3.15
8 δ ← rnkcntLT (ℓ, r, h, σp);
9 if δ ≤ 0 then

10 return [r + 1..r]; // empty interval

11 v ← RNVLT (ℓ, r, c);
12 x← selectv(LT , rankv(LT , r));
13 [ℓ′′..r′′]← MILCP∞

T
(x, v);

14 y ← rnkcntLT (max{ℓ, ℓ′′}, x− 1, v, v);
15 y ← y + rnkcntLT (ℓ, ℓ

′′ − 1, v, σp);
16 r′ ← LFT [x] + δ − y − 1;

17 ℓ′ ← r′ − δ + 1;
18 return [ℓ′..r′];

CT (LFT [x]). To that end, let [ℓ′′..r′′] = MILCP∞
T
(x, v) as computed in Line 13.

Then lcp∞(CT (CAT [x]), CT (CAT [j])) ≥ v if and only if j ∈ [ℓ′′..r′′].
By Lemma 3.7 and choice of x, CT (LFT [x]) ≺ω CT (LFT [j]) for each j ∈

[x+1..r] with LT [j] ≥ h, i.e., we do not need to consider the entries of [x+1..r]
in our computation of y. For each j ∈ [max{ℓ, ℓ′′}..x − 1] with LT [j] ≥ h,
CT (LFT [j]) ⪯ω CT (LFT [x]) if and only if LT [j] = v by Lemma 3.7 and
choice of [ℓ′′..r′′]. Again by Lemma 3.7 and choice of [ℓ′′..r′′], CT (LFT [j]) ⪯ω

CT (LFT [x]) for each j ∈ [ℓ..ℓ′′ − 1] with LT [j] ≥ h.
Then the non-crossing property implies y = rnkcntLT (max{ℓ, ℓ′′}, x −

1, v, v)+ rnkcntLT (ℓ, ℓ
′′−1, v, σp), which is computed in Line 14 and Line 15.

The computation of r′ and ℓ′ in Line 16 and Line 17, respectively, is like
before.

Theorem 3.16. Let T ⊂ Σ+ and n be the accumulated length of all strings
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i CAT [i] CT (CAT [i]) FT [i] LT [i] LCP∞
T [i] LFT [i] FLT [i]

1 2 abB a 1 0 4 2

2 3 bBa b a 0 1 4

3 10 bBBCA b 3 1 5 8

4 1 Bab 1 b 0 2 1

5 9 AbBBC 3 3 1 9 3

6 5 BBAA 1 2 1 10 10

7 7 AABB 1 2 2 11 11

8 11 BBCAb 1 b 2 3 12

9 8 CAbBB 3 3 1 12 5

10 4 ABBA 2 1 2 6 6

11 6 BAAB 2 1 2 7 7

12 12 BCAbB 3 1 2 8 9

Figure 7: The epBWT index of our running example T = {Bab, ABBA, CAbBB}.

of T . There exists an index solving ep-Count in O(m lg σ lgn
lg lgn

) time, where
m is the length of the queried pattern p-string. The index takes O(n lg σ) bits
of space.

Proof. The index consists of representations of FT , LT and LCP∞
T . We rep-

resent LT and LCP∞
T by the data structure of Lemma 2.4, and FT by the

data structure of Lemma 2.3, which leads to the claimed space complexity.
Let P ∈ Σ∗ with m = |P |. We preprocess P with Lemma 3.12. Then
the claim regarding count queries follows from Lemma 2.3, Lemma 2.4, and
Lemma 3.15.

We call the index described in Theorem 3.16 the epBWT index of T . See
Figure 7 for the epBWT index of our running example. Note that the epBWT
index of {V } is simply the pBWT index of V if V ∈ Σ+, rank$(V, |V |) = 1
and V [|V |] = $.

3.4. Showcase
We give an exemplary backward search for P = bCCA with the epBWT

index of our running example T = {Bab, ABBA, CAbBB}, which is presented in
Figure 7.

Since ε is a prefix of every conjugate considered in T , we initially have
[ℓ..r] = CRT (P [5..]) = CRT (ε) = [1..12]. For the computation of CRT (A), we
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observe that the p-symbol A did not yet appear in P [5..]. Computationally,
we can infer the appearance of A in P [5..] from h = π(P [4..]) = π(A) = 1,
c = |P [5..]|p = |ε|p = 0 and h = 1 = 0+1 = c+1. Algorithm 2 consequently
enters Line 7. Next, the proof of Lemma 3.15 tells us that the conjugates
corresponding to entries i ∈ [ℓ..r] = [1..12] with LT [i] ≥ h = 1 are the
left rotations of conjugates whose prefix of length 1 p-matches A. Thus, we
compute δ = rnkcntLT (1, 12, 1, 3) = 9 in Line 8 of Algorithm 2 to find the
length of CRT (A). In particular, we find that CRT (A) is not empty. It remains
to find either the left or right boundary of CRT (A) and compute the other
from the length. To that end, we compute v = RNVLT (1, 12, 0) = 1, x =
select1(LT , rank1(LT , 12)) = 12 and [ℓ′′..r′′] = MILCP∞

T
(12, 1) = [4..12], which

are the lowest value in LT [1..12] larger than c, the highest index at which
the value v occurs and the interval whose entries correspond to prev-encoded
conjugates that have at least v occurrences of ∞ in the longest common prefix
with the prev-encoded conjugate corresponding to x, respectively. With v, x
and [ℓ′′..r′′] we can leverage Lemma 3.7 as shown in the proof of Lemma 3.15
to compute the number y of entries j ∈ [1..12]−{12} with LT [j] ≥ 1 such that
CT (LFT [j]) ⪯ω CT (LFT [12]), i.e., LFT [x] is the (y + 1)-th smallest element
of CRT (A) by choice of x. From Line 14 through Line 15 of Algorithm 2
we obtain y = rnkcntLT (max{1, 4}, 12 − 1, 1, 1) + rnkcntLT (1, 4 − 1, 1, 3) =
2 + 2 = 4. Then r′ = LFT [12] + 9 − 4 − 1 = 8 + 4 = 12 and CRT (A) =
[ℓ′..r′] = [12 − 9 + 1..12] = [4..12], which one can confirm by looking at the
range of integer values of FT in Figure 7.

Next, we compute CRT (P [3..]) = CRT (CA). We set [ℓ..r] = CRT (A) =
[4..12], and compute h = π(CA) = 2 and c = |A|p = 1. Consequently, C did not
appear in P [4..] = A and we have to proceed as in the previous update of the
conjugate range. We get δ = rnkcntLT (4, 12, 2, 3) = 4, v = RNVLT (4, 12, 1) =
2, x = select2(LT , rank2(LT , 12)) = 7, [ℓ′′..r′′] = MILCP∞

T
(7, 2) = [6..8] and

y = rnkcntLT (max{4, 6}, 7 − 1, 2, 2) + rnkcntLT (4, 6 − 1, 2, 3) = 1 + 1 = 2.
Then r′ = LFT [7] + 4 − 2 − 1 = 11 + 1 = 12 and CRT (CA) = [ℓ′..r′] =
[12− 4 + 1..12] = [9..12], which is again readily confirmed by, e.g., Figure 5
and ⟨CA⟩ = ∞∞ with Lemma 2.5.

Next, we compute CRT (P [2..]) = CRT (CCA). We set [ℓ..r] = CRT (CA) =
[9..12], and compute h = π(CCA) = 1 and c = |CA|p = 2. This time, we
have h ≤ c, i.e., C already appeared in CA and we enter Line 2 of Al-
gorithm 2. Then the proof of Lemma 3.15 tells us that the conjugates
corresponding to entries i ∈ [ℓ..r] = [9..12] with LT [i] = h = 1 are the
left rotations of conjugates whose prefix of length 3 p-matches CCA. Then
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δ = rnkcntLT (9, 12, 1, 1) = 3 is the length of CRT (CCA). Moreover, by the
non-crossing property coined in Lemma 3.8, the LF-mapping of the largest
element x in CRT (CA) such that LT [x] = h is already the right boundary of
CRT (CCA), i.e., r′ = LFT [select1(LT , rank1(LT , 12))] = LFT [12] = 8. Then
CRT (CCA) = [8− 3 + 1..8] = [6..8].

Last, we compute CRT (P [1..]) = CRT (bCCA). We set [ℓ..r] = CRT (CCA) =
[6..8], and compute h = π(bCCA) = b and c = |CCA|p = 2. Here, h < c
since we stipulated that s-symbols are smaller than any integer. We pro-
ceed similarly to the previous case leveraging the non-crossing property of
entries of LT [ℓ..r] evaluating to b. As δ = rnkcntLT (6, 8, b, b) = 1 indi-
cates that CRT (bCCA) is non-empty, we may compute the right boundary
r′ = LFT [selectb(LT , rankb(LT , 8))] = LFT [8] = 3 of CRT (bCCA). Then
CRT (bCCA) = [3− 1 + 1..3] = [3..3]. Thus, the count query for P returns 1,
namely P = bCCA ≈ bBBC = Rot(T3, 2)ω[..4].

4. Constructing the epBWT in Compact Space

Our final goal is an iterative construction of the epBWT index. To this
end, let R ⊂ Σ+ be a set of p-strings and S ∈ Σ+ a p-string we want to
add to R, where we assume that S is at least as long as the longest p-
string in R. First, we give techniques to extend the epBWT index of R
to that of S = R ∪ {S}. We subsequently generalize this extension such
that we can construct the epBWT index of T by iteratively extending the
epBWT index of {T1, ..., Tk−1} to that of {T1, ..., Tk} for each k ∈ [1..d] in
ascending order, where F∅ = L∅ = LCP∞

∅ = ε. In this section, we assume
|Tk| = nk ≤ nk+1 = |Tki+1| for each k ∈ [1..d− 1] to obtain the claimed time
bounds.

