. mathematics

Article

Compression Sensitivity of the Burrows—Wheeler Transform and
Its Bijective Variant

Hyodam Jeon and Dominik Képpl *

check for
updates

Academic Editor: Iliya Bouyukliev

Received: 27 February 2025
Revised: 21 March 2025
Accepted: 24 March 2025
Published: 25 March 2025

Citation: Jeon, H.; Koppl, D.
Compression Sensitivity of the
Burrows—Wheeler Transform and Its
Bijective Variant. Mathematics 2025, 13,
1070. https://doi.org/10.3390/
math13071070

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

Department of Computer Science and Engineering, University of Yamanashi, Kofu 400-8511, Japan
* Correspondence: dkppl@yamanashi.ac.jp

Abstract: The Burrows—Wheeler Transform (BWT) is a widely used reversible data com-
pression method, forming the foundation of various compression algorithms and indexing
structures. Prior research has analyzed the sensitivity of compression methods and repet-
itiveness measures to single-character edits, particularly in binary alphabets. However,
the impact of such modifications on the compression efficiency of the bijective variant of
BWT (BBWT) remains largely unexplored. This study extends previous work by examining
the compression sensitivity of both BWT and BBWT when applied to larger alphabets,
including alphabet reordering. We establish theoretical bounds on the increase in compres-
sion size due to character modifications in structured sequences such as Fibonacci words.
Our devised lower bounds put the sensitivity of BBWT on the same scale as of BWT, with
compression size changes exhibiting logarithmic multiplicative growth and square-root
additive growth patterns depending on the edit type and the input data. These findings
contribute to a deeper understanding of repetitiveness measures.

Keywords: lossless data compression; Burrows—Wheeler Transform (BWT); bijective
BWT (BBWT); compression sensitivity; string transformations; Fibonacci words; Lyndon
factorization; compression efficiency analysis

MSC: 68P30

1. Introduction

The Burrows—Wheeler transform (BWT) [1] has attracted great attention in interdis-
ciplinary fields such as lossless data compression and text indexing. It lies at the heart
of compression algorithms like bzip2 and text indexing data structures such as the FM-
index [2]. By compressing single character runs of the BWT, we obtain a compressed but
reversible transformation, which can be augmented with techniques akin to the FM-index
to give rise to compressed text indices [3-8]. Because of its reversible nature, the BWT is
also used in bioinformatics applications such as sequence alignment and genome assem-
bly [9,10]. Workshops (e.g., [11,12]) and books (e.g., [13]) have been dedicated exclusively
to the BWT and its applications.

Given word T of length 1, the BWT of T is a permutation of its characters. In detail, we
sort all cyclic conjugates of T lexicographically and concatenate the last characters of these
conjugates to form the BWT of T. The BWT is a reversible transformation by application of
the so-called Gessel-Reutenauer transform [14].

Among various variants of the BWT (e.g., [15-19]), the bijective BWT (BBWT) [20]
can be considered as one of the well-perceived ones that is a word isomorphism. A word
isomorphism maps a word to another word injectively, and each word is a unique image of
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another word. For instance, this is not the case for the BWT, whether we add additional
information such as an artificial delimiter (known as the $ character) or a starting position,
of. [21-23].

In this article, we focus on the run-length compression of the BWT and the BBWT: run-
length compression is usually the first step in the compression pipeline of the BWT and
its variants. In addition, compressed text indices such as the r-index [4] store the BWT in
a run-length compressed form. The run-length compression of word T is the number of
maximal runs of equal characters in T. For instance, the word mississippi can be written
in an exponential notation as m'i's?i!'s?i!p?i! and therefore has eight runs. We denote
the run-length compression of word T by runs(T). Given word T, we define the following
two repetitiveness measures:

e r=7(T)=runs(BWT(T)) and
e p=p(T)=runs(BBWT(T)).

In this article, we investigate the sensitivity of the BWT and the BBWT to single-
character edits. This means that we analyze how the run-length compression of the BWT
and the BBWT changes when we modify a single character of the input word. Previous
research has shown that the run-length compression of the BWT is sensitive to single-
character edits in binary alphabets [24]. Here, we extend this research to larger alphabets
and analyze the sensitivity of the BBWT to single-character edits. Research on compression
sensitivity is not a new topic, of which we are aware. We present following related work.

2. Related Work and Contribution

The sensitivity [25] of a repetitiveness measure m is the maximum difference in the
sizes of m(T) for word T and for a single-character edited word T’. Sensitivity measures the
robustness of a repetitiveness measure against small changes in the input word introduced
by various sources of input (source code changes, biological sequencing errors, typos, etc.).
Akagi et al. [25] reviewed known results that directly imply a sensitivity for repetitiveness
measures such as for Lempel-Ziv 78 [26] or the BWT [24]. Additionally, they offered and
improved upper and lower bounds on the multiplicative sensitivity of various compressors
and measures including the Lempel-Ziv dictionary compressors [27,28] and the smallest
string attractors [29].

In detail, for two words Wy and W,, we let ed(W;, W, ) denote the edit distance between
Wi and W,. We define the additive sensitivity ASy, and multiplicative sensitivity MSy, of a
repetitiveness measure m by

*  ASn(n) = maxy,cxr{m(Wp) —m(W;) | Wo € Z* : ed(W;, W,) = 1}, and
o MSw(n) = maxwlezn{% | Wa € 5 : ed(Wy, Wa) = 1}.
The sensitivity has been studied for lexparse [30] by Nakashima et al. [31] and for the

size of the compact directed acyclic word graph [32] by Fujimaru et al. [33]. In particular,
Giuliani et al. [24] showed that MS,(n) = Q(logn) and AS,(n) = Q(+/logn).

Our contribution. In this article, we show identical results for the BBWT, con-
firming that it is also sensitive to single-character edits. Concretely, we establish that
MS, (1) = Q(log n) with Theorem 5 and AS, (1) = Q(y/logn) with Lemma 47. In detail,
we obtain the asymptotically same results regarding MS,(n):

*  in Theorem 5 for deletion,

* in Theorem 6 and Theorem 7 for substituting a character with a smaller or larger one,
respectively, and

*  inTheorem 8 and Theorem 9 for insertion of a or a strictly smaller character #, respectively.

We also obtain the asymptotically same results regarding AS,():
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e in Theorem 10 for deletion,

*  in Theorem 12 for inserting a large character, and

* in Theorem 11 and Theorem 13 for substituting a character with a smaller or larger
one, respectively.

Additionally, we broaden the study of the sensitivity of the BWT by allowing larger
alphabets (Theorem 2) and alphabet reordering (Theorem 4), obtaining the same asymptotic
complexities as reported by Giuliani et al. [24].

Since our major contribution is on the BBWT, we also briefly review known results
related to it.

BBWT. Since its inception [20], the BBWT has been studied under various aspects.
We are aware of construction algorithms (cf. [34] or [35] and the references therein), in-
dexes [35] based on the BBWT, studies about the relationship of p and  [36], p(T) and p of
the reverse of T [37].

3. Preliminaries

In this section, we provide the necessary definitions and terminology used throughout
the paper. A list of symbols is given in Table 1.

Words. We let X be a finite and ordered alphabet with cardinality ¢. The elements
of X are called characters. A word over ¥. is a finite sequence W = W[0]W[1]--- W[n — 1] =
W[0..n — 1] of characters from X. The order of the alphabet induces the lexicographic order
on words, which we also denote by <.

We denote the length of W by |W|, with € being the unique word of length 0. We denote
the set of words of length n by X", and represent the set of all words on X by X* = {J,>o Z".
Given word W = W|0..n — 1], we define its reverse by rev(W) = W[n — 1]W[n — 2] - - - W[0].
If W= XYZ forwords W, X, Y, Z, then X, Y, Z are, respectively, a prefix, a subword, and a
suffix of W. We call word W' a conjugate of W if and only if there is integer i € [0..|W| — 1]
such that W' = W[i..|W|]W|[0..i — 1]. In this case, we write W' = conj;(W). In particular,
W = conj,(W). We call word U a circular factor of word W if it is a prefix of conj;(W)
for some i € [0..|W| — 1]; in this case, we call i (the starting position of) an occurrence of
U. If we can express word W as W = V* for word V and integer k > 2, then we call W
a power, otherwise we call W primitive. Finally, W is primitive if and only if it has |W]|
distinct conjugates.

Given two words V, W, the longest common prefix of V and W, denoted lep(V, W), is
the unique word U such that U is a prefix of both V and W, and V[|U|] # W[|U|] if neither
of the two words is a prefix of the other.

The Burrows—Wheeler Transform (BWT). We define the BWT of word W based on
its conjugates. For that, we define two concepts, an order and a list of conjugates sorted
in that order. First, the omega-order [16] of two words T and S as follows: T <, S if
either T < §¥ or T% = S¥ and |T| < |S|. Here, S“ denotes the infinite word obtained by
concatenating word S an infinite number of times. The omega-order coincides with the
lexicographic order if neither of two words is a proper prefix of the other but may differ
otherwise. Second, we let M (W) be the list of sorted conjugates of word W in omega-order.

Now, we can define the Burrows—Wheeler Transform (BWT) [1] of the word W, denoted
by BWT(W), as the word obtained by reading the last character of each conjugate in M (W).

For instance, the BWT of word mississippi is pssmipissii. By construction, it
follows that W and W' are conjugates if and only if BWT(W) = BWT(W’). We denote
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by (W) = runs(BWT(W)) the number of runs in the BWT of word W. For example,

r(mississippi) = runs(pssmipissii) = 8.

Table 1. Definitions of symbols introduced in this article.