4.1. Extending an epBWT Index
Idea. Consider two decks of cards, each with a different back color: red (forR)
and slate (for {S}). The first deck has |CAR| cards with red -colored backs
and whose card ranks are CR(1) through CR(|CAR|). The second deck has∣∣CA{S}

∣∣ cards with slate-colored backs and whose card ranks are C{S}(1)
through C{S}(

∣∣CA{S}
∣∣). So the red cards and the slate cards correspond one-

to-one to the conjugates considered in R and {S}, respectively. We stack
the cards of each deck such that the stack of red cards and the stack of
slate cards represent the conjugate arrays of R and {S}, respectively. We
then label the cards with the corresponding values of F, L and LCP∞, e.g.,
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the topmost card of the stack of red cards is labeled with FR[1], LR[1] and
LCP∞

R [1]. Then the stack of red cards and the stack of slate cards represent
the epBWT index of R and {S}, respectively.

Now, in order to obtain a representation of the conjugate array of S, we
have to correctly place the previously labeled slate cards into the stack of
red cards representing the epBWT index of R. To obtain a representation
of the epBWT index of S, we also need to update the LCP∞ label of any
slate card that has a red card directly on top of it, and we need to update
the LCP∞ labels of red cards if the card is directly underneath a slate card.

Approach. Per assumption, we already have the epBWT index of R. Thus,
our tasks are fourfold.

(i) For each conjugate S ′ of S, compute the number of conjugates consid-
ered in R that are not larger according to ω-preorder.

(ii) For each conjugate S ′ of S, compute the lcp∞-value with the largest
conjugate considered in R that is not larger than S ′ according to ω-
preorder.

(iii) For each conjugate S ′ of S, compute the lcp∞-value with the small-
est conjugate considered in R that is larger than S ′ according to ω-
preorder.

(iv) Compute the epBWT index of {S}.

Then (i) and (iv) allow us to infer the conjugate array of S. In addition, (iv)
yields the entries of FS and LS corresponding to conjugates of S as well
as LCP∞

S [i] if both CAS [i] and CAS [i − 1] correspond to conjugates of S,
where i ∈ [2.. |CAS |]. Moreover, (ii) yields LCP∞

S [i] if CAS [i] and CAS [i− 1]
correspond to a conjugate considered in {S} and R, respectively, for i ∈
[2.. |CAS |]. Finally, (iii) yields LCP∞

S [i] if CAS [i] and CAS [i− 1] correspond
to a conjugate considered in R and {S}, respectively, for i ∈ [2.. |CAS |].
The remaining entries of FS , LS and LCP∞

S are inferred from the epBWT
index of R. Below, we will define the data structures used to store the
helper values presented in (i), (ii) and (iii) and rigorously prove that they
suffice to compute the epBWT index of S if those of R and {S} are given.
Subsequently, in Section 4.2, we will delve into the computation of both the
epBWT index of {S} and the helper values.
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Algorithm 3: Extending FR and LR to FS and LS , respectively.
Here, R,⊂ Σ+, S ∈ Σ+, S = R∪ {S} and λ = |S|.
1 Function extend1(PS , FR, LR, F{S}, L{S}):
2 for i← 1 to λ do
3 pos ← select1(PS , i);
4 insertFR(pos ,F{S}[i]);
5 insertLR(pos ,L{S}[i]);

6 return FR, LR;

Helper Values. Let ρ = |LR| and λ = |S| = max{|V | | V ∈ S} be, respec-
tively, the length of the current epBWT and the longest string we want to
index, which is S. Let CNTS denote a string of length λ over [1..ρ] such that

CNTS [i] =
∣∣{j ∈ [1..ρ] | CR(j) ⪯ω C{S}(CA{S}[i])}

∣∣ for each i ∈ [1..λ],

i.e., CNTS stores the helper values described in (i). Note that CNTS needs
O((ρ+λ) lg(ρ+λ)) bits of space. In view of a construction in compact space,
we want to represent CNTS in O((ρ + λ) lg σ) bits of space. To that end,
let PS denote the bit string of length ρ + λ satisfying rank1(PS , ρ + λ) = λ
and CNTS [i] = rank0(PS , select1(PS , i)) for each i ∈ [1..λ]. Then PS takes
O(ρ + λ) bits of space and allows us access to CNTS [i] in O( lg(ρ+λ)

lg lg(ρ+λ)
) time

for each i ∈ [1..λ + ρ] if represented by the data structure of Lemma 2.3.
For our running example, we have P{T1} = 111, P{T1,T2} = 0001111 and
PT = 001010011001, where S is defined as Ti forR = {T1, . . . , Ti−1}. We can
construct PS by zeroing PR and calling insertPR(select0(PR,CNTS [i])+1, 1)
for each i ∈ [1..λ]. Thus, we only need to compute each entry of CNTS
once and do not need to store the entry explicitly. The following result is
immediate.

Lemma 4.1. Let R ⊂ Σ+, S ∈ Σ+, S = R ∪ {S} and λ = |S|. Given PS ,
FR, LR, F{S} and L{S}, Algorithm 3 correctly computes FS and LS .

Consequently, the extension of both FR and LR boils down to the com-
putation of PS and the epBWT index of {S}. We tackle the extension of
LCP∞

R to LCP∞
S similarly. Let TOPS and UDNS denote strings of length λ
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i FS LS LCP∞
S PS

1 a 1 0 0

2 b a 0 0

3 b 2 1 1

4 b 3 2 0

5 1 b 0 0

6 2 1 1 1

7 3 3 2 0

8 1 2 1 1

9 1 b 1 1

10 1 2 2 0

11 1 2 2 0

12 1 b 2 0

13 3 3 1 0

14 2 1 2 1

15 2 1 2 0

16 2 1 2 0

17 3 1 2 0

(a) The epBWT index of S = T ∪ {S}.

i F{S}[i] L{S}[i] LCP∞
{S}[i]

1 b 2 0

2 2 1 0

3 1 2 1

4 1 b 1

5 2 1 1

i CNTS [i] TOPS [i] UDNS [i]
1 2 1 2

2 4 1 2

3 5 1 1

4 5 1 2

5 9 2 2

(b) Auxiliary strings for the extension.

Figure 8: The extension of the epBWT index of R = T by S = BBCCb.

over [−1..σp] such that

TOPS [i] =

{
lcp∞(CR(CAR[j]), C{S}(CA{S}[i])) if j ≥ 1,

−1 otherwise, and

UDNS [i] =

{
lcp∞(CR(CAR[j + 1]), C{S}(CA{S}[i])) if j + 1 ≤ ρ,

−1 otherwise,

for each i ∈ [1..λ] with j = CNTS [i], i.e., TOPS and UDNS store the helper
values presented in (ii) and (iii), respectively. For an example, see Figure 8.

Lemma 4.2. Let R ⊂ Σ+, S ∈ Σ+, and S = R ∪ {S}. Then Algorithm 4
correctly computes the epBWT index of S.

Proof. Let λ = |S| and ρ = |LR|. The input of Algorithm 4 consists of
PS , TOPS , UDNS and the epBWT indexes of R and {S}. The statement
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Algorithm 4: Extending the epBWT index of R to that of S.
Here, R ⊂ Σ+, S ∈ Σ+, S = R∪ {S} and λ = |S|.
1 Function extend2(PS , TOPS , UDNS , FR, LR, LCP∞

R , F{S}, L{S},
LCP∞

{S}):
2 FR,LR ← extend1(PS ,FR,LR,F{S},L{S}); // Alg. 3
3 for i← 1 to λ do
4 pos ← select1(PS , i);
5 if TOPS [i] ≥ 0 and PS [pos − 1] = 0 then
6 insertLCP∞

R
(pos ,TOPS [i]);

7 else insertLCP∞
R
(pos ,LCP∞

{S}[i]) ;
8 if UDNS [i] ≥ 0 and PS [pos + 1] = 0 then
9 LCP∞

R [pos + 1]← UDNS [i];

10 return FR,LR,LCP∞
R ;

regarding FS and LS follows from Lemma 4.1. By definition, initially

LCP∞
R [..rank0(PS , select1(PS , 1))− 1] = LCP∞

S [..select1(PS , 1)− 1] and
LCP∞

R [rank0(PS , select1(PS , λ)) + 2..] = LCP∞
S [select1(PS , λ) + 2..].

Moreover, for each i ∈ [1..λ− 1], initially

LCP∞
R [rank0(PS , select1(PS , i)) + 2..rank0(PS , select1(PS , i+ 1))− 1]

= LCP∞
S [select1(PS , i) + 2..select1(PS , i+ 1)− 1].

Now, assume LCP∞
R was updated such that

LCP∞
R [..select1(PS , i)− 1] = LCP∞

S [..select1(PS , i)− 1],

LCP∞
R [rank0(PS , select1(PS , λ)) + 1 + i..] = LCP∞

S [select1(PS , λ) + 2..],

and LCP∞
R [rank0(PS , select1(PS , j))+1+i..rank0(PS , select1(PS , j+1))−2+

i] = LCP∞
S [select1(PS , i) + 2..select1(PS , i+ 1)− 1], for some fixed i ∈ [1..λ]

and each j ∈ [i..λ− 1].