Symbol Meaning

r run length of the BWT

0 run length of the bijective BWT

n length

k index

# a character lexicographically smaller than a
c a character lexicographically larger than b

F. kth Fibonacci word

fr kth Fibonacci number

X kth central word

Ly kth Lyndon Fibonacci word

F]E kth Fibonacci word deleting its last character
L,b( kth Fibonacci Lyndon word deleting its last character
Py abkaa

Ex abFabak—2

Ok abka

Q}b{ abk

Wi <Hi§l Pz'Ei> Qk
szk Wy deleting its last character

2 bakbb

Er bakbabl—2

[ bakb

Q}b{ bak

Wi <Hi':21 PiEz’) Qk

W} W/ deleting the last character
Ck Lyndon word of Wy

C,E Ck deleting its last character b
Dy CZ deleting its last character a

Hy 4 Ej_1 changed into abk—1ak—3
Sr_1 E;_1 changed into abk—1
Ri_1 Ej_1 changed into ab*lacak—3

B(W)  subword of BWT(W) corresponding to the range of contiguous conjugates prefixed by W
B'(W) subword of BWT(W) applied to a specific edit operation

w fok—3+ fok—s5+ -+ fa+ fr

M(W) the list of lexicographically sorted conjugates of word W

abcak—3

Lyndon Words. A word is called a Lyndon word if it is lexicographically strictly
smaller than all of its conjugates [38]. In particular, a Lyndon word must be primitive.
Each primitive word S has exactly one conjugate that is Lyndon. We denote this conjugate
by LynConj(S) and call it the Lyndon conjugate of S. The Lyndon factorization [39] of word
W is a unique factorization of W into Lyndon words. In detail, it decomposes word W
into a list of Lyndon words Sil, S2,..., Sy such that W = Sil S-Sy, where Sy <jex
Sm—1 <lex " <lex 51 and ¢; > 1. By construction, word S is Lyndon if and only if its
Lyndon factorization consists of only one factor, i.e., S itself. We denote the multiset of
Lyndon factors in the Lyndon factorization of S by £(S). As an example, we consider
LynConj(mississippi) = imississipp. The Lyndon factorization of mississippi ism-
iss? - ipp-i. We have £(mississippi) = {m,iss,iss,ipp,i}.
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Bijective BWT (BBWT). The Bijective BWT (BBWT) [20] of word T is the word
obtained by sorting all conjugates of the Lyndon factors in the multiset £(T) in w-order and
then concatenating the last character of each sorted conjugate. For example, the BBWT of
the word mississippi is ipssmpissii. In this article, we denote p(W) as the compression
ratio of BBWT, which means p(W) = runs(BBWT(W)). For instance, p(mississippi) =

runs(ipssmpissii) = 8.

Fibonacci Words. Fibonacci words are so-called standard words ([40], Section 10.1),
which are defined as follows. Fy = b, F; = a, Fr;1 = FF_1, for every k > 1. For all
k>0, |F| = fr, where {fi };>¢ are the Fibonacci numbers 1,1,2,3,5,8,13,21, .. ., defined
by the recurrence fy = f1 =1, firr1 = fr + fx—1, for k > 1. Since Fibonacci numbers grow
exponentially in k, we have k = ©(log |Fi|). We also introduce so-called central words [41]
Xy for k > 2, which are palindromes defined by equation F,, = Xprab, Fpry1 = Xogi1ba
for all k > 1. The central words X, and X5, 1 are palindromes. In particular, X, = €. The
recursive structure of words Xy, and X1 is also known [42]:

*  Xpp = Xpp-1baXpr o = Xpr 2abXpr 1 and
* Xopy1 = Xprabag_1 = Xor_1baXpy.

We study Fibonacci words in this article because they have the minimal number of
BWT runs among binary words. This is because Mantaci et al. [43] have shown that the
BWT of a binary word has exactly two runs if and only if it is a conjugate of a standard word
or a conjugate of a power of a standard word. Further, there is rich literature (e.g., [44-46])
about Fibonacci words and their rotations.

4. Multiplicative Sensitivity of r by Q(logn)

As a startup, we follow the steps of (Giuliani et al. [24], Section 3), who studied a
family of Fibonacci word-related words for which they could observe a multiplicative
sensitivity of ®@(log ) for the number of character runs in the BWT. We here show a similar
result, but use a new character (#) instead of one already appearing in the binary word. To
facilitate notation, we write < for <, when sorting conjugates. We build our proofs on the
insights from the following results from the literature.

Lemma 1 (Remark 11 from [16]). All conjugates of a word have the same BWT.

Lemma 2 (Proposition 4 of [24]). We let F2bk be a word that removes the last character of Fyy, then
r(Ey) = 2k.

Lemma 3 (Lemma 7 of [24]). conjn73(F2bk) is the smallest conjugate in M(szk).

Lemma 4. We let v € X* be a Lyndon word of szk that contains at least two distinct characters
and let # be a character that does not occur in v. Then, r(v) < r(#v) = r(v#) < r(v) + 2.

Proof. We refer to Conjnfg(PZbk) from Lemma 3 as v here if only 0 < i,j < fo; — 1. The con-
jugates of v with index i and j are conj;(v), conj;(v), respectively. Also, we set the lexico-
graphic order between two conjugates as conj;(v) < conjj(v); thus, v[i..Jv| — 1]v[0..i — 1] <
v[j..|v| — 1]v[0..j — 1]. We prove this separately in two cases, where Figure 1 sketches
the setting.
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-
(e}
-
|
—_

conj;(v) lv| — 1

conj]-(v) j lv| —1]0 j—1

Figure 1. Sketch of the setting conj;(v) < conj j(v) considered in the proof of Lemma 4.

Case 1: |1cp(conji(v),conj]-(v))| <min(jo| —i+1,|v|—j+1);
Case2:  llep(conj;(v), conj;(v)) | > min(jo| —i+1,[v] —j+1).

The red rectangle in Figure 2 is an example of a common prefix of conj;(v) and conjj(v).
In Case 1, it is conj;(v) < conjj(v), meaning that the character of conj;(v) in position
I1cp(conj;(v), conj j(v)) I +1 is smaller than in the one in the same position in conjj(v). Thus,
inserting # in position |v| does not change the lexicographic order between conj;(v) and
conj;(v). The order is preserved.

ofi..|v| — 1#v[0..i — 1]

—-

lo| — 1#|0 i—1

v[j..|v| — 1]#0[0..j — 1] |o| —1[#{0 j—1

~.

Figure 2. Illustration of the first case in Lemma 4. Inserting # does not change the lexicographic order
between conj;(v) and conjj(v).

The red rectangle in Figure 3 depicting the longest common prefix of the two strings
in question is longer than |lep(conj;(v), conj;(v))|. In Case 2, it must be i > j, which
means [v[i..[v| — 1]| < |v]j..|v| —1]|. When itisi < j, then |v[j..|v| — 1]| < |v[i..]v| — 1]|,
meaning that # appears first in con; ]-(v). As a result, conj ]-(U) < conj;(v), which contradicts
conj;(v) < conj]-(v). Thus, in Case 2, we only consider when it is i > j, as illustrated in

Figure 3.
ofi..|v| — 1]#v[0..i — 1] Ji [v| —1j# 0 i—1
v[j..|v| — 1]#v[0..j — 1] |;j lv| —1(#| 0 j—1

Figure 3. Illustration of the second case in Lemma 4.

Furthermore, we distinguish the second case between two subcases: We let u be unique
circular factor which is smaller than all the other circular factors having the same length
in .

Case2(a):  when uis a prefix of v[i..|v| — 1];
Case2 (b):  when v[0..i — 1] is a prefix of u.

When it is Case 2 (a), u appears only in the prefix of v[0..i — 1]. Thus, the first difference
between conj;(v) and conj]-(v) lies within the unique occurrence of u. The situation is
depicted at Figure 4. After inserting the #, conj;(v) becomes v[i..|v| — 1]#v[0..i — 1], creating
factor #u at position |v| — i + 1, which is not only unique but also smallest among other
factors of length |#u| in v. Any factor that appears in the same position in v[j..|v| — 1]#u is
greater than #u. Thus, the order is preserved.
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—.

ofi..|v| — 1#v[0..i — 1] lv| — 114 U i—1

v[j..|v| — 1]#0[0..j — 1] lo| -1 U j—1

~.

Figure 4. Illustration of Case 2 (a) in Lemma 4. Inserting # in does not affect lexicographic order
between conj; (v) and conj]»(v).

In Case 2 (a), u is the smallest prefix which appears only once in v[0..i — 1]. vis a
Lyndon word; thus, v[0..i — 1], it is also the smallest factor in v. However, in Case 2 (b), u
is longer than v[0..i — 1]. We sketch the situation in Figure 5, where we visualize u with
a purple rectangle. Therefore, v[0..i — 1] must appear more than twice in u. If [0..i — 1]
appears only once, u is analogous with 0[0..i — 1]. Also, from conj;(v) # conj;(v), there
must be a difference in v[0..i — 1]. Moreover, since v is primitive, v cannot be expressed
in the form Z* for word Z and a integer k > 2. The first distinct character between
conj;(v) and conjj(v) is within conj;(v)[|v| — i + 1..[v| — 1]. We assume otherwise that
there is no mismatching character pair with v[0..i — 1] and the prefix of conj;(v), which
is v[i..2i —1]. Since v[0..i — 1] = v[i..[2i — 1], conj;(v) also has a smallest prefix and it
contradicts with v, which is one and only Lyndon word. Moreover, conj;(v) becomes
0[0..i — 1]o[i.2i — 1] ... = v[0..i — 1]?..., thus contradicting its primitivity.

In this way, after inserting a #, the analogous behavior of Case 2 (a) is observed.

ofi..|v| — 1#v[0..i — 1] #(0 i—1

v[j..|v| — 1]#0[0..j — 1] #0 j—1

Figure 5. Illustration of Case 2 (b) in Lemma 4.

The order of original conjugates of v is preserved with respect to the original BWT
according to the cases above. Thus, the only difference in inserting # in v occurs in
conjugates of #v and v#. On the one hand, we observe that #v is now the smallest among
all conjugates of M (#v), and it ends with the last character of v. On the other hand, v#
becomes the second smallest conjugate and ends with #. Hence, we have BWT(#v) =
BWT(v)[0] - # - BWT(v)[1..|v| — 1], which concludes the proof. [J

Theorem 1. We let Fyy be the Fibonacci word of even order 2k > 4, and fyr = |Fox|. We let szk be
the word that results from substituting a b by a # at position fop — 1. Then, r(szk#) =2k+2.

Proof. We let S = szk#. From Lemma 2, r(ng) = 2k. And by Lemma 3, we know
that conjn_3(szk) is the smallest conjugate among M(szk). By Lemma 4, we have
2k < r(#conjn_3(F2bk)) < 2k + 2. More precisely, it is 2k 4 2 since #Conjn_3(F2bk) is the
smallest conjugate in M (Fj,#) and conj, 5(Fj,)# is the second smallest conjugate. The
relative order among the conjugates of #conjn73(F2bk) coincides with that of the conju-
gates of szk' using the same argument as in the proof of Lemma 4. This means that
to obtain BWT(S), it suffices to insert a # between the first two bs in BWT(F},). Since
r(#conj, 5(F3,)) = r(#F)) = r(Fj#), we obtain the claim. [J
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5. Additive Sensitivity of r by Q(4/n)

In Section 4, we presented a word such that substituting one of its characters by
#, which is strictly lexicographically smaller than all its characters, resulted in a loga-
rithmic multiplicative increase in the number of runs r in the BWT. We now follow
(Giuliani et al. [24], Section 4), who presented a family of words where a single edit can
produce an additive increase of ®(/n) in r. Like before, we want to study the sensitivity
when introducing a new character (#) in Section 5.1 or additionally when inverting the
order of the alphabet in Section 5.2.