• If TOPS [i] ≥ 0 and PS [select1(PS , i)−1] = 0, then CA−1
S [select1(PS , i)−

1] ∈ [1..ρ] and thus LCP∞
S [select1(PS , i)] = TOPS [i].

• If TOPS [i] ≥ 0 and PS [select1(PS , i)−1] = 1, then CA−1
S [select1(PS , i)−

1] ∈ [ρ+ 1..ρ+ λ], i.e., LCP∞
S [select1(PS , i)] = LCP∞

{S}[i].
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• If TOPS [i] < 0 and i = 1, then LCP∞
S [select1(PS , i)] = 0 = LCP∞

{S}[i].

• If TOPS [i] < 0 and i > 1, then LCP∞
S [select1(PS , i)] = LCP∞

{S}[i].

These cases are treated from Line 5 through Line 7 and we updated LCP∞
R

such that LCP∞
R [..select1(PS , i)] = LCP∞

S [..select1(PS , i)].
If select1(PS , i) < ρ + λ and PS [select1(PS , i) + 1] = 1, or UDNS [i] < 0,

then by assumption we already have

LCP∞
R [..select1(PS , i+ 1)− 1] = LCP∞

R [..select1(PS , i)]

= LCP∞
S [..select1(PS , i)]

= LCP∞
S [..select1(PS , i+ 1)− 1]

for i+1 ≤ λ and LCP∞
R = LCP∞

S for i = λ. Otherwise, CA−1
S [select1(PS , i)+

1] ∈ [1..ρ] and consequently LCP∞
S [select1(PS , i)] = UDNS [i]. By assump-

tion, LCP∞
R [..select1(PS , i+1)−1] = LCP∞

S [..select1(PS , i+1)−1] for i+1 ≤ λ
and LCP∞

R = LCP∞
S for i = λ. We treat this part from Line 8 through

Line 9. We readily confirm that after the loop our assumption holds for i+1
if i+ 1 ≤ λ. Since i was chosen arbitrarily, the statement follows.

4.2. Building the Remaining Parts
We conclude that the extension of the epBWT of R to that of S can be

reduced to computing TOPS , UDNS , PS and the epBWT index of {S}. For
their computation, we assume R,S ⊂ (Σ− {$})+ in this subsection. This is
without loss of generality because we can always add a new s-symbol to Σ
taking over the role of $, which is stipulated to be the smallest s-symbol.

Let z = max{|V | | V ∈ S}, S ′ = Sω[..4z]$ and denote by YS a bit string
of length 4z+1 such that YS[i] = 1 if and only if CA{S′}[i] ∈ [2..λ+1] for each
i ∈ [1..4z+1]. Here, YS induces a one-to-one mapping of the conjugates of S
to the conjugates of S ′ such that Rot(S, i)ω[..3z] = S ′[i+1..3z+i+1] for each
i ∈ [1..λ], which allows us to draw conclusions about the ω-preorder and the
J..K-encoding of the conjugates of S from the ω-preorder and the J..K-encoding
of the conjugates of S ′ by application of Lemma 3.4 and Corollary 3.5.

The convenience of working with S ′ instead of S will become clear shortly.
For what follows, recall that we assumed S to be at least as long as the longest
string in R, i.e., λ = z and S ′ = Sω[..4λ]$ = S4$.

Lemma 4.3. Algorithm 5 correctly computes the epBWT index of {S} for
S ∈ (Σ− {$})+.
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Algorithm 5: Computing the epBWT of the singleton set {S}.
Here, S ∈ (Σ− {$})+, S ′ = S4$ and λ = |S|.
1 Function singletonepBWT(YS, F{S′}, L{S′}, LCP∞

{S′}):
2 F{S},L{S} ← zeroed string of length λ over Σs ∪ [1..σp];
3 LCP∞

{S} ← zeroed string of length λ over [0..σp];
4 prev ← 0;
5 for i← 1 to λ do
6 curr ← select1(YS, i);
7 F{S}[i]← F{S′}[curr ];
8 L{S}[i]← L{S′}[curr ];
9 LCP∞

{S}[i]← RNVLCP∞
{S′}

(prev + 1, curr ,−1);
10 prev ← curr ;

11 return F{S},L{S},LCP∞
{S};

Proof. Let S ′ = S4$, and λ = |S|. Algorithm 5 takes as its input YS and the
epBWT index of {S ′}. We have

⟨C{S}(CA{S}[i])
3⟩ = ⟨C{S′}(CA{S′}[select1(YS, i)])[..3λ]⟩

for each i ∈ [1..λ] by construction. Thus, select1(YS, i) ∈ CR{S′}(C{S}(i)
3)

for each i ∈ [1..λ], which in turn implies

JC{S′}(CA{S′}[select1(YS, i)])[..λ]K = JC{S′}(CA{S′}[select1(YS, i)])K[..λ]
= JC{S}(CA{S}[i])K

by choice of S ′ and the backward search. Also, by choice of S ′,

JC{S′}(CA{S′}[select1(YS, i)])K[λ] = JC{S′}(CA{S′}[select1(YS, i)])K[4λ+ 1]

for i ∈ [1..λ]. Then the statement follows from Lemma 3.4 and Lemma 3.14.

By choice of S ′, the epBWT index of {S ′} is the pBWT index of S ′, and we
can leverage Lemma 2.8 for its construction. Moreover, during construction
of the pBWT index of S ′ the string YS can be built similarly to the bit string
indicating sample positions of the suffix array in the proof of Lemma 2.8. The
epBWT index of {S ′} and YS now come in handy if we consider the set of
strings S ′ = R∪ {S ′}.
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Lemma 4.4. Let R ⊂ (Σ−{$})+ and S ∈ (Σ−{$})+. Define S = R∪{S},
S ′ = S4$, S ′ = R ∪ {S ′}, λ = |S| = max{|V | | V ∈ S} and ρ = |LR|. Then
CNTS [i] = CNTS′ [j] + |CRR(S

3)|,

TOPS [i] =

{
TOPS′ [j] if |CRR(S

3)| = 0,
UDNS′ [j] otherwise, and

UDNS [i] =


UDNS′ [j] if |CRR(S

3)| = 0,
LCP∞

R [CNTS [i] + 1] if CNTS [i] < ρ,
−1 otherwise,

for each i ∈ [1..λ] with j = select1(YS, i).

Proof. By choice of S ′, CR(x) ̸=ω C{S′}(y) for each x ∈ [1..ρ] and y ∈ [1..4λ+
1]. In particular, C{S′}(y) ≺ω CR(x) for each x ∈ [1..ρ] and y ∈ [1..4λ + 1]
with ⟨C{S′}(y)[..3λ]⟩ = ⟨CR(x)

ω[..3λ]⟩. Since

⟨C{S}(CA{S}[i])
3⟩ = ⟨C{S′}(CA{S′}[select1(YS, i)])[..3λ]⟩ for each i ∈ [1..λ]

by construction, the statement regarding CNTS [i] then follows from the def-
inition of a conjugate range, Lemma 3.4 and Corollary 3.5.

Fix some i ∈ [1..λ] with j = select1(YS, i). Then the statement regarding
TOPS [i] and UDNS [i] is immediate from their definition if |CRR(S

3)| = 0.
Assume |CRR(S

3)| ≠ 0. Then

UDNS′ [j] = lcp∞(CR(CAR[CNTS′ [i] + k]), C{S′}(CA{S′}[i]))

for each k ∈ [1.. |CRR(S
3)|] by the definition of a conjugate range and the

proof of Lemma 3.14. In particular, UDNS′ [j] = TOPS [i]. For the state-
ment regarding UDNS [i], we simply apply its definition to the fact that
⟨C{S}(CA{S}[i])

3⟩ = ⟨CR(CAR[CNTS [i]])
ω[..3λ]⟩.

We give an example in Figure 9. It remains to show how to compute
TOPS′ , UDNS′ and the individual values of CNTS′ for our extension. By
choice of S ′, CNTS′ [1] = CNTS′ [CA−1

{S′}[4λ + 1]] = 0, TOPS′ [1] = −1,
UDNS′ [1] = 0 and JS ′K is primitive, with the latter implying that LF{S′} de-
composes into a single cycle. In what follows, we will show how to compute
CNTS′ [j], TOPS′ [j] and UDNS′ [j] from CNTS′ [i], TOPS′ [i] and UDNS′ [i] for
each i ∈ [1..4λ + 1] with j = LF{S′}[i]. Then application of this result 4λ
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i C
A

{S
′ }
[i
]

F
{S

′ }
[i
]

L {
S
′ }
[i
]

LC
P
∞ {S

′ }
[i
]

Y
S
[i
]

C
N

T
S
′ [
i]

T
O

P
S
′ [
i]

U
D

N
S
′ [
i]

1 21 $ b 0 0 0 −1 0

2 20 b 2 0 0 1 0 0

3 15 b 2 0 0 2 1 2

4 10 b 2 2 0 2 1 2

5 5 b 2 2 1 2 1 2

6 19 2 1 0 0 4 1 1

7 14 2 1 1 0 4 1 2

8 9 2 1 2 0 4 1 2

9 4 2 1 2 1 4 1 2

10 18 1 2 1 0 5 1 1

11 13 1 2 1 0 5 1 1

12 8 1 2 2 0 5 1 1

13 3 1 2 2 1 5 1 1

14 16 1 b 1 0 5 1 2

15 11 1 b 2 0 5 1 2

16 6 1 b 2 1 5 1 2

17 1 1 $ 2 0 5 1 2

18 17 2 1 1 0 9 2 2

19 12 2 1 2 0 9 2 2

20 7 2 1 2 0 9 2 2

21 2 2 1 2 1 9 2 2

Figure 9: Auxiliary data structures for extending the epBWT index of our running example
T = R by S = BBCCb. Here, S = R∪ {S}, S′ = S4$, S ′ = R∪ {S′}, and

∣∣CRR(S3)
∣∣ = 0.

By Lemma 4.3 and Lemma 4.4, F{S}, L{S}, CNTS , TOPS and UDNS is the subsequence
of entries i in F{S′}, L{S′}, CNTS′ , TOPS′ and UDNS′ , respectively, such that YS [i] =
1. Moreover, we use RNV queries on LCP∞

{S′} as presented in Algorithm 5 to obtain
LCP∞

{S} = 00111. The extracted data structures are presented in Figure 8.
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times starting from i = 1 will yield all values of CNTS′ , TOPS′ and UDNS′

since LF{S′} decomposes into a single cycle.
The following result is an adaptation of the techniques presented by Iseri

et al. [15, Section 3.1].

Lemma 4.5. Let R ⊂ (Σ − {$})+, S ∈ (Σ − {$})+, S ′ = S4$, S ′ = R ∪
{S ′} and λ = |S| ≥ max{|V | | V ∈ R}. Algorithm 6 correctly computes
CNTS′ [LF{S′}[i]] for each given i ∈ [1..4λ+ 1].

Proof. Let ρ = |LR|. The input of Algorithm 6 for some i ∈ [1..4λ + 1]
consists of π(C{S′}(CA{S′}[LF{S′}[i]])), CNTS′ [i], TOPS′ [i], UDNS′ [i] and the
epBWT index of R.

Fix some i ∈ [1..4λ + 1] and let j = LF{S′}[i] and h = F{S′}[j] =
π(C{S′}(CA{S′}[j])). We assume R ≠ ∅ throughout the proof since the state-
ment is immediate if R = ∅.
Case 1. Assume h ≤ 0, i.e., h ∈ Σs. Then Lemma 3.7 implies CNTS′ [j] =
rnkcntLR(1, ρ, $, h)− rnkcntLR(i+1, ρ, h, h). The case is treated from Line 3
through Line 4.
Case 2. Assume h ≥ 1 and rnkcntLR(1, ρ, 1, σp) = 0, i.e., C{S′}(CA{S′}[j])[1]
is a p-symbol and CR(α) ∈ Σ+

s for each α ∈ [1..ρ]. Then CNTS′ [j] = ρ since
∞ is larger than any s-symbol. The case is treated in Line 5.
Case 3. Assume h ≥ 1 and rnkcntLR(1, ρ, 1, σp) ≥ 1, i.e., C{S′}(CA{S′}[j])[1]
is a p-symbol and CR(α) ̸∈ Σ+

s for some α ∈ [1..ρ]. The case is treated from
Line 6. We will follow the proof of Lemma 12 by Iseri et al. [15] in less detail
and adapt it where necessary.

For notational convenience, let Vα = CR(CAR[LFR[α]]) for each α ∈ [1..ρ]
and U = C{S′}(CA{S′}[j]). We define

γ = max{lcp(⟨V ω
α [..4λ+ 1]⟩, ⟨U⟩) | α ∈ [1..ρ]}, and

te =

{
select∞(⟨Rot(U, 1)⟩, e) if e ∈ [1..min{h, |U |p}], or
4λ+ 1 if e ∈ [min{h, |U |p}+ 1..σp + 1].

In other words, the left rotation of Vα, Rot(Vα, 1), is the α-smallest conjugate
in R, U and Rot(U, 1) are the j-smallest and the i-smallest conjugate in
{S ′}, respectively, and γ is the maximum length of the prefixes of the prev-
encodings of U with all Vα’s. We will not compute γ directly, but e ∈
[1..min{h, |U |p}] such that γ ∈ [te..te+1], and then infer CNTS′ [j]. The
following is immediate by definitions.
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Algorithm 6: Computing CNTS′ [j] from CNTS′ [i], TOPS′ [i] and
UDNS′ [i] for i ∈ [1..4λ + 1] with j = LF{S′}[i]. Here, R,S ⊂ (Σ −
{$})+, S = R∪ {S}, S ′ = S4$, S ′ = R∪ {S ′}, ρ = |LR|, λ = |S| =
max{|V | | V ∈ S} and h = π(C{S′}(CA{S′}[j])) = F{S′}[j].
1 Function nextcnt(h, CNTS′ [i], TOPS′ [i], UDNS′ [i], FR, LR,

LCP∞
R):

2 if ρ = 0 then return 0 ; // R = ∅
3 if h < 1 then // Case 1 of Lemma 4.5
4 return rnkcntLR(1, ρ, $, h)− rnkcntLR(i+ 1, ρ, h, h);

5 if rnkcntLR(1, ρ, 1, σp) = 0 then return ρ ; // Case 2
6 k ← CNTS′ [i];
7 for e← min{h,max{TOPS′ [i],UDNS′ [i]}} to 0 do // Case 3
8 [ℓ..r]← MILCP∞

R
(max{1, k}, e);

9 if e = h then // Case 3.1
10 if x← FPQe(LR, k) ∈ [ℓ..r] then return LFR[x] ;
11 if x← FNQe(LR, k) ∈ [ℓ..r] then return LFR[x]− 1 ;
12 if x← FNQ≥e+1(LR, ℓ) ∈ [ℓ..r] then // check for (H1)
13 return minMILCP∞

R
(LFR[x], e+ 1)− 1;

14 else // Case 3.2
15 if x← FPQ≥e+1(LR, k) ∈ [ℓ..r] then // Case 3.2.1
16 [ℓ′..r′]← MILCP∞

R
(x, e+ 1);

17 if x′ ← FPQ≥e+2(LR, r
′) ∈ [ℓ′..r′] then

18 return maxMILCP∞
R
(LFR[x

′], e+ 2);

19 else return LFR[x] ;

20 if x← FNQ≥e+1(LR, k) ∈ [ℓ..r] then // Case 3.2.2
21 [ℓ′..r′]← MILCP∞

R
(x, e+ 1);

22 if x′ ← FNQe+1(LR, ℓ
′) ∈ [ℓ′..r′] then

23 return LFR[x
′]− 1;

24 else return minMILCP∞
R
(LFR[x], e+ 2)− 1 ;

25 if x← FPQe(LR, r) ∈ [ℓ..r] then // check for (H1)
26 return LFR[x];
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Fact. Let e ∈ [1..min{h, |U |p}] and α, β ∈ [1..ρ]. If lcp(⟨U⟩, ⟨V ω
α [..4λ+1]⟩) =

te, then either

(H1) lcp∞(Rot(U, 1),Rot(Vα, 1)) ≥ e ∧ (h > π(Vα) = e ∨ π(Vα) > h = e), or

(H2) lcp(⟨Rot(U, 1)⟩, ⟨Rot(Vα, 1)ω[..4λ+ 1]⟩) = te − 1 ∧min{h, π(Vα)} ≥ e.

Moreover, if (H1) holds for Vα, lcp(⟨U⟩, ⟨V ω
β [..4λ + 1]⟩) = te and (H2) holds

for Vβ, then ¬(Vα ≺ω Vβ ≺ω U) and ¬(U ≺ω Vβ ≺ω Vα).

Fix some e ∈ [1..min{h,max{TOPS′ [i],UDNS′ [i]}}] and let [ℓ..r] ⊆ [1..ρ]
such that lcp∞(Rot(U, 1),Rot(Vα, 1)) ≥ e if and only if α ∈ [ℓ..r], i.e., [ℓ..r]
is the non-empty interval computed in Line 8. We will check if either γ ∈
[te + 1..te+1] or if there exists some α ∈ [1..ρ] such that lcp(⟨U⟩, ⟨V ω

α [..4λ +
1]⟩) = te and Vα satisfies (H1), and show to compute CNTS′ [j] if either is
the case. Note that if neither is the case, then for each α ∈ [1..ρ] either
lcp∞(Rot(U, 1),Rot(Vα, 1)) ≤ e− 1 or π(Vα) ≤ e− 1 by the fact.
Case 3.1. Assume e = h. This case is treated from Line 9 through Line 13.
For each α ∈ [1..ρ], lcp(⟨U⟩, ⟨V ω

α [..4λ+1]⟩) > te if and only if LR[α] = h and
α ∈ [ℓ..r]. By Lemma 3.7, Rot(U, 1) ≺ω Rot(Vα, 1) if and only if U ≺ω Vα for
each α ∈ [ℓ..r] with LR[α] = h. Thus, it suffices to compute either the largest
α ∈ [ℓ..CNTS′ [i]] or smallest α ∈ [CNTS′ [i] + 1..r] satisfying LR[α] = h,
resulting in CNTS′ [j] = LFR[α] or CNTS′ [j] = LFR[α] − 1, respectively, if
they exist. The computation is done in Line 10 and Line 11, respectively,
and if neither returns a value, we conclude that γ ∈ [1..te].

From Line 12 through Line 13 we check if there exists some α ∈ [1..ρ] such
that lcp(⟨U⟩, ⟨V ω

α [..4λ + 1]⟩) = te and Vα satisfies (H1). But this condition
is equivalent to α ∈ [ℓ..r] and LR[α] > h. If some α ∈ [ℓ..r] with LR[α] > h
exists, then CNTS′ [j] = minMILCP∞

R
(LFR[α], e+ 1)− 1 by the fact.