Definition 1. For any k > 5, we let P, = ab*aa and E; = abfabal~2 forall i € [2.k — 1],
and Qy = abXa. Then,

k-1 -1
Wy = (H Pz‘Ei> Qr = <H ablaaablabal_2> abka. (1)
i=2 i

i=2

The length of these words is

k—1 2
4 3k2 + 7k
n:Z(31+4)+(k+2):T+—9. )
i=2

Thus, k = ©(y/n). W} is

k=1 k=1 S
W) = <H PiE,-> ab = (H ablaaablabal_2> abt. 3)

=2 =2

We append #, which is lexicographically smaller than character a at the last part of W,E and
name the resulting word W,E #.
Also, Wy, with its characters a and b swapped, is defined as W, which is

k-1 -1
W, = (H PlEl> QO = (H balbbba’babl2) ba*b. (4)
i=2

i=2

To characterize the BWT of words W,E #, Wy and W,ﬁc, we partition each of the BWT conjugates
MW#), M(Wy), M(W)c) into distinct groups of consecutive conjugates having identical
prefixes and define the subword of BWT(W}.) corresponding to each of these prefixes.

Given X € ¥*, we denote by B(X, Wy) the subword of BWT(Wj) corresponding
to the range of contiguous conjugates prefixed by X. We omit the second parameter of
B(X, Wy) when it is clear from the context. (X)) is the concatenation of the last characters
of conjugates with prefix X. For example, when X is banana, there are two conjugates
starting with the prefix an which are ananab and anaban; thus, f(an) of banana is bn.

Lemma 5. In Proposition 28 of [24], it is already known that r(Wy) = 6k — 12.

5.1. BWT of Wy After Substituting a Character

The lemmas presented below characterize the BWT of W after certain modifications
have been applied. Rather than deriving the entire structure of the BWT from scratch, we
analyze how replacing a character affects either the relative order or the final character of
the conjugates of Wy. We let M (W]E #) be the list of lexicographically sorted conjugates of
the word W}(’#.
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Lemma 6. B(#, W,E#) =D.

Proof. The first conjugate in M(W,E#) is #P, - - - b. Since the lexicographic order of # is
smaller than all other characters, a conjugate starting with # is smaller than every conjugate
starting with a. # can be obtained by the last character of W]E #, which is preceded by a b. [

Lemma 7. B(a’db, W)#) = ba*~'=2 forall i € [4.k —2].
Proof. Given integer i € [4..k — 2], the conjugates of M (W}#) starting with a'b are
a 1P, b<a Pisa<--<a Pq-a<al QM-

In M(W,E#), a prefix a’b can only be obtained by concatenation of the suffix a'~2 of E;,
with the prefix ab of P, or the prefix of ab of QZ# if i = k. Note that all these conjugates
end with an a, with the exception of the conjugate starting with '~ P; 1, since this is where
the unique occurrence of ba' b can be found. (]

Lemma 8. B(aaab, W)#) = b°(ab)a.
Proof. The conjugates in M (W}#) starting with aaab are

aaFy---b<aaE3---b<aaFs---b<aaP5---b<aaF5---b
<aalPy--ra<aaEg--b<: - <aal q--ra<aaEr 1D

< aaQ,b{#- - a.

In M (W.#), the conjugates that start with aaab can be obtained for all i € [4..k — 1]
from the concatenation of the suffix aa from E; with P; 1 or with Q,b(# ifi="k1Ifie2.k—1],
concatenation of the suffix aa of P; with the prefix ab of E; also makes aaab. Also, we can
sort the conjugates with following order: U?_,{aaF;} U Ui-{:_51 {aaPaak;} U {aaQ)#}. All
conjugates of aaE; end with a b and if i € [5..k — 2], aa of E; concatenated with P; 1 or Q,bc#
if i = j also ends with a. On the other hand, aaP5 ends with b. [J

Lemma 9. B(aab, W)#) = aaba? 5.

Proof. The conjugates in M (W,E#) starting with aab are

afy--ra<aFs--ra<abPy- b

<aE4~~~a<aP5---a<aE5~--a<---<aPk,1-~~a<aEk,1---a<aQ,bc#---a.

Each of the conjugates starting with aaab from Lemma 8 induces a conjugate starting with
aab, obtained by shifting on the left one character a . It follows that all of these conjugates
end with an a. The other conjugates that start with aab are those obtained by concatenating
the suffix a of E3 with the prefix ab of P4 which ends with b. O

Lemma 10. B(ab, W/#) = bf*#aba? .

Proof. The conjugates in M (W,E#) starting with the prefix ab are

abak 3 Q#- b < abak P _; b <. < abP3---b
<Py #<E--a<Pyb

<E3~-a<P4~~-a<E4~~~a<~~~<Pk,1---a<Ek,1~~a<Q]7(#~--a.
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For all two distinct integers i,i’ with i > i > 0, we have aba'b < abai'b. Thus, the first
conjugate in the lexicographic order starting with ab is the one followed by the longest a.
The smallest of these conjugates can be found from the suffix aba*~3b of Ex_;, followed by
the suffix aba! 2b of E; forall 2 < i < k — 2 taken in decreasing order.

By construction of E;, for all 2 < i < k — 1, these conjugates must end in a b. The
remaining conjugates starting with ab are exactly those of either P; or E;, forall2 <i < k—1,
or Q,b{#. The conjugates can be obtained by shifting on the left one character a from the
conjugates starting with aab from Lemma 9, with the exception of one starting with Ps
since it ends with a b, and the other starting with P, which ends with #, while the other
conjugates end with an a. [

Lemma 11. B(b'#4, W,E#) =bforalll <i<k-—1

Proof. The conjugate in M (W}#) starting with b'# forall 1 < i < k — 1is b'#P, - - - b. This
conjugate can be obtained by a suffix of Q,b(#, and is always preceded by a b. [

Lemma 12. B(ba, W)#) = a~>bbbabl®ab 2a.

Proof. The conjugates in M (W,E#) starting with ba are

bak73Q,b(#---a<bak74Pk,1---a<~~-<ba3P6~~~a
< baaEy---b<baaEz---b <baaEy---b <baaP5---a
<baaEs---b<baaEg:---b<:---<baaEy_q:---b<baPy---a

< babak3Q}#---b < babak P,y ---b < --- < babP3---b < babbbaa- - - a.

We have as many circular occurrences of ba as the number of maximal character runs
of bin W,E#. Then, forall2 <i<k-—1,

Case1: onerun of bin P; and
Case2: tworunsinkE;.

For Case 1, we have one conjugate starting with baaFE; for each i € [2..k — 1]. Since
each run of b within each word of P; is of length of at least 2, all conjugates in (1) end with b.
For Case 2, for all i € [2..k — 1] we can distinguish between two subcases, based on where
ba starts:

Case 2 (a): from the first run of b in E;, which is baba’ 2P, when i € [2..k — 2] or
babak_SQ,b(# if i = k — 1. Since b has at least 2 runs, conjugates with prefix
(2.1) always end with b.

Case2(b):  from run ba' 3P, foralli € [2.k — 2], and bak’3Q,b(#. Each conjugate of
Case 2 (b) is obtained by shifting two characters to the right in each conjugate
in Case 2 (a). Therefore, these conjugates end with an a.

Observe that only for Case 2 (b) we have conjugates starting with baaaa. Hence,
the first conjugate in the lexicographic order is the one starting with bak_3Q,bc#, followed by
those starting with bak 4P, < baF 5P, < -+ < baaaP;.

Among the remaining conjugates, those that have the prefix baaa start with baaP;
from Case 2 (b) or baaE; from Case 2 (a). Thus, we can sort them according to lexicographic
order. Then, the remaining conjugates, which start with baa, are obtained by baPs; only.
Finally, let us focus on the conjugates from Case 2 (a), which start with ba. These conjugates
are sorted according to the length of the runs of as following the common prefix bab,
similarly to the sorting of conjugates from Case 2 (b). The last conjugate left is the one
starting with bPs from Case 2 (b). Since bP; is lexicographically greater than all other cases,
this is the greatest conjugate of W,E# starting with ba and we can conclude our claim. [J
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Lemma 13. B(b/a, W]E#) =ab® T 2aforall2 <j<k-2
Proof. The conjugates starting with ba’ with integer 2 < j < k — 2 in M (Wﬁ#) are

biaaE,-~~~a < biaaEi_H b < K biaaEk,l )
< biabakf?’le(#- b < biabak74Pk,1 b < < biabaiflpi_,_z --+b

< biabai_zPiH Y

All runs of b of length at least 2 < i < k — 2 appear in either

Casel: P; or
Case2: E;foralli <j<k-—1.

Let us consider these two cases separately. For all i < j < k — 1, the conjugate starting
within P; has prefix biaan. Forall i < j < k — 2, the conjugate starting within E; has
prefix baba/ ’ZP]'H, and for j = k — 1, we have the conjugate with prefix b'aba—3 Q}t#. By
construction, we have all the conjugates from Case 1 sorted according to the lexicographic
order of the words with respect to the length of the run by b obtained by E;.

The conjugates covered by Case 2 are sorted according to the decreasing length of the
run of a, following the common prefix b'ab. Only when the run of b is exactly i long, its
conjugate ends with a. Thus, the conjugates ending with an a are those starting with P; and
E;, which have prefixes b'aaFE; and biabai’zPiH. d

Lemma 14. (b 1a, W,E#) = aa.
Proof. The two conjugates in M (W#) which start with ba*~'a are
bkilaaEk,l ra< bkilabakfg’Q,b(#- .- a.

The conjugates with the prefix b*~'a start with E;_; or Q?C#. These conjugates have prefixes
of b laaF;_; and bk_labaQ,bC#, respectively. One can see that these conjugates taken in
this order are already sorted, and both conjugates end with a. [

Lemma 15. B(b*4, WIE#) =a

Proof. The last conjugate in M (WIE#) is b*#P, - - - a. The last conjugate in lexicographic or-

der starts with b*#P,, and since the run of b is maximal, it ends with a, and the claim follows.
a

In conclusion, we define the above theorem.
Theorem 2. r(W,E#) — (W) = 2k — 5 for every k > 6.

Proof. The BWT of the W}# is BWT(W[#) =B(#) TT-_1 B(a*~™b) - TT* =} B(v'#)B(b'a) - B(bFa).
We refer to Table 2. Moreover, r(W,E#) = 8k — 17 which has 2k — 5 more runs than
r(Wg) = 6k — 12, cf. Lemma 5.