Case 3.2. Assume that either lcp∞(Rot(U, 1),Rot(Vα, 1)) ≤ e or that
π(Vα) ≤ e for each α ∈ [1..ρ]. Note that this assumption is fulfilled by
definition for e = max{TOPS′ [i],UDNS′ [i]} < h. Also, γ ∈ [1..te+1].

We first check if γ ∈ [te+1..te+1]. For each α ∈ [1..ρ], lcp∞(U, Vα) ≥ e+1
if and only if α ∈ [ℓ..r] and LR[α] ≥ e + 1 by Lemma 3.7. Consequently,
γ ∈ [te + 1..te+1] if some α ∈ [ℓ..r] with LR[α] ≥ e+ 1 exists.
Case 3.2.1. Assume we have an x ∈ [ℓ..CNTS′ [i]] such that LR[x] ≥ e+ 1
and α ≤ x for any α ∈ [ℓ..CNTS′ [i]] with LR[α] ≥ e + 1. We treat this
case from Line 15 through Line 19. Let t′ = select∞(⟨Rot(Vx, 1)⟩, e + 1) and
let [ℓ′..r′] ⊆ [1..ρ] such that lcp(⟨Rot(Vα, 1)⟩, ⟨Rot(Vβ, 1)⟩) ≥ t′ if and only if
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α, β ∈ [ℓ′..r′], i.e., [ℓ′..r′] is the interval computed in Line 16. Then Vx ≺ω U
and r′ ≥ CNTS′ [i]. By assumption and Lemma 3.7, CNTS′ [j] ∈ [ℓ′..x].
Then lcp(⟨CR(CAR[CNTS′ [j]])ω[..4λ + 1]⟩, ⟨U⟩) ≤ t′, which in turn implies
that ⟨CR(CAR[CNTS′ [j]])ω[..4λ + 1]⟩ is prefixed by W = ⟨V ω

x [..t′]⟩. If there
exists some α ∈ [ℓ′..r′] such that LR[α] ≥ e + 2, then ⟨Vα⟩ is prefixed by
W · ∞ and consequently CNTS′ [j] = maxMILCP∞

R
(LFR[α], e + 2), with the

condition being checked in Line 17 and computation of CNTS′ [j] taking place
in Line 18. Otherwise ⟨CR(CAR[CNTS′ [j]])ω[..4λ + 1]⟩ is prefixed by W · t′
and consequently CNTS′ [j] = LFR[x], which is computed in Line 19.
Case 3.2.2. Assume we have an x ∈ [CNTS′ [i]+1..r] such that LR[x] ≥ e+1
and α ≥ x for any α ∈ [ℓ..r] with LR[α] ≥ e + 1. We treat this case
from Line 20 through Line 24. Let t′ = select∞(⟨Rot(Vx, 1)⟩, e + 1) and let
[ℓ′..r′] ⊆ [1..ρ] such that lcp(⟨Rot(Vα, 1)⟩, ⟨Rot(Vβ, 1)⟩) ≥ t′ if and only if
α, β ∈ [ℓ′..r′], i.e., [ℓ′..r′] is the interval computed in Line 21. Then U ≺ω Vx
and ℓ′ ≤ CNTS′ [j]+1. By assumption and Lemma 3.7, CNTS′ [j]+1 ∈ [x..r′].
Then lcp(⟨CR(CAR[CNTS′ [j]+1])ω[..4λ+1]⟩, ⟨U⟩) ≤ t′, which in turn implies
that ⟨CR(CAR[CNTS′ [j] + 1])ω[..4λ + 1]⟩ is prefixed by W = ⟨V ω

x [..t′]⟩. If
α ∈ [ℓ′..r′] such that LR[α] = e + 1, then ⟨Vα⟩ is prefixed by W · t′. Then
CNTS′ [j] + 1 = LFR[x

′] if x′ ∈ [ℓ′..r′] minimal such that LR[x
′] = e + 1 by

Lemma 3.7, with the condition checked in Line 22 and the value of CNTS′ [j]
computed in Line 23. If on the other hand LR[α] ̸= e+1 for each α ∈ [ℓ′..r′],
then ⟨CR(CAR[CNTS′ [j]+1])ω[..4λ+1]⟩ is prefixed by W ·∞ and consequently
CNTS′ [j] + 1 = minMILCP∞

R
(LFR[x], e + 2), computed in Line 24. This

concludes Case 3.2.2.
If LR[α] ≤ e for each α ∈ [ℓ..r], then γ ∈ [1..te], which is the case if

we reach Line 25. It remains to check if there exists some α ∈ [1..ρ] such
that lcp(⟨U⟩, ⟨V ω

α [..4λ + 1]⟩) = te and Vα satisfies (H1). But this condition
is equivalent to α ∈ [ℓ..r] and LR[α] = e. Then CNTS′ [j] = LFR[α] for the
largest α ∈ [ℓ..r] with LR[α] = e by Lemma 3.7 if such an α exists. This
concludes Case 3.

Note that a value is guaranteed to be returned before the for-loop from
Line 7 terminates since R ≠ ∅, with correctness of the returned value follow-
ing from Case 3.

For the computation of the entries of TOPS′ and UDNS′ , we leverage
Lemma 2.7 to arrive at the following.

Corollary 4.6. Let U, V ∈ Σ+ and e = lcp∞(Rot(U, 1),Rot(V, 1)). Then,
given e, π(U) and π(V ), Algorithm 7 correctly computes lcp∞(U, V ).
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Algorithm 7: Computing lcp∞(U, V ) for U, V ∈ Σ+ with e =
lcp∞(Rot(U, 1),Rot(V, 1)) and Rot(U, 1) ≺ω Rot(V, 1).
1 Function rotlcp(e, π(U), π(V )):
2 if π(U) = π(V ) ≤ e then return e ;
3 if min{π(U), π(V )} ≤ 0 then return 0 ;
4 if π(U) ≤ min{e, π(V )} then return π(U) ;
5 if π(V ) ≤ min{e, π(U)} then return π(V ) ;
6 return e+ 1;

Lemma 4.7. Let R ⊂ (Σ − {$})+, S ∈ (Σ − {$})+, S ′ = S4$, S ′ = R ∪
{S ′} and λ = |S| ≥ max{|V | | V ∈ R}. Algorithm 8 correctly computes
TOPS′ [LF{S′}[i]] and UDNS′ [LF{S′}[i]] for each i ∈ [1..4λ+ 1].

Proof. The input of Algorithm 8 consists of π(C{S′}(LF{S′}[i])), CNTS′ [i],
CNTS′ [LF{S′}[i]], TOPS′ [i], UDNS′ [i] for some i ∈ [1..4λ+1] and the epBWT
index of R. We show the statement for TOPS′ [LF{S′}[i]] since the proof for
UDNS′ [LF{S′}[i]] is similar.

Fix some arbitrary i ∈ [1..4λ + 1]. We catch the border case where
CNTS [LF{S′}[i]] = 0 in Line 2. Thus, assume CNTS [LF{S′}[i]] > 0. Let
U = CR(CAR[CNTS [LF{S′}[i]]]) and V = C{S′}(CA{S′}[LF{S′}[i]]). Then we
utilize Lemma 3.14 and the FL-mapping of the epBWT index of R to obtain
lcp∞(Rot(U, 1),Rot(V, 1)) in Line 4 through Line 9, where the different cases
are due to the ω-preorder of Rot(U, 1) and Rot(V, 1). Then the first state-
ment follows from Corollary 4.6 with the computation of TOPS′ [LF{S′}[i]] =
lcp∞(U, V ) in Line 10.

We give a summarizing result.

Lemma 4.8. Let R ⊂ (Σ−{$})+, S ∈ (Σ−{$})+, S ′ = S4$, S = R∪ {S}
and λ = |S| = max{|V | | V ∈ S}. Algorithm 9 correctly computes PS and
the epBWT index of S.

Proof. Let ρ = |LR|. The input of Algorithm 9 consists of PR, |CRR(S
3)|,

YS, and the epBWT indexes of R and {S ′}.
We correctly compute the epBWT index of {S} in Line 2 by Lemma 4.3.

If R = ∅, we simply construct PS = 1λ and return the epBWT for the
singleton set {S} in Line 3 through Line 5.
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Algorithm 8: Computing TOPS′ [j] and UDNS′ [j] from CNTS′ [i],
CNTS′ [j], TOPS′ [i] and UDNS′ [i] for i ∈ [1..4λ + 1] with j =
LF{S′}[i]. Here, R,S ⊂ (Σ − {$})+, S = R ∪ {S}, S ′ = S4$,
S ′ = R∪ {S ′}, λ = |S|, ρ = |LR| and h = π(C{S′}(j)) = F{S′}[j].
1 Function nexttopbot(h, CNTS′ [i], CNTS′ [j], TOPS′ [i], UDNS′ [i],

FR, LR, LCP∞
R):

2 if CNTS′ [j] = 0 then top ← −1; // compute TOPS′ [j]

3 else
4 k ← FLR[CNTS′ [j]];
5 if k = CNTS′ [i] + 1 then e← UDNS′ [i] ;
6 else if k > CNTS′ [i] + 1 then
7 e← min{UDNS′ [i],RNVLCP∞

R
(CNTS′ [i] + 2, k,−1)} ;

8 else if k = CNTS′ [i] then e← TOPS′ [i] ;
9 else e← min{TOPS′ [i],RNVLCP∞

R
(k + 1,CNTS′ [i],−1)} ;

10 top ← rotlcp(e, h,FR[CNTS′ [j]]) ; // Alg. 7

11 if CNTS′ [j] = ρ then bot ← −1; // compute UDNS′ [j]

12 else
13 k ← FLR[CNTS′ [j] + 1];
14 if k = CNTS′ [i] + 1 then e← UDNS′ [i] ;
15 else if k > CNTS′ [i] + 1 then

e← min{UDNS′ [i],RNVLCP∞
R
(CNTS′ [i] + 2, k,−1)} ;

16 else if k = CNTS′ [i] then e← TOPS′ [i] ;
17 else e← min{TOPS′ [i],RNVLCP∞

R
(k + 1,CNTS′ [i],−1)} ;

18 bot ← rotlcp(e, h,FR[CNTS′ [j] + 1]); // Alg. 7

19 return top, bot ;
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Now, assume R ≠ ∅. Then the condition of Line 3 does not evaluate
to true. We initialize TOPS and UDNS and set the initial values of cnt =
CNTS′ [1] = 0, bot = UDNS′ [1] = 0, top = TOPS′ [1] = −1 and the current
index in Line 6 through Line 10. Correctness of the initial values follows by
choice of S ′. We proceed to compute PS , TOPS and UDNS in Line 11 through
Line 24. Correctness follows from Lemma 4.4, Lemma 4.5 and Lemma 4.7.
Last, we correctly compute the epBWT index of S by Lemma 4.2 in Line 25.

The input of Algorithm 9 is computed as follows. We construct the pBWT
index of S ′ with Lemma 2.8, which is the epBWT index of {S ′} by choice
of S ′. During construction of the pBWT index, YS is built similarly to
the bit string indicating sample positions of the suffix array in the proof of
Lemma 2.8 without impacting space or time complexity of the construction
algorithm. For the computation of |CRR(S

3)|, we use a count query for S3 in
R, which is supported by the epBWT index of R as shown in Theorem 3.16.
Since PR and the epBWT index of R are known a priori, we covered all
arguments of the function extend3 of Algorithm 9.
Remark 4.9. For the extension of the epBWT from R to S we assumed that
λ = |S| = max{|V | | V ∈ S} = z for simplicity and because the results are
sufficient for our construction algorithm. However, the extension in case of
λ ≤ z − 1 is done similarly with S ′ = Sω[..4z] · $, i.e., the epBWT index is
extendable in general.

4.3. Constructing the epBWT Index of T
We finally analyze the time and space complexities of the epBWT con-

struction.

Theorem 4.10. Let T1, ..., Td ∈ (Σ − {$})+, n = |T1 · · ·Td| and nk = |Tk|
for each k ∈ [1..d] with d ∈ N≥1. If ni ≤ nj for each i, j ∈ [1..d] with i ≤ j,
then the epBWT index of T = {T1, ..., Td} can be computed in O(n lg σ) bits
of space and O(n lg σ lgn

lg lgn
) time.

Proof. Let ni ≤ nj for each i, j ∈ [1..d] with i ≤ j. For notational con-
venience, let Tk = {T1, ..., Tk}, T ′

k = T 4
k $, T ′

k = {T1, ..., Tk−1, T
′
k} for each

k ∈ [1..d] and tquery = lg σ lgn
lg lgn

. Then for each k ∈ [1..d], the pBWT index of
T ′
k is the epBWT index of {T ′

k}.
Fix some k ∈ [1..d]. We leverage Lemma 2.8 to construct the epBWT

index of {T ′
k} and YTk

in O(nk lg σ) bits of space and O(nktquery) time. Here,
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Algorithm 9: Extending the epBWT index of R to that of S.
Here, R ⊂ (Σ − {$})+, S ∈ (Σ − {$})+, S = R ∪ {S}, S ′ = S4$,
S ′ = R∪ {S ′}, ρ = |LR| and λ = |S| = max{|V | | V ∈ S}.
1 Function extend3(FR, LR, LCP∞

R , PR, |CRR(S
3)|, YS, F{S′},

L{S′}, LCP∞
{S′}):

2 F{S},L{S},LCP∞
{S} ← singletonepBWT(YS,F{S′},L{S′},LCP∞

{S′});
// Alg. 5

3 if PR = ε then // R = ∅
4 PS ← non-zeroed bit string of length λ;
5 return F{S},L{S},LCP∞

{S},PS ;

6 for i← 1 to rank1(PR, |PR|) do PR[select1(PR, 1)]← 0 ;
7 TOPS ,UDNS ← zeroed string of length λ over [−1..σp];
8 index ← 1;
9 cnt , bot ← 0; // initialize CNTS′ [1] = UDNS′ [1] = 0

10 top ← −1; // initialize TOPS′ [1] = −1
11 for j ← 1 to 4λ do // CNTS′ , TOPS′ , UDNS′ with Alg. 6 and Alg. 8
12 index ← LF{S′}[index ];
13 nxtcnt ← nextcnt(F{S′}[index ], cnt , top, bot ,LR,LCP∞

R );
14 top, bot ← nexttopbot(F{S′}[index ]), cnt , nxtcnt , top, bot ,FR,

LR,LCP∞
R );

15 if YS[index ] = 1 then // CNTS , TOPS , UDNS from Lemma 4.4
16 insertPR(select0(PR, nxtcnt + |CRR(S

3)|) + 1, 1); // PS
from extending zeroed PR with CNTS values

17 if |CRR(S
3)| = 0 then

18 TOPS [rank1(YS, index )]← top;
19 UDNS [rank1(YS, index )]← bot ;

20 else
21 TOPS [rank1(YS, index )]← bot ;
22 if nxtcnt = ρ then UDNS [rank1(YS, index )]← −1 ;
23 else UDNS [rank1(YS, index )]← LCP∞

R [nxtcnt + 1] ;

24 cnt ← nxtcnt ;

25 FS ,LS ,LCP∞
S ← extend2(PS ,TOPS ,UDNS ,FR,LR,LCP∞

R ,F{S},
L{S},LCP∞

{S}); // Alg. 4

26 return FS ,LS ,LCP∞
S ,PR;
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YTk
is built similarly to the bit string indicating sample positions of the suffix

array in the proof of Lemma 2.8, L{T ′
k} and LCP∞

{T ′
k}

are represented by the
data structure of Lemma 2.4 and F{T ′

k} and YTk
are represented by that of

Lemma 2.3. By Theorem 3.16, we compute CRTk−1
(T 3

k ) and its length in
O(nktquery) time.

By Lemma 4.3, Algorithm 5 correctly computes the epBWT index of
{Tk}. We represent L{Tk} and LCP∞

{Tk} by the data structure of Lemma 2.4
and F{Tk} by that of Lemma 2.3, which implies these occupy O(nk lg σ) bits
of space in total and their construction takes O(nktquery) time.

Assume k = 1. We initialize P{T1} = 1n1 and represent it by the data
structure of Lemma 2.3, which implies it occupies O(nk) bits of space and
is constructed in O(n1tquery) time. In summary, we computed P{T1} and the
epBWT index of T1 in O(n1tquery) time and O(n1 lg σ) bits of space, with
correctness following by Lemma 4.8.

Assume k ≥ 2 and that PTk−1
, FTk−1

, LTk−1
and LCP∞

Tk−1
have already

been computed with PTk−1
and FTk−1

represented by the data structure
of Lemma 2.3, and LTk−1

and LCP∞
Tk−1

by that of Lemma 2.4. We use
Algorithm 9 to extend PTk−1

, FTk−1
, LTk−1

and LCP∞
Tk−1

to PTk , FTk , LTk
and LCP∞

Tk , respectively, by insert operations, i.e., the extension is done in
O(nk lg σ) bits of space.

We claim that Algorithm 9 takes O(nktquery) time, which is readily con-
firmed with the exception of the function call in Line 13 due to the for-
loop from Line 14 of Algorithm 6. Algorithm 6 computes CNTT ′

k
[LF{T ′

k}[i]]
for each i ∈ [1..4nk + 1] by invoking O(2 + e − e′) queries and opera-
tions, where we assigned e′ = max{TOPT ′

k
[LF{T ′

k}[i]],UDNT ′
k
[LF{T ′

k}[i]]} and
e = max{TOPT ′

k
[i],UDNT ′

k
[i]}. The value e can be seen as a potential held

by the current conjugate C{T ′
k}(CA{T ′

k}[i]) of T ′
k, which upper bounds the

number of queries and operations for a call of Algorithm 6. Since a single
call increases the potential for the next conjugate C{T ′

k}(CA{T ′
k}[LF{T ′

k}[i]]) of
T ′
k by at most 1 according to Lemma 2.7, the total number of invoked queries

and operations by the function call in Line 13 of Algorithm 9 is bounded by
O(nk). Our claim follows.

Since k ∈ [1..d] was chosen arbitrarily and ni ≤ nj for each i, j ∈ [1..d]
with i ≤ j, the construction of the epBWT index of T takes O((n+nd) lg σ) =
O(n lg σ) bits of space and O((

∑d
k=1 nk)tquery) = O(ntquery) time, which con-

cludes the proof.

The following result is then a consequence of Theorem 4.10 and Lemma 2.1
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through Lemma 2.4.

Corollary 4.11. Let T1, ..., Td ∈ (Σ − {$})+, n = |T1 · · ·Td| and nk = |Tk|
for each k ∈ [1..d] with d ∈ N≥1. If ni ≤ nj for each i, j ∈ [1..d] with i ≤ j,
then the static epBWT index of T = {T1, ..., Td} presented in Theorem 3.13
can be computed in O(n lg σ) bits of space and O(n lg σ lgn

lg lgn
) time.