The lexicographic order of # is lower than an a, and a conjugate starting with #
is smaller than any conjugate starting with a. Moreover, every conjugate in f(a'b) is
smaller than every one in ‘B(ai,b), for every 1 < i/ < i < k—2. In addition, ev-
ery conjugate contributing a character to f(b/a) is smaller than a conjugate contribut-
ing a character to ,B(bf/ a) forevery 1 < j < j < k—1. And with a conjugate start-
ing with b'#, the number is smaller than that of ba. Since we considered all the dis-
joint ranges of conjugates of W,E# based on their common prefix, the word BWT(W]E #) is
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B(#) TTE =3 B(a*~™b) - TTZ] B(bi#)B(bla) - B(bFa). With the structure of BWT(W,#), we can
derive its number of runs. The words S(#) and H::; B(ak~'b) have 2(k — 6) runs: we start
with 1 run from B(#) = b which is merged by B(a¥?b)B(a*~3b) = bba. And concatenating
them B(a'b) up to B(a*b) adds 2 new runs each. B(aaab), B(aab), f(ab) have 2(k — 5), 3,
5 runs, respectively. However, the boundaries between f(aaab) and B(aab) are merged
by an a; therefore, f(aab) has 2 runs. S(b#) has 1 run, followed by B(ba) which makes
7 runs. Then, B(b'#) and B(b'a) repeat, making 1 and 3 runs until i = k — 2 thus makes
4(k — 3) runs. B(b*~1#) adds 1 run. Also, B(bF"'a) adds 1 run and is the last run since
B(b*#) does not add new runs, since it consists only of a a that merges with the previous
one. Altogether, we have 2(k —6) +2(k —5) +2+5+14+7+4(k-3)+1+1=8k—17,
and the claim holds. The main difference in the runs of W,E# and W occurs from the prefix
beginning with b'# that concatenates with b‘a, repeating baba for i € [2..k — 1], while W;
repeats only ba. Thus, it makes additive runs of 2k — 5 = O(k) = ©(/n).

Table 2. Classification of the number of runs obtain in Theorem 2. The total number of runs is 8k — 17.
BWT of W)# Runs
B(#) =1 1
B(a’b) =bak""2forall4 <i< k-2 2k — 11 but, when merged, 2k — 12
B(aaab) = b°(ab)*°a 2k — 10 but, when merged, 2k — 11

(
(
B(aab) = aaba?—8 3 but, when merged, 2
B(ab) = b*2#aba® 0 5
B(b'#) =bforallic [1.k —1] k-1
B(ba) = a*~SbbbabfPabk—2a 7
B(b/a) = ab?k=i~Daforall j € [2.k — 2] 3(k —3)
B(oF ! ) 1
B(ok#) = 1 but, when merged, 0

Tables 3-7 depict M (W,E#). The first column partitions conjugates by common prefixes
and names the common prefix shared by all conjugates in a partition. The second column
shows the remaining part of the respective conjugate followed by the prefix of its partition.
The remaining part of a conjugate decides its relative order inside its partition. The BWT
column shows the last character of each conjugate. [

Table 3. Lexicographically sorted conjugates of W,E# studied in Theorem 2, Part 1.

Prefix Remaining Part BWT
# P, b
aF2p bf1a b
ak_ab bkfzaa b

k—1

b # a
bk3aa b
ak—4p bk 2aa a
b 1# a
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Table 4. Lexicographically sorted conjugates of W}E# studied in Theorem 2, Part 2.

Prefix Remaining Part BWT
bab b
bbaba b
bbbabaa b
b%aa b
btaba’® b
boaa a
a’b poabat b
bbaa a
bbabad® b
bk2aa a
bk ~2apak—3 b
bh 1y a
bab a
bbaba a
bbbaa b
bbbabaa a
4
2 b*aa a
a“b
b*abald a
b 2aa a
bk—2abak—3 a
bh 1y a
Table 5. Lexicographically sorted conjugates of W,E # studied in Theorem 2, Part 3.
Prefix Remaining Part BWT
ak* 3 Q?(# b
ak’4Pk,1 b
Ps b
baa #
bab a
ab bbaa b
bbaba a
blaa a
blaba? a
bk —2aa a
bk 2 abak -3 a
pk-1g a
b# 12 b
ak—4 Q,bc# a
ak=5 P4 a
a2Pg a
b%ab b
b’aba b
b*abaa b
ba aab’aa a
aab’aba’ b
aab*labaF—3 b
P4 a
bP; b
baf 3 Qo b
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Table 6. Lexicographically sorted conjugates of W,E# studied in Theorem 2, Part 4.

Prefix Remaining Part BWT
bb# P, b
aabZab a
aab3aba b
bla aabflabak—3 b
k-3 b
ba" Qi # b
baPy b
bP; a
bbb# b, b
aab3aba a
aab*abaa b
bla aabflabak—3 b
k-3b
ba™ Qi # b
baaPs b
baPy a
bbbb# b,

Table 7. Lexicographically sorted conjugates of W,E# studied in Theorem 2, Part 5.

Prefix Remaining Part BWT

bk—24 P, b
aabf2abak—4 a

k—1 k-3

bk—24 aaE X abba b
ba" QU # b
bak_4Pk_1 a

bk_l# P, b
aabflabak—3 a

k—2 k-3 b

b* " “a ba" e Qi #

bk# P, a

5.2. BWT of Wy After Substituting a Character

In this subsection, we consider the word Wy = ([T} TEZ) Q= (Hf;zl ba'bbba’bab’ 2 | ba'b,
where we swapped a with b in Wj. The following series of lemmas characterize the subword
of BWT(W;) using M (W) for each range we consider.

Lemma 16. B(a*b, W;) = b.

Proof. The first conjugate in M (W) is a"b - - - b. The first conjugate in lexicographic order
must start with the longest run of as. By the definition of W, the longest run of a has length
k, which is obtained by a* of Qy, which is preceded by a b. [J

Lemma 17. B(a'b, Wy) = ba?*=2~1p forall i € [2.k —1].
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Proof. With integer i € [2..k — 1], the conjugates starting with a’b in M (W) are

a'bab’2...b<abab’l-.ca< .- <ababfP.ia < aibE...a
< abbbaF 1. .a < ... < albbbaltl...a
< a'bbba’ - - - b.

Foralli € [2..k — 1], the factor of a’b can only be obtained for all j € [i..k — 1], from a’bab/~2
from E?, or a'bb from Fj, and if j =k, a'b from Qy. We can sort the conjugate according to
the lexicographic order. Note that all these conjugates end with b, with the exception of the
conjugate starting with a’b obtained by E; and P; ending with b. [J

Lemma 18. B(ab, W;) = ba?baa">baaab 5.
Proof. In M (W), the conjugates starting with ab are

abaaabbE, - --b < abaP;3---a < ababPy---a < --- <ababk73Q7k---a
<abE---b<abP?---a<abbK-~a<---<abbF5---a
< abbP5 < abbE,---a < abbE3---a < abbE,---a
< abbbPg-- b < -+ < ab3Q; b,

We have as many circular occurrences of ab as the number of maximal (circular) runs of b
in W;. Then, for all i € [2..k — 1], we have three cases.

Casel: onerunofabinP;,
Case2: tworunsinabinkE;,
Case3: onerunabin Q.

For Case 1, we have one conjugate starting with abbE;, for each i € [2..k — 1]. Since
each run of a within each word of P; is of length at least 2, all conjugates in Case 1 end in a.
For Case 2, for all i € [2..k — 1], we can distinguish between two sub-cases based on where
ab starts.

Case 2 (a): from the first run of a in E;, starting with abab' 2P, if i € [2.k — 2],
or abab*3Qy,
Case 2 (b): from the second run in E;, starting with ab 2P, 1, if i € [2..k — 2], or ab*3Q;.

Similarly to Case 1, each conjugate for Case 2 (a) ends with a. Each conjugate
in Case 2 (b) is obtained by shifting two characters on the right in each conjugate in Case 2 (a).
Therefore, all these conjugates end with b.

For Case 3, the conjugate starting with ab in Qy has abP; as a prefix and is preceded by
a. Observe that only for Case 2 (b), we have one conjugate that starts with abaaa obtained
by aP; and it is the first conjugate in the lexicographic order of Wj. Then, the conjugates
start with abab followed by abaP3 < ababPj < - - - < abab‘3Q; from Case 2 (a).

Among the remaining conjugates, those with the prefix abb start with abP; from
Case 2 (b) or abP, from Case 3. Then, among the left conjugates, the conjugate with the
prefix abbb from Case 2 (a), for all i € [2..k — 1], or abbPs from Case 2 (b) follows. The
last remaining conjugates have the prefix ab’ =2 for i € [6..k — 1] or ab*~3Qy, which can be
obtained by Case 2 (b). Since ab*~3Qy is greater than all other conjugates, it is the greatest
conjugate of W starting with ab and we conclude this proof. [J

Lemma 19. B(ba, W;) = bb*8babbat 2.
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Proof. The conjugates in M (W) that start with ba are

bafbP, - - b < bak 1abk 30, - b < bak TbbE;_; -+ - b < baF Zbabk 4P - b
< ba" 2bbE;_5---b < --- < ba*babbDls---b < ba*bbE; - - b
< baaababP; - - -b < baaabbEj---a < baabaP;---b < baabbE;---b
<baP;---a<babPy---a<- - <bab" Q- a.

For integer i, we can see that ba'bab’ 2 is lexicographically smaller than ba’bb. Thus,
the first conjugate in lexicographic order starting with ba is the one followed by the longest
run of a, and it can be found by ba*b of Qy, followed by conjugates starting with ba’bab’~2
of E; and ba’bb of P; for all i € [2..k — 1] taken in decreasing order. By construction of E;,
fori € [2..k — 1], these conjugates must end with a b. Otherwise, for P;, conjugates also end
with b, with the exception of a conjugate starting with P, since it is preceded by an a from
P,. The remaining conjugates starting with ba are exactly those conjugates that have the
prefix of the suffix bab'~2P;, 1 if i € [2..k — 2] or babF3Q;. All of these conjugates end with
a, since they are preceded by a. [J

Lemma 20. B(bba, W;) = b 8abba.
Proof. The conjugates starting with bba in M (W) are

bQr - b<bE_;--b<bP_q-b<---<bEs---b<bPs---b<bE; Db
<DbPy---a<bEz---b<bEy---b<bP---a.

These conjugates are obtained by following four cases.

Case1:  concatenating suffix b of P; with E; for all j € [2.k — 1],
Case2:  concatenating suffix b of E; with Pj; forall j € [3..k — 2],

Case 3:  concatenating suffix b of Ex_1 with Qy,
Case4: concatenating suffix b of Qy with P;.