Finally, we join together the main results of all sections of this article to
affirm the theorem we stated in the very beginning.

Proof of Theorem 1.1. The space complexity of the epBWT index follows
from Theorem 3.16 and the claims regarding its construction from Theo-
rem 4.10. We can switch to static data structures by Corollary 4.11 and the
space complexity of the static epBWT index follows from Theorem 3.13.

Both variants support count queries in the claimed time complexities
by Theorem 3.13 and Theorem 3.16. The time complexity for inserting or
deleting a string of the set of strings indexed by the dynamic epBWT is due
to Remark 4.9.

If JT1K, ..., JTdK are primitive, then the claim regarding restoration of the
input text p-strings follows from Corollary 3.10. Otherwise, we augment the
index with the auxiliary bit string D′

T as described at the end of Section 3.2
The bit string D′

T is represented by the data structure of Lemma 2.3 and
constructed alongside the epBWT index of T without impacting the claimed
complexities since exp(JTkK) can be determined by a backward search for T 3

k

on the epBWT index of {T 4
k $} for each k ∈ [1..d].

Remark 4.12. In case we want to report the locations of occurrences, we can
construct CAT alongside the epBWT index and store it in O(n+ d lg n) bits
of space by means of sampling each (lg n)-th text position [3, Sect. 3.2], where
the latter term is due to the O(d) cycles of the LF-mapping corresponding
to the J..K-encoded roots of the input text p-strings, which require at least a
sample each.

5. Matching Statistics

As an application, we give a generalization of the matching statistics
defined by Chang and Lawler [16]. The circular matching statistics between
T ⊂ Σ+ and a pattern p-string P ∈ Σ+ of length m is an array M [1..m],
whose entries are triples of a prefix length M [i].q ∈ [0..m], a left interval
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i 1 2 3 4 5 6 7 8 9 10 11 12
ET 0 0 2 0 1 1 15 3 1 2 15 2

Figure 10: The string ET of our running example. Its values are readily confirmed by,
e.g., the last column of Figure 5. Here, since n′ = n3 = 5, an entry i of ET evaluating to
15 indicates ω-equivalence of CT (CAT [i]) and CT (CAT [i− 1]) by Lemma 3.4.

boundary M [i].ℓ ∈ [1..n] and a right interval boundary M [i].r ∈ [1..n] such
that for each i ∈ [1..m]

(i) M [i].q = max{lcp(⟨CT (CAT [j])
ω[..m]⟩, ⟨P [i..]⟩) | j ∈ [1..n]},

(ii) M [i].ℓ ≤M [i].r and

(iii) j ∈ [M [i].ℓ..M [i].r]⇔ lcp(⟨CT (CAT [j])
ω[..m]⟩, ⟨P [i..]⟩) =M [i].q.

See Figure 11 for an example. We adapt the results of Ohlebusch et al. [46]
and compute the circular matching statistics with the backward search of the
epBWT index. Their main idea is to compute sufficiently many conjugate
ranges of P [i..j] with i, j ∈ [1..m]. We start with i = j = m and decrease i
until CRT (P [i..j]) is empty, and then decrease j until CRT (P [i..j]) is non-
empty, called a contraction operation. We repeat until i = 1 and either j = 0
or CRT (P [1..j]) is non-empty. For the contraction, we use an auxiliary string
that helps us to find the correct range if we end up with a mismatch. Let
n′ = max{nk | k ∈ [1..d]} and denote by ET a string of length n over [0..3n′]
such that ET [1] = 0 and

ET [i] = lcp(⟨CT (CAT [i− 1])ω[..3n′]⟩, ⟨CT (CAT [i])
ω[..3n′]⟩)

for each i ∈ [2..n]. Note that by Lemma 3.4 and for each i ∈ [2..n],
CT (CAT [i − 1]) =ω CT (CAT [i]) if and only if ET [i] = 3n′. See Figure 10
for an example.

Lemma 5.1. Algorithm 10 correctly computes the circular matching statis-
tics between T ⊂ Σ+ and a pattern p-string P ∈ Σ+.

The statement is a consequence of Ohlebusch et al. [46, Section 3], but
for completeness we give a detailed proof.

Proof. Algorithm 10 takes a pattern P ∈ Σ+, the static epBWT index of T
presented in Theorem 3.13 and ET as input. We address the computation in
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Algorithm 10: Computing the circular matching statistics between
T ⊂ Σ+ and a pattern p-string P ∈ Σ+.
1 Function cms(P , FT , LT , LFT , ET ):
2 initialize M and the binary search tree of Lemma 3.12;
3 (q, ℓ, r, i)← (0, 1, n, |P |);
4 while i ≥ 1 do
5 compute π(P [i..i+ q]) and |P [i+ 1..i+ q]|p;
6 [ℓ′..r′]← crangeupdrmq([ℓ..r], π(P [i..i+ q]), |P [i+ 1..i+ q]|p,

FT , LT ,LFT ); // Alg. 1
7 if ℓ′ ≤ r′ then // expand previous match
8 q ← q + 1;
9 M [i]← (q, ℓ′, r′);

10 [ℓ..r]← [ℓ′..r′];
11 i← i− 1;

12 else if q = 0 then // reset
13 M [i]← (0, 1, n);
14 i← i− 1;

15 else // contract previous match
16 q ← q − 1;
17 [ℓ..r]← MIET (r, q);

18 return M ;

Line 5 in the proof of Corollary 5.2. All branches except Line 15 decrement i.
However, this branch decrements q. Since q ≤ m, the algorithm terminates.

For correctness, we consider the loop invariant that M [i + 1..] has been
correctly computed and [ℓ..r] = CRT (P [i+ 1..i+ q]). Clearly, this invariant
holds initially. Assume the invariant holds for a tuple (i, q) with i ∈ [1..m],
q ∈ [0..m− i] and [ℓ..r] = CRT (P [i+1..i+ q]), i.e., if i < m, then P [i+1..i+
M [i].q] is the longest substring of P starting at position i that p-matches
some prefix of an infinitely iterated conjugate considered in T .
Case 1. Assume i = m. Then q = 0. If [ℓ′..r′] = CRT (P [m]) is non-
empty, then P [m] is the longest substring of P [m..] = P [m] starting at
position i = m that p-matches some prefix of an infinitely iterated conjugate
considered in T , i.e., we enter Line 7 where we set M [m] = (q + 1, ℓ′, r′),
adjust i, q and update [ℓ..r]. If on the other hand [ℓ′..r′] is empty, then ε
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is the longest substring of P [m..] = P [m] starting at position i = m that
p-matches some prefix of an infinitely iterated conjugate considered in T ,
i.e., we enter Line 12, where we set M [m] = (0, 1, n), decrement i by 1 and
leave q = 0 and [ℓ..r] = [1..n] as is. In either case, the invariant holds after
the iteration of the loop.
Case 2. Assume i < m and q = M [i + 1].q. If q = 0, then the proof is
similar to that of Case 1. So assume q ≥ 1. If [ℓ′..r′] = CRT (P [i..i + q]) is
non-empty, then P [i..i+ q] is the longest substring of P starting at position
i that p-matches some prefix of an infinitely iterated conjugate considered in
T by assumption on M [i+ 1..], i.e., we enter Line 7, where we set M [i] and
maintain the invariant. If [ℓ′..r′] = CRT (P [i..i + q]) is empty, then we will
consider P [i..i+ q− 1] as a candidate for the longest substring of P starting
at position i that p-matches some prefix of an infinitely iterated conjugate
considered in T in the next iteration, i.e., we enter Line 15 and maintain the
invariant by adjusting q and [ℓ..r].
Case 3. Assume i < m and 0 ≤ q < M [i + 1].q. Note that we only enter
this case if CRT (P [i..i+ q + k]) does not p-match any prefix of an infinitely
iterated conjugate considered in T for each k ∈ N. If [ℓ′..r′] = CRT (P [i..i+q])
is empty, then we argue similarly to Case 1 if q = 0 and similarly to Case 2
if q ̸= 0. Thus, assume [ℓ′..r′] = CRT (P [i..i + q]) is non-empty. Then
P [i..i+ q] is the longest substring of P starting at position i that p-matches
some prefix of an infinitely iterated conjugate considered in T by our remark,
i.e., we enter Line 7, where we set M [i] and maintain the invariant.

Corollary 5.2. There exists a 2n lg σ+n lg 3n′+4n+O(n lg lgn
lgn

) bits of space
data structure that supports the computation of circular matching statistics
between T ⊂ Σ+ and any pattern p-string in O(m(lg σ + lg n)) time, where
m is the pattern length and n′ is the maximum length of all texts in T .

Proof. The data structure consists of the static epBWT index from Theo-
rem 3.13, ET represented by the data structure of Lemma 2.2 and an ad-
ditional copy of ET as a simple string for access occupying n lg 3n′ bits of
space, which results in the claimed space complexity.

We examine Algorithm 10 for the claim regarding time complexity. To
obtain the values in Line 5 in O(lg σ) time, we proceed similarly to the
proof of Lemma 3.12, but possibly remove nodes in the binary search tree
if we enter Line 12 or Line 15. Then Line 6 is computed in O(lg σ) time
by the proof of Theorem 3.13. We can perform the MI query of Line 17

48



i 1 2 3 4 5 6 7 8
P [i] C B A A b C $ b

M [i].q 3 3 2 3 2 1 0 1
M [i].ℓ 12 10 6 5 2 4 1 2
M [i].r 12 11 8 5 3 12 12 3

Figure 11: The circular matching statistics M between the pattern p-string P = CBAAbC$b
and our running example T = {Bab, ABBA, CAbBB}.

by exponential search on the RmQ values of ranges in ET . The exponential
search requires O(lg n) RmQ queries, and thus the computation takes O(lg n)
time by Lemma 2.2. As each of the cases in the while-loop is entered at most
m times until termination, the claim follows.

We compute the circular matching statistics M between our running ex-
ample T = {Bab, ABBA, CAbBB} and the pattern p-string P = CBAAbC$a. The
solution is also presented in Figure 11.

We begin by computing CRT (P [8..]) = CRT (b) = [2..3], which is non-
empty. Thus, M [8] = (1, 2, 3). Next, CRT (P [7..]) = CRT ($b) = ∅, and
consequently we contract the previous match and compute CRT (P [7..7]) =
CRT ($) = ∅. We conclude that ε is the longest prefix of P [7..] p-matching an
infinitely iterated conjugate considered in T , set M [7] = (0, 1, 12), and reset.
Afterwards, we compute CRT (P [6..6]) = CRT (C) = [4..12], CRT (P [5..6]) =
CRT (bC) = [2..3] and CRT (P [4..6]) = CRT (AbC) = [5..5], which result in
M [6] = (1, 4, 12), M [5] = (2, 5, 6) and M [4] = (3, 5, 5), respectively. We
get empty intervals for CRT (P [3..6]) = CRT (AAbC) and CRT (P [3..5]) =
CRT (AAb), but then CRT (P [3..4]) = CRT (AA) = [6..8], which yields M [3] =
(2, 6, 8). We have CRT (P [2..4]) = CRT (BAA) = [10..11] and consequently
M [2] = (3, 10, 11). The conjugate range CRT (P [1..4]) = CRT (CBAA) is empty
again, but CRT (P [1..3]) = CRT (CBA) = [12..12] and thus M [1] = (3, 12, 12).

Remark 5.3. We can construct ET alongside the epBWT index of T as fol-
lows. We represent ET by the data structure of Lemma 2.4, occupying
O(n lg n) bits of space at the expense of compact space. Using the set-
ting of Section 4, we assume to have already built the epBWT index of
R ⊂ (Σ−{$})+ and ER and want to extend it by some S ∈ (Σ−{$})+ with
S not shorter than the longest text in R. Initially E∅ = ε. Given S ′ = S4$,
we compute both E{S′} and the circular matching statistics between R and
S ′, where we note that the former is simply the parameterized LCP array [30]
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i 1 2 3 4 5
P [i] A A C C b

M [i].q 4 3 2 2 1
M [i].ℓ 7 10 6 5 2
M [i].r 8 11 8 5 3

i 1 2 3 4 5
P [i] A A C C b

M ′[i].q 4 3 2 4 4
M ′[i].ℓ 7 10 6 5 3
M ′[i].r 8 11 8 5 3

Figure 12: Comparison of the matching statistics M and M ′ between the pattern p-string
P = AACCb and our running example T = {Bab, ABBA, CAbBB}.

of S ′ by choice of S ′. We use the circular matching statistics to compute the
equivalent of TOPS and UDNS , and then proceed similarly to Line 3 through
Line 9 of Algorithm 4 to obtain ES .

5.1. Circular Pattern p-Strings
We can also consider a pattern p-string to be circular, which motivates

the following definition. Given T ⊂ Σ+ and a pattern p-string P ∈ Σ+

of length m, the modified circular matching statistics M ′ denotes an array
whose entries are triples of a prefix length M ′[i].q ∈ [0..m], a left interval
boundary M ′[i].ℓ ∈ [1..n] and a right interval boundary M ′[i].r ∈ [1..n] such
that for each i ∈ [1..m]

(i) M ′[i].q = max{lcp(⟨CT (CAT [j])
ω[..m]⟩, ⟨P [i..] ·P [..i−1]⟩) | j ∈ [1..n]},

(ii) M ′[i].ℓ ≤M ′[i].r and

(iii) j ∈ [M ′[i].ℓ..M ′[i].r] ⇔ lcp(⟨CT (CAT [j])
ω[..m]⟩, ⟨P [i..] · P [..i − 1]⟩) =

M ′[i].q.

We give an example in Figure 12. To compute M ′, we slightly modify Al-
gorithm 10. In detail, we first compute M and then initialize the values
in Line 3 with (M [1].q,M [1].ℓ,M [1].r, |P |). Also, in the while-loop we first
check for q = |P | and contract the match as we do in Line 15 if the statement
holds.

As a side product, we also solve the circular pattern matching problem
in the parameterized setting, where we consider texts and the pattern as
circular strings.
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6. Conclusion

We introduced the epBWT-index as a new type of index capable to search
a pattern in a set of circular texts in the parameterized pattern matching set-
ting. The main goal of the epBWT-index is to solve the problem of counting
the number of pattern occurrences, which we formalized as ep-Count. The
main ideas stem from combining core concepts of (a) the pBWT, which is a
parameterized index for a single non-circular text, and (b) the eBWT, which
is an index for multiple circular texts. We could show that it is possible to
solve ep-Count with our epBWT within the same space and time complex-
ities as Kim and Cho’s pBWT variant [14]. Further, we considered the input
set of circular texts to be dynamic, supporting the insertion and the removal
of a text. To that end, we followed the approach of Iseri et al. [15] who pro-
posed a construction algorithm of Kim and Cho’s pBWT, and extended this
construction algorithm to construct and extend the epBWT. We inherited
the time complexity of the technique of Iseri et al., which makes the epBWT
construction faster for general parameterized alphabets to construction al-
gorithms for other parameterized indexes, whose time complexities usually
have a multiplicative dependency on the input length and the size of the
parameterized alphabet. Finally, as an application of the epBWT, we show
how to compute generalized versions of matching statistics to parameterized
and circular matching. We conclude this article with future work spawning
two different research directions: lowering the space and adaptation to other
generalized pattern matchings.

6.1. Lowering Space
First, we did not address the pBWT of Ganguly et al. [13] in detail, who

can escape the requirement of storing FT by having a compressed suffix tree
topology at hand. It is unclear whether we can make use of their approach,
in particular if we want to emphasize on construction.

Second, to actually locate all the reported occurrences within compact
space, we want to shrink the conjugate array sampling addressed in Re-
mark 4.12 to fit into O(n) bits of space. The main question here is how to
get rid of the O(d lg n) term, which is due to the LF-mapping having at least
one cycle for each of the indexed texts.

Finally, for matching statistics to work in compact space, the string ET
remains the bottleneck. An idea is to investigate new compression techniques
for ET . However, a major problem is that the values of ET are based on the
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prev-encoded conjugates, for which a permuted LCP-like compression [47]
seems not to work. Also, we are unaware of how to compute ET efficiently
since we rely on the construction of the parameterized LCP array, whose
time is only linear for constant alphabets [34].

6.2. Practical Considerations
Due to the fact that the standard FM-index is a well-perceived data

structure for practical application, especially in bioinformatics, it is natural
to investigate the practical performance of our epBWT-index. For that it
looks promising to first gather more ideas on algorithmic improvements on
the practical side, which may not have an impact on the asymptotic time
complexity — there are certainly several screws to turn, such as improving
Lemma 3.4 to compare 2z instead of 3z characters. (This was pointed out
by one reviewer of this manuscript.)

Acknowledgements. This research was supported by JSPS KAKENHI with
grant numbers JP23H04378 and JP25K21150.

Appendix A. Variables

The table below gives an overview of variables used throughout this arti-
cle.

variable name description
i, j, k, v, x, y, α, β index or natural number
Σ,Σs,Σp alphabet
ψ permutation of Σp

σ, σs, σp size of Σ,Σs,Σp

$, ∞, f, g symbol
ε empty string
U,W, V, V1, .. string
S, T, T1, .. text string
λ, n, n1, .. length of S, T, T1, ..
S ′, T ′, T ′

1, .. S4$, T 4$, T 4
1 $, ..

S,R, T , T1, .. set of text strings
d number of texts in T
ρ total length of all texts in R
z, n′ maximum length of text in a set of texts
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S ′, T ′
1 , T ′

2 , .. R∪ {S ′}, {T ′
1}, T1 ∪ {T ′

2}, ..
P, P1, .. pattern string
m length of P
SAT , SA−1

T parameterized suffix array and its inverse
SRT (P ) suffix range of P in T
ℓ, ℓ′, ℓ′′, r, r′, r′′ interval boundary
FT ,LT ,LCP∞

T the pBWT index of T
LFT LF-mapping on the suffix array of T
AT ,BT augmenting pBWT index to solve ep-Count
CT (i) a conjugate of a text in T
CAT ,CA−1

T conjugate array of T and its inverse
CRT (P ) conjugate range of P in T
δ length of a conjugate range
LENT ,PRVT ,ENCT conceptual string for defining the epBWT of T
LFT ,FLT LF-/FL-mapping of the conjugate array of T
FT ,LT ,LCP∞

T the epBWT index of T
h a return value of π(..)
c a return value of |..|p
CNTS conceptual string for extending epBWT index
PS,YS,TOPS ,UDNS auxiliary string for epBWT index extension
q, γ, t′, t1, .. length of a prefix
e, e′ number of ∞ in a prefix
DT ,D′

T auxiliary string for restoring indexed texts
M,M ′ matching statistics
ET conceptual string for contraction operation
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