The first conjugate in lexicographic order starting with bba is the one followed by the
longest run of a. The smallest of these conjugates can be found by Case 3, concatenation
of the suffix b of Ex_; with Q;. We can directly observe that bba/bab/~2 < bba/bb holds
for every integer j > 0. Thus, the next conjugate will have the prefix bE7 from Case 1 and
bP; from Case 2 repeating in decreasing order. Since bE; of Case 1 and bQy of Case 3 is
preceded by a b, those end with a b. On the other hand, bP;, | precedes b forall j € [4..k — 2]
until bPy appears since it precedes an a. Lastly, conjugates with the prefix bbaaa and bbaa
by Case 1 end with a b. The greatest lexicographic conjugate is from Case 4 as it has the
smallest runs of a which is two and ends with a.

We can sort all of these conjugates according to the order of the words in

k-1 3

{01} U {vEpP U U {E7} U (bR},
j=4 =2
O

Lemma 21. B(bbba, W) = b(ab)"®a’.
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Proof. The conjugates in M (W) starting with bbba are

bbQy b < bbEj_1:--a<bbP,_i--+b<- - <bbEg---a<bbPs---b
< bbE5s---a<bbPs---a<bbEj---a<bbEz---a<bbEy---a

Some of the conjugates starting with bbba can be obtained by two cases.

Case1:  from the concatenation of the suffix bb of E;_; with a prefix of ba of P; for all
jeb.k—1]
or Qpifj =k;

Case2:  from the concatenation of the suffix bb of P; with prefix ba of E; for all j €
2.k —1].

Thus, all conjugates starting with bbba are sorted according to the lexicographic order
of the words in {bbQ;} U U 2{bbE;bbP; } U U »{E;}. All conjugates starting with bbP;
forall j € [6..k — 1] or bbQy in Case 1 end with b. Otherwise, conjugates starting with bbPs
of Case 1 or bbE; for all j € [2.k — 1] of Case 2 end with a. [J

Lemma 22. B(bla, Wy) = X/ 2aforall j € [4.k —2].

Proof. All runs of b of length of a range j € [4..k — 3] appear only by concatenating suffix
o/~ of Ej ;1 with prefix ba of Pij/ forall j/ € [j + 2.k — 1] in decreasing order. All of these
conjugates end with a b, with the exception of a conjugate b/ 4% which ends with an a
since suffix b/~! precedes an a. Hence, the last conjugate in lexicographic order starting
with b*2a is within b¥3Q; and since the run of b is maximal it ends with a, and the
claim follows. [J

The following theorem presents the shape of the BWT of W.

Theorem 3. For every k > 6,r(Wy) = 6k — 12. cf. Table 8.

Table 8. Classification of the number of runs obtained in Theorem 3. The total number of runs is
6k —12.

BWT of W, Runs

B(ap) =b 1

B(a'b) = ba?k—1-D+1p foralli € [2.k — 1] 2k — 3 but, when merged, 2k — 4
B(ab) = ba*?baak " baaab > 7 but, when merged, 6

B(ba) = b*~abbak—2 4 but, when merged, 3

B(bba) = b 8abba 4

B(bbba) = b(ab)F a3 2k — 10

B(bla) = =723, foralli € [4.k — 2] 2k — 12

Proof. Let us put the result from Lemma 16 to Lemma 22 together. Every conjugate of
contributing a character to §(a'b) is smaller than a conjugate contributing a character to
,B(ai,b), for every 1 < i <i <k Symmetrically, every conjugate in ﬁ(b7 a) is greater
than every conjugate in ﬁ(bfla), when 1 < j/ < j < k—2. Since we considered all the
disjoint ranges of conjugates of Wy based on their common prefix, the word Hé‘;& B(a*=b) -
1527 B(b'a) is the BWT of Wj.

With the structure of BWT(W;), we can derive its number of runs. The word
H;‘;& B(aF'b) has exactly 2k + 3 runs: we start with 1 run from B(a*b) but it is merged
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by a b from B(a*~'b). Then, concatenating each B(a*~'b) up to B(aab) adds 3 runs each.
However, the boundaries between these words merge because b appears continuously.
Thus, each B(a'b) fori € [2..k — 1] makes 2 runs each. By counting, we observe that (ab)
runs 7 times. The remaining part of the BWT, that is, H?;lz B(b'a) has 4k — 12 runs: the
word B(ba), has 4 runs, but the first b merges with a b from B(ab), so we only charge 3
runs for this word. Then, B(bba) and B(bbba) add 4 and 1 + 2(k — 6) + 1 runs, respectively.
Finally, [T'_2 B(b'a) runs for 2 until i = k — 3. The word B(bF2a) does not add new
runs, as it consists only of an a that merges with the previous one. Altogether, we have
2(k—2)+7+3+44+142(k—6)+142(k—6) = 6k — 12, and the claim holds. [J

The following lemmas describe the BWT of W; after applying one specific edit oper-
ation. W,Ec is a word obtained by replacing the last character b of Wy with c, where c is
lexicographically larger than b. The number of runs in the BWT of WIEC can be derived
by comparing the BWT of W,Ec to the BWT of Wy, for which we explicitly counted the
number of runs, so we omit these parts of the proof using M(@c), which is a list of

lexicographically sorted conjugates of word W,E c. Substituting the last character with ¢ in
W also increases the number of runs by @ (k).

Lemma 23. B(akc, W]EC) =b.

Proof. The first conjugate in M (W]Ec) starts with afc - - - b. The first conjugate in lexico-
graphic order must start with the longest run of a. By the definition of W,E c, the longest run

of a is obtained by suffix ac of @C, preceded by a b. [J
Lemma 24. B(a'D, W,Ec) =a? 2 2p forall i € [2.k — 1].
Proof. The conjugates in M (WIEC) starting with the prefix a'b for i € [2..k — 1] are

aibabifzpiﬂ b < aibabiflPiJrz ra<< e < a"babk74Pk_1 cra< aibabk73Q]b(c cera
<abbE_;---a<---<abbEg_,---a<--<abbE---a
< a'bbE; - - - b.

For every integer i € [2..k — 1], the conjugates in M (W,Zc) starting with bia can only be
obtained from two cases:
Casel: a'bab’ 2 of E; forall j € [i.k —1],
Case2: a'bbof P;forallj € [i.k —1].

We can sort these conjugates according to the lexicographic order of U;:iz {a’bab/ _ZPHl U
aibabk_3Qi]bc U U;:il {aibbfj}. Note that all these conjugates end with an a, with the excep-

tion of the conjugate starting with a’bab/ 2P, | and a'bbE;, since these are the only places
where the occurrence of a’b can be found. [J

Lemma 25. ﬁ(aic,W,Ec) =aforallie [1.k—1].

Proof. The only conjugate in M (W,Ec) starting with a’bc for all i € [1..k — 1] has a prefix of
a'bcP, - - - a. For all two distinct integers 7,i with i > i’ > 0, we have a’bc < a've. Also,
since the lexicographic order of a word in W]ZC isa < b < ¢, itis also clear that a'b < a'c.
The conjugates starting with a’c are obtained from a‘c from azc and since the length of a is
k, all conjugates with a' with i € [1..k — 1] end with a. J
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Lemma 26. f(ab, W]EC) = ba*2ba*Pbaaabl .
Proof. In M (W,Ec), the conjugates starting with ab are

aP73--~b<abaﬁ3~--a<ababP74--~a<---<ababk73Q7]b<c~~~a
< abPy---b
< abbEj_j---a<--- < abbEs---a
< abbPs---b < abbE4---a < abbEz---a < abbEy---a

< abbbPg---b< - < abf3Qlc---b.

We have as many circular occurrences of ab as the number of maximal runs of a in W,Ec.
Then, for all i € [2..k — 1], we have two cases.

Case1:  one run in P; obtained by concatenating suffix abb of P; with E;, for each i €
[2.k —1],and
Case?2: two runsin E;.

For Case 1, since each run of a within each word of U;‘;zl abbF; is of length of at least
2, all conjugates in Case 1 end with an a.

For Case 2, for all i € [2..k — 1], we can distinguish between two sub-cases, based on
where ab starts, if either

Case 2 (a): from the first a in E; or
Case2 (b):  from the second a in E;.

For Case 2 (a), we can see that these conjugates are of the type abab' 2P, if
i€[2.k—2]or ababk’3Q]b(c. Similarly to Case 1, each conjugate for Case 2 (a) ends with
a. Each conjugate in Case 2 (b) is obtained by shifting two characters on the right each
conjugate in Case 2 (a). Therefore, all of these conjugates end with a b and have prefix of
type abi 2P, if i € [2.k — 2] or ab*"3Q’c. All these conjugates end with a b since a is
preceded by b. Observe that only for Item Case 2 (b), we have conjugates starting with
abaaab which is aP;. Hence, it is the first conjugate in lexicographic order, followed by
those starting with abaP; < ababP < - -+ < abab‘3Q’c from Item Case 2 (a) and these
conjugates start with abab.

Next, conjugates with a prefix of abba which is abP; from Case 2 (b) follow, then
those having prefix abbba either start with abbE; for all i € [5..k — 1] from Case 1 follow in
decreasing order. Then, abbP5 from Case 2 (b) and abbEy, abbEj; , abbE, from Case 1 follow.

The remaining conjugates are those which start with a prefix of ab'a for i € [4..k — 2],
which are obtained by abi 1P, if i € [4.k — 3] or abk_3lecc, from Case 2 (b). These
conjugates are sorted according to the length of the run of a following the common prefix.
Then, the result is

k-2 k—6

{aP3} U | J {abab/"2P;11} U {aba*2Qlc} U {abPy} U | J {abbE; ; 1}
j=2 i=0

2 k-3 _
U {abbPs} U | J{abbEs_;} U | J{a/"Pip} U {ab"3Q)c).
i=0 j=4

0

Lemma 27. f(ba, W]EC) = b 0abcal2.
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Proof. The conjugates in M (W,E c) starting with the prefix ba are
bafcP, -+ b < ba* Tab* 3Qlc b < baFTbbE;_; - +b < -+ < batbabbPs b
< ba*bbEs---b < ba’babl; - - -b < ba’bbE3 - - -a < baabals---b

< baabbE, - -c <baP3---a<babP;---a< - <bab">Qlc--a.

There are many occurrences of a conjugate starting with the prefix ba, and it occurs in
three parts.

Case1: onerunofbainPj, forallje [2.k—1],
Case2: tworuns from Ej, forallj € [2.k —1],

Case 3:  one run from Q]b(c

The conjugates in Case 1 start with ba/ for all j € [2..k — 1]. Since ba’ < ba' if only
i > i’, the conjugates are sorted in decreasing order. All conjugates for j € [3..k — 1] end
with a b, except for conjugates with prefix P, since it is preceded by c.

In Case 2, we can distinguish between two sub-cases based on where ba starts:

Case 2 (a): first run of ba from the prefix of F] ,
Case2(b):  from the second run of ba in E;.

The conjugates in Case 2 (a) are the type of ba/bab/ 2Py, if j € [2.k — 2]
or ba¥~Tpabk~ 3le(c All of these conjugates are preceded by i, thus ending with b. The con-

jugates in Case 2 (b) start from bab/~2P; | iv1if j € [2.k —2] or babk 3ch and end with an a.
In Case 3, only one conjugate can be found by a prefix of bakc, which ends with b.
Observe that only for Case 3 we have a conjugate with the longest run of a after

b. Hence, the first conjugate in lexicographic order is bafcP, from Case 3. Tt is fol-

lowed by baf~babf3Q2c < bakF"1bbE;_; < bakZbabl*P_; < bakFZbbE , < -+ <

ba'*babbPs < ba*bbEy. All of these conjugates end with a b.

Among the remaining conjugates, those having prefix baaab either start with
baaababP; from Case 2 (a) or baaabbE; from Case 1. Then, the remaining conjugates
with prefix baab are those starting with baabaP; from Case 2 (a) or baabbE, from Case 1.
Lastly, k — 2 conjugates from Case 2 (b) follow, which are bab/~2P; | i1 forallj € [2.k — 2]

or babk’3azc. All of these conjugates end with an a.
We prove our claim by sorting lexicographically the conjugates in

k-2

{va*cP} U U{bak Ibabt /=3B - ba* I obEy_; 1} U | {bab/ 2P} U {bab*3Q)c} .

j=2
]
Lemma 28. f(bba, W)c) = b2 Sabb.
Proof. The conjugates in M (W,Ec) starting with prefix bba are

bbalcP, - - - b < bba* Tbab" 2Qlc b < bba* TbbE 1+ b < -
< bba’bab®Dg - - - b < bba’bbE5 - - - b < bba*babbls - - - b
< bba*bbE, - - - a < bba’bably - - -b < bbaabals - - -b

The smallest conjugate with prefix bba can be obtained by three cases.

Case1:  concatenating suffix b of E;_1 with @c,
Case2:  concatenation of suffix b of E7 with Pjq if j € [3.k — 2] or Q]b(C,



Mathematics 2025, 13, 1070

21 of 46

Case3:  concatenating suffix b of P; with E;, for all j € [2.k — 1].

The conjugates in Case 1 and Case 3 end with b. Also, conjugates from Case 2 end
with b with an exception of a conjugate starting with bP; since it is preceded by an a. We
conclude this proof by sorting lexicographically the conjugates in

k-5 1

{bba*cPy} U | {bba* " Tbab" 3P _bba" T bbEy ;1 } U | {bba® Tbab! P}
j=0 j=0

]
Lemma 29. ﬁ(bbba,@c) = b(ab)k_6aaaaa.

Proof. The conjugates in M (W]Ec) starting with the prefix bbba are

bbQlc---b < bbEg_1---a<bbP_1---b < --- <bbEs---a < bbPs---b
< DbbE5---a<bbPs---a<bbEj---a<bbEz---a<bbEy---a.

Analogously to Lemma 28, the conjugates starting with bbba can be obtained from
three cases.

Case 1:  concatenating suffix bb of E;_1 with Qi?cc,
Case2:  concatenation of suffix bb of E; with Pj, if j € [4.k — 2] or Qlc,
Case3:  concatenating a suffix bb of P with Ej, for all j € [2..k —1].

The conjugate in Case 1 is the smallest conjugate starting with bbba since it has a
longest run of a and ends with a b. In addition, the conjugates of Case 3 end with a a since
bb are preceded by an a. In Case 2, all the conjugates end with b with an exception of a
conjugate starting with bbPs since it is preceded by an a. We can sort these conjugates by

{bbQ2c} U | {bba" " Toab* 3B jbba* " 1bbE,_; 1} U | J{bba*bab? /P5_;}.
j=0 j=0

O
Lemma 30. B(b/a, W}Zc) =" 2aforallj € [4.k —2].
Proof. In M (W,Ec), the conjugates starting with prefix b/a for all j € [4..k — 2] are

bjillecc"'b < b]'*lm. b < bjflm. b < b];l%- b < bfflm. .. a.
Observe that the only conjugates with the prefix b/a for j € [4..k — 2] start with
concatenating b/ ! either to Q¢ or Py if ' € [j+2..k — 1]. One can see that these conjugates
taken in this order are already sorted, and all conjugates end with a b, with the exception
of a conjugate starting with b/ ’1m, since it is preceded by an a, therefore ending with
an a. We have all conjugates ordered according to the lexicographic order of the words
k—j—3

=0

inb/1Q)cu Us {t/"'Pc_y_1}. This concludes our proof. [J

Lemma 31. ﬁ(c,@c) =a.
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Proof. The only conjugate in M(W}zc) that starts with prefix c is cP;---a. Since c is
lexicographically larger than other characters such as a, b, it is the biggest conjugate in
M (W}c), and it ends with an a.

The following theorem puts the lemmas above together.
Theorem 4. Substituting the last character b of Wy by c increases r by 2k — 5, cf. Table 9.

Table 9. Classification of the number of runs obtain in Theorem 4. The total number of runs is 8k — 17.

BWT of W}c’c Runs

B(akc) = b 1

B'(a*"1b) = bb 1 but, when merged, 0
B’ (a'b) = ba?* 2 2p foralli € [2.k — 2] 3k—9

B'(alc) = aforalli € [1.k —1] k—1

B’ (ab) = bak"2bakSbaaabt > 7

B’ (ba) = b ~tapcak—2 5

B’ (bba) = b**8abb 3

B (bbba) = b(ab)" °ad 2k — 10 but, when merged, 2k — 11
B (vla) = b*"2aforalli € [4.k — 2] 2k —12

B'(c)=a 1 but, when merged, 0

Proof. Every conjugate contributing a character to f(a'b) is smaller than a conjugate
contributing a character to ,l%(ai/b) for every 1 < i’ < i < k— 1. By symmetry, every
conjugate contributing a character to f(b/a) is greater than each conjugate contributing a
character to B(b/a) for every 1 < j' < j < k — 2. With the structure of the BWT of (Wpe),
we can easily derive its number of runs. f(afc) - f(af1c) - Hi:lz (a'b) - B(a'c) has exactly
4k — 2 runs: we start from 1 run from B(afc) but it is merged with g(a¥~1b). (a*~1b) and
B(a¥~1c) add 2 runs. Then, concatenating each B(a’b) and B(alc) foralli € [2.k —2]ina
decreasing order, we add 3 and 1 runs each, which results in 4(k — 3) runs. By counting,
we observe that B(ab), f(a#) adds 7 and 1 runs, respectively.

The word B(ba), B(bba), B(bbba) has exactly 5, 3, 2k — 10 runs each, but since the
boundaries between f’(bba) and S(bbba) merge, the first b of f(bbba) does not count,
turning into 2k — 11. The remaining part of BWT, that iS,H;-(:_f B(bla) - B(bF2a) - B(c) has
2k — 12 runs: we start by concatenating each g/(b*a) up to (b ~3a), which adds 2 runs each.
The last 8(b¥~2a), B(c) does not add new runs, as it consists only of an a that merges with
the previous one. Altogether, we have2 +4(k—3)+7+1+4+5+3+2k—11+2(k—6) =
8k — 17, and the claim holds. L

The main difference between W and W,E ¢ comes from a'b that is concatenated with
a'c for i € [2..k — 1], which repeats baba, while Wj repeats ba only, making 2k — 5 = O (k)

more runs. Tables 10-13 describe the scheme of the BWT of word W]Ec. We have r(WIb<c) =
r(Wg) -+ 2k — 5. From Definition 1, we have k = @(+/n). Thus, r(Wyc) — r(Wy) = 2k — 5 =
O(yvn). O
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Table 10. Lexicographically sorted conjugates of WIEC studied in Theorem 4, Part 1.

Prefix Remaining Part BWT

akc E b

K1y, abF—2 b
bbak—1

o

akle P

I

apk—3

k—2y abf 2
bbak—1
bbak—2

o O

ak2¢ D

I

abk—4
abk73
k=3 abt2
b k-1
bba’
bbak—2
bbak—3

2k 3¢ P,

o M P P O

o

aab abk—2

o
o
o
=
L
o P P e O

aac P,

[

Table 11. Lexicographically sorted conjugates of WIEC studied in Theorem 4, Part 2.

=
=
—

Prefix Remaining Part

aaabb
aP3
abPT;
abbPs

abk*4Pk,1
abk_BQ,b(c
Py

bE; |
bE;
ab e
bEs
bP5
bEy
bE3
bEy
bbPg
bbbP;
bbbbPg

k)k4751)k—71
pk—4 Q?{C

O O oo T oo o0 e T

[

ac P
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Table 12. Lexicographically sorted conjugates of WIEC studied in Theorem 4, Part 3.

=
=
=

Prefix Remaining Part

ak—lc
k—Zbabk—S
kfzbb
k=3papk—4
k73bb

o o o o o

a
a
a
a

aaababb
aaabb
aaabab
aabb
aba

abb

Py

bPy

ba

bk—4pk_1
bk73Q]b(c

P PP PP RTY OO O

akf1 c
ak—2pb

o o ©

a*bab’
a*bb
a3babb
aaabb
aabab
aba

bba

oc oMo oo:-

Table 13. Lexicographically sorted conjugates of W,Ec studied in Theorem 4, Part 4.

Prefix Remaining Part BWT
k=1

k=24 apk—=3
k=2pp
k=3papk—4
k=3pp

[
o T O

bbba a’bab*
a’bb
atbab’
a%bb
adbab?
aabab
aba

PP P P T

ak*1 c
ak~2pb
bbbba ..
afbb
adbb

p o oo O

»
L
o
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6. Multiplicative Sensitivity of p by (}(logn)

Recall that p(W) = runs(BBWT(W)). In this section, we return our attention to
Fibonacci words. Similar to Section 4, we use them to construct a family of words with a
multiplicative sensitivity of ®(logn) for the number of runs p in the BBWT. Before that,
we start with some helpful lemmas known in the literature.

Lemma 32 ([41], Lemma 3). The 2kth Fibonacci word Fyy is Xprab. The Lyndon conjugate of the
Fibonacci word Fyy is Ly = aXoib.

Lemma 33 ([37], Lemma 6). We let Ly be the Lyndon conjugate of the Fibonacci word Fyy. Then,
r(BBWT(Ly))=2.

Lemma 34 ([41], Lemma 8). Ifk < n, then the Lyndon conjugate of Fy. is a prefix or a suffix of
aXub. If i = Pyba, then its Lyndon conjugate aPyb is a prefix of aP,b; and if F. = Pyab, then its
Lyndon conjugate aPyb is a suffix of aPyb.

The next lemma addresses the extended Burrows—Wheeler transform [16], which takes
a subset of steps from the BBWT by expecting the input to be a set of primitive words
(i.e., the Lyndon factors in case of the BBWT). We translate the following known result to
the BBWT:

Lemma 35 (Corollary 4 of [47]). We let {Ty, ..., Ty} be a conjugate-free set of primitive words
and let v’ be the number of runs of its extended Burrows—Wheeler transform. Then, m < r'.

Corollary 1. We let Ty, ..., Ty, be the Lyndon factors of word T, then m < p(T).

In what follows, we establish a lower bound on the multiplicative sensitivity of p with
the Lyndon conjugates of Fibonacci words by leveraging Corollary 1.

6.1. Editing the Last Position of Loy
We start with deleting the last character of Ly, which directly leads to the following insight.

Theorem 5. p(L},) > k.

Proof. Lgk = aXp is not a Lyndon word; therefore, its Lyndon is factorized and has
more than one factor. According to Lemma 34, the Lyndon word of the Fibonacci word
Fyr = Xprab is aXpib. The central word Xy is Xpr_10aX5, 5, so the Lyndon word of Fy is
aXyb = aXor_1baXor_ob. aXpr_1b refers to Ly;_1, which is aX5,_1b and the suffix aXp;_,b
is L2k72-

However, by deleting the last character b, L;k becomes aXy;_1baXp;_», meaning that
Lox_» does not exist. Thus, we can say that Ly;_1 is one of the Lyndon factors, since it
is not followed by Ly;_». The remaining part of Lgk is aXyr_p. The same as Xy, central
word X,;_, can be divided as X5;_3baXy,_4; thus, aXo,_» = aXor_3baXs,_4. We can find
Lyndon factor Lyx_3 = aXp;_3b in the prefix. The remaining part is aXp;_4, which is not a
Lyndon word, same as aXy;_» above, so aXy;_4 is Lyndon factorized and makes Ly;_5 as a
prefix, and the remaining aXy;_¢ makes Ly;_7 as a prefix. And finally, aX4 is divided as
aXsbaXp, where X5 is . Therefore, L;k’s Lyndon factor is Ly; 1 for i € [2..k] and the last
remaining part a is the Lyndon word itself. Thus, Lgk has Lyndon factors L;_1 for every
i € [2..k] and a as a Lyndon factor. The number of the Lyndon factor is k, which we depict
in Figure 6. [J
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Xok—1b

Loj_q

Xok—1b

a sz_g,b a

Lok_1 Lok_3

Xok—1b

a|Xor_3b a | Xx-sb|a

Lok_3 2%-5

Xok—1b

a| Xo_3b a | Xak—sbla Kor—7bg:|a|X3ba

Q)
)

'YBLl

Figure 6. Factorization of L;k into Lyndon factors studied in the proof of Theorem 5. L;k has k

Lox_q Lok—3 Lok_s Log_7 -+

Lyndon factors.

By Lemma 33 and Theorem 5, we conclude that the multiplicative sensitivity for
deleting the last character of Ly is Q(k).

Theorem 6. We let Lgk# be the word obtained by substituting the last character b of Loy by #.
Then, p(Lyy#) >k + 1.

Proof. Since # is lexicographically smaller than a, Lgk# is not a Lyndon word; it makes
Lyndon factors. Since # is smaller than both a and b, # is a Lyndon word. In addition, Lgk is
Lyndon factorized as Theorem 5, which produces Lyndon factors Ly;_1 for i € [2..k] and
the last Lyndon factor a. Lgk# makes one more Lyndon factor, which is #, which therefore
makes k 4+ 1 a number of Lyndon factors. We depict the Lyndon factorization in Figure 7. [

Xok #

Xok—1b

Xok—1b

Xok_3b

Xok—4

Lok_3

Xok—1b

Xok—3b

a |[Xok_sb |a

Xok—6

Lok_3

Mﬁk75

I+

Xok—1b

Xok—3b

Q
)

a

Xok-sb|a Xok_7b8:

X3 blal

Lok_1

Lok_3

Lok_s

Ly o

#
Y7

L3l #

Figure 7. Factorization of Lgk# into Lyndon factors studied in the proof of Theorem 6. Lgk# hask +1

Lyndon factors.
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By Lemma 33 and Theorem 6, we conclude that the multiplicative sensitivity for
substituting the last character of Ly is Q3(k). We observe a similar result when substituting
the last character with a larger character instead of a smaller one (#).

Theorem 7. p(Lgkc) >k

Proof. The lexicographic order between a, b, and cis a < b < c. Recall that Lgk makes
Ly;—q fori € [2..k], and a as a Lyndon factor. In Lgkc, c is in position fy; therefore, it does
not affect anything until the last Lyndon factor a. ac is the Lyndon word itself because
a < c. Therefore, Lgkc makes a k number of Lyndon factors, shown in Figure 8. [

a Xox C

a | Xox—1b a Xok—2 C
N Ly

a| Xok-1b a| Xok—3b a Xok—4 C
Lok Lo

a| Xor_1b a| Xor_3b a|Xxy-sbla]  Xor_g C
~, 11 Lyp 3 —~ Lys

a sz_lb a sz_3b a X2k75b a X2k77‘ta3 aX3ba C

\\// \/

Lok_q Lok_3 Lok_s Lok_7 T3 ac

Figure 8. Factorization of Lgkc into Lyndon factors studied in the proof of Theorem 7. Lgkc has k
Lyndon factors.

6.2. Insertions at Specific Locations

According to Corollary 1, p is lower bounded by the number of distinct Lyndon factors.
After editing Ly at any position, we can still find consecutive Lyndon conjugates of lower
order which can merge to a higher order. For instance, Lyx_1 - Lox_p merge into Ly, which
can decrease the number of the Lyndon factor. Also, Lyi_3 - Lox_p merge into Ly;_1. Our
idea is to avoid consecutive Fibonacci Lyndon conjugates so that they do not merge because
doing so avoids a decrease in a number of distinct Lyndon factors. Now, we consider
editing the specific location of Fibonacci Lyndon conjugates, also resulting in an increase
in runs. The following theorems describe the bijective BWT of Ly after some specific edit
operations are applied.

Theorem 8. We let Ly be a Fibonacci Lyndon conjugate. By inserting a at position a in Ly, p is
at least k.

Proof. We let a be the number of additions of odd Fibonacci numbers for 3 + for_5 +
-+ -+ f3 + f1. Recall that the Fibonacci word F; = X;c with ¢ € {ab,ba} has the Lyndon
conjugate L; = aX;b. Further, Ly = Lox_1 - Log_» = aXpr_1b - aXpi_ob. Thus, we start with
aXpi_1b - aXpr_ob. To obtain many distinct Lyndon factors, we aim to produce Lyndon
factors that are not consecutive. Knowing Xox_1 = Xpi_sbaXpr_p, aXpr_» merges with
aXpr_3b into Lyi_1, so it is best to divide Xp;_5. aXyr_o divides into aXp,_3zbaXs, 4. In
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this case, it is best to add aXy;_3b as a new Lyndon factor since it is smallest among
those Lyndon factors that are not consecutive with Xp;_1, the same as aXp;_»; aXpr_4
divides into aXp;_sbaXyr ¢, and we add aX,;_sb as a Lyndon factor. aXy;_¢ divides into
aXpi_ybaXyp,_g as we add aXp,_yb as a Lyndon factor. The addition of Lyndon factors of
2i —1fori € [1..k — 1] continues until aX5 = aX3baX, appears since aX3b is the second
smallest Lyndon factor in Fibonacci. Thus, we need X; = a as the last Lyndon factor and
it is obtained by inserting a # in aXy, dividing aXy into a#X4. Since # is lexicographically
smaller than any words from right to #, the right words become the Lyndon factor. Thus,
we can obtain k Lyndon factors by inserting # in Ly : k — 1 factors from Lyy_3 - Log_5- - Lg
and one from # concatenated with the remaining words. And this is shown in Figure 9. [J

a| Xo-1b a Xok—2 b

a |Xok—3b a| Xok—2b a Xok—2 b
Lok—3

a| Xok—3b a| Xok_3b a | Xoc—4ba Xok—2 b
Lok_3

Q| Xor_3b a X2k5b|a Xok_4b a| Xor—4ba Xok_o b
Lok_3

a| Xor_3b a sz_5b|a Xok—5b aor_ebgd Xor—4sba Xok—2 b

a sz_sb a Xox_sblaXor_7Hal alﬂabab aXyb aXok_4b a sz_2 b

k — 1 Lyndon factors one Lyndon factor

Figure 9. Inserting # at position « in Ly; considered in the proof in Theorem 8.

By Lemma 33 and Theorem 8, we conclude that the multiplicative sensitivity for
inserting a character into Ly, is Q)(k). In the same way, we can also insert the special
character # to observe a similar behavior:

Theorem 9. We let Loy be a Fibonacci Lyndon conjugate. By inserting # at position fo, — 2 in Ly,
p is at least k + 1.

Proof. Unlike Theorem 8, we can obtain some Lyndon factors on the right side of aX,;b,
adding aXyr_1b = Lox_1 as a Lyndon factor. We divide aXp;_»b into aXp;_3baXy,_4b and
obtain aXy;_3b = Lyi_3. Further, we divide aXy;_4b into aXp,_sbaXyp,_gb, making Lyy_s.
We divide aXy;_¢b and can obtain Lyndon factors such as Ly;_7 - - - Ls. Lastly, aXsb divides
into aX3baXyb, but since X is ¢, the last Lyndon factor obtained here is L3. To make more
Lyndon factors, we can add # between a and b, turning into a#b, adding 2 Lyndon factors
which are a = L; and #b. Thus, we can obtain k 4+ 1 Lyndon factors here: k factors by
Lok—1,Lpk—3- -+ L1 and one from #b. We visualize the Lyndon factorization in Figure 10. [J
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a| Xp-1b a Xok—2 b
al Xpy-1b a [Xy-3b |a Xok—4 b
a| Xor—1b a |Xok3b | aXusbla X |b
Q| Xor_1b a |Xok_3b | alXu_sb|a Xx_sb [a| Xu—s |D
a| Xor_1b a | Xpr—3b | aXa—sb|aXo7baXor otd:lak b

k Lyndon factors 1

Figure 10. Insertion of # at position f,; — 2 in Ly increases p by at least the number of distinct Lyndon
factors k 4 1 studied in Theorem 9.

7. Additive Sensitivity of p by Q(4/n)
Here, we study the additive sensitivity of p with an approach similar to Section 5.

In what follows, we establish that the additive sensitivity of p is at least ©(y/n). To
that end, we again make use of the word Wy. Recall that W, = (H;:zl PE)Qr =

(Hf;zl abiaaabiabaifz) abka.

Lemma 36. The Lyndon conjugate Cy. of Wy is ak—2pka - ( i:zz P,-El-) - Pr_jabf1ap.

Proof. The Lyndon conjugate of Wy starts with the longest runs of a, which can be
obtained by concatenating suffix a¥~3 of E;_; with prefix a of Q. Therefore, C; =
aF—2pka . ( 5;22 PiE,') . Pk_labkflab = aF2pka . (Hi-:zz abiaaabiabaifz) -ab* laaabl1ab.
g

Lemma 37. p(Cy) = 6k — 12.

Proof. According to Lemma 1, all conjugates have the same BWT, thus r(W;) = r(Cy) =
6k — 12. Also, since Cy is a Lyndon word, #(Cy) = p(Cy) = 6k —12. O

Recall that the runs in the BBWT and BWT are the same if the input word is Lyndon,
cf. Lemma 1. Thus, we can leverage BWT computation if the input word is Lyndon since we
can obtain the number of runs in the same way as in Section 5 by using f(W) for word W.
In this section, we focus on three variations of the word Cy: deleting its last character and
substituting its last character b with c or #.

7.1. Deletions and Edits of Cy with a Character Smaller than a

Recall that C;, = ak—2pka . (Hi:zz abiaaabiabai’2> - abflaaabk~lab. Thus, C,i, which
is obtained by deleting the last character b, is C,E = af2pka. (Hif;zz abiaaabiabai’2> .
ab*“laaabf~1a. Recall that the Lyndon conjugate of CZ is the strictly smallest conjugate

of all conjugates of C,E. Since we obtain the longest runs of as from a conjugate of C,E by
concatenating the last a with a*~2bka, C,i cannot be a Lyndon word. In fact, it has two
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Lyndon factors, which are ak—2pka . (Hf:_f abiaaabiabai_2> . abk_laaabk_l, and we refer
to both Lyndon factors as Dy (first factor) and a from now on. Figure 11 shows the Lyndon
factorization. Since r(a) is 1, the only thing left to check is r(Dy). In Dy, we made a slight
modification to the subword Ej_;. In fact, Ex_; = ab’"labaF—3 was changed to abl—1ak=3
which we call Hy_; in this section. Since Dy, is a Lyndon word, we determine p(Dy) using

M (Dy) with the BWT as we did before.

Cllz —| a?pka- <Hi:22 abiaaabiabai_2> . abF~laaab*~! | a

Dy
Figure 11. Introducing Dy from C,E studied in Section 7.1. Dy is the first Lyndon factor of C,E.

Lemma 38. B(a"%b,Dy) = b.

Proof. The only conjugate in M (D) starting with prefix a¥~2b is a¥~2bP, - - - b. The first

conjugate in lexicographic order must start with the longest run of a. By the definition of

Dy, the longest run of a has length k — 2, and it is obtained by concatenating suffix a*—3

with prefix a of Qy that is preceded by b (otherwise, we could extend the sequence of
a characters). [

Lemma 39. B(a'b, Dy) = ba" =2, forall i € [4.k — 3].
Proof. With integer i € [3..k — 3], the conjugates in M (Dy) starting with a’b are
i—1p, i—1p, i1 ik
a "Pyy---b<a " Pyg-cra<--<al Pq--ra<abaly-a

For all i € [4.k — 3], the factor a'b can only be obtained from the concatenation of
suffix ai~! from E i1,

e  with the prefix ab of P, foraj € [i + 2.k — 1] or
*  with the prefix ab of Qy, if j = k.

We can sort these conjugates according to the lexicographic order of U;.:}Jrz p; U Q.
All these conjugates end with an a, with the exception of the conjugate starting with a'P; 5,

since Dy has a unique occurrence of ba'b. [

)k77

Lemma 40. B(aaab, D;) = bbbbb(ab)" ’baa.

Proof. The conjugates in M (Dy) starting with aaab are

aaEr---b<aaE3---b<aaFs---b<aaP5---b<aaF5:---b
<aalPy--ra<aaEg--b<: - <aal ,--ra<aaEr oD
<aaHp_1---b<aaP_q---a<aaQy---a.

The above conjugates are obtained in the following cases.

Case 1: by concatenating the suffix aa of E;_; with the prefix ab of P;, if only i € [5.k —1],

Case2: by concatenating the suffix aa of P;, with the prefix ab of E;, for all i € [2.k — 2]
orwith Hy_;ifi=k—1,
Case 3: by concatenating the suffix aa of Hy_1 with the prefix ab of Q.
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All these conjugates starting with aaab are sorted according to the lexicographic order
of the words in U?:z{aaEi} U U;‘;Sz{aapj -aak;} U{aaH;_1} U {aaP_1} U {aaQx}. The
conjugates starting either with aaP;, for all i € [6..k — 1] in Case 1 or Case 3, end with an a.
On the other hand, conjugates of Case 2 or aaPs in Case 1 end with a b. [

Lemma 41. B(aab, D;) = baaba?~8,
Proof. The conjugates in M (Dj) starting with aab are

aP,--b<aEy--ra<aFE3--ra<aPy---b<aEy---a
<aPs--ra<aEs--ra<---<aHp q--ra<aP_qi--ra<aQy--a

Each of the cases from Case 1 to Case 3 in Lemma 40 induces a conjugate starting with
aab, obtained by shifting on the left character a. It follows that all of these conjugates end
with a. The other two conjugates that start with an aab are obtained by

*  concatenating the suffix a of Qj with the prefix ab of P, or
*  concatenating suffix a of E3 to the prefix ab of Py.

In both cases, the obtained conjugates end with b. We conclude this proof by sort-
ing lexicographically the conjugates in aP, U U?:z{aEl-} U Ui.‘/_:i{apl-/ -aEp} U{aH;_ 1} U
{aPe1} U{aQs}. U

Lemma 42. f(ab, Dy) = b*3aaba?°.
Proof. The conjugates in M (D) starting with ab are

aba"P_;---b< .- <abP3---b
<P--a<E---a<P3---b
<Ej--ra<DPy-a<Ej--ra<---<Pp-a<Ep,---a
<Hg1-ra<Pq---a<Q--a

The above conjugates are obtained in the following cases.

Case1l: P;forallie [2.k—1],

Case2:  prefix abof E;, foralli € [2.k — 1],

Case3: aba'~2from E;, forall i € [2..k — 2] or ab from H_,
Case4:  ab from Q.

For two distinct integers i,i’ with i > i’ > 0, we have aba’ > aba’. Thus, the first
conjugate in lexicographic order starting with ab is the one followed by the longest run
of as. The smallest of these conjugates can be found by concatenating the suffix aba*—*
with the prefix ab of P,_; from Case 3. Then, the remaining conjugates in Case 3 which
are aba'~2 of E; for all i € [2..k — 3] follow in decreasing order. By construction of E;,
foralli € [2..k — 2], these conjugates must end with a b. Note that the remaining cases are
obtained by shifting the character a from the conjugates starting with aab from Lemma 41
with the exception of the character starting with Ps. It follows that the latter ends with a b,
while all the other conjugates end with a. [J

Lemma 43. B(ba, D;) = ba* ®bbbabl—*abF3a.
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Proof. The conjugates in M (Dy) starting with ab are

bak_zbkaPZ--«b <bak_4Pk_1---a<bak_5Pk_2--'a< -+ < baaaPy---a
< baaE;---b<baaE3---b <baaEy---b < baals5---a
<baaEs---b<---<baaEp_,-- b <baaHp_q1:---b<baPr---b
<baPy---a
< baba* 4P, ;---b < --- <babPs3---b
<bP;---a.

The conjugates above are obtained by following cases.

Case 1:  suffix baa of P; concatenating with E; foralli € [2.k —2] or Hy_; ifi =k —1,
Case2: runsinkE;foralli € [2.k—2],

Case 3:  suffix ba from Qj concatenating with P,

Case4:  bal =3 of Hy_; concatenating with Q.

We have as many circular occurrences of ba as the number of maximal runs of bs in
Dy. For Case 1, we have one conjugate starting with baaE; for all i € [2..k — 2] or baaH}_1.
Since each run of bs within each word from Ug_l P; is of length of at least 2, all conjugates
of Case 1 end with b.

For Case 2, for all i € [2..k — 2], we can distinguish two subcases based on where ba
starts:

Case2(a): the first run of ba in E;, which has a type of baba' =2 for all i € [2.k — 2],
Case2(b):  the second run of ba in E;, which has a type of ba’~2 for all i € [2..k —2].

e For Case 2 (a), we can see that these conjugates start with baba' ~2P; 1, if i € [2.k — 2].
Similarly to Case 1, each conjugate for Case 2 (a) ends with a b. Each conjugate
in Case 2 (b) is obtained by shifting two characters on the right each conjugate
in Case 2 (a). Therefore, all of these conjugates end with an a and have prefixes
of the type ba' 2P, 1, if i € [2.k — 2].

¢  For Case 3, the conjugate starting with ba in Qy has baP, as a prefix, and it is preceded
by a b.

* Lastly, for Case 4, the conjugates start with bak—3 concatenating with Qy which ends
with a b.

¢ Observe that only for Case 4 and Case 2 (b) we have conjugates starting with baaaa.
Hence, the first conjugate in lexicographic order is the one from Case 4 starting with
bak—3Qy, followed by those from Case 2 (b) which are bak 4P, <bak PP, < <
baaaPs.

Among the remaining conjugates, those having prefix baaa either start with baaPs
from Case 2 (b) and from Case 1 starting with baaE; for all i € [2..k — 2] or baaH}_1 if
i = k — 1. We can sort them according to the order of the words in

4 k-2
U {baaE;} U {baaPs} U U {baaE;} U {baaH;_1}.
i=2 i=5

Then, the remaining conjugates with prefix baa are those starting with baP, from Case 3
and baP, from Case 2 (b). Finally, let us focus on the conjugates from Case 2 (a). These
conjugates are sorted according to the length of the run of as following the common prefix
bab. The last conjugate left is the one starting with bP; from Case 2 (b). Since this conjugate
is greater than each conjugate considered in Case 2 (a), this is the greatest conjugate of Dy
starting with ba and the thesis follows. [
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Lemma 44. B(b/a, Dy) = bab®* 2 2a forall j € [2.k —2].
Proof. With integer i € [2..k — 2], the conjugates in M (Dy) starting with the prefix b'a are

biak_3Qk b < biaaEl- ra< biaaEl-_H b < < biaaEk,Z b < biaaHk,l --+b
<baPy---b<baba"™*P_;---b< .- <baba P ,--b

< biabai_zpi_,_l ---a.

Case1:  concatenating b'aa of P; with E; for all j € [i.k — 1] or with Hy_q ifonly j = k — 1,
Case2:  concatenating b'aba/~2 of E; with P; 1 if only j € [i.k — 2],

Case 3:  concatenating b'ak3 of Hy_; with Qy,

Case4: concatenating b'a with P;.

We consider these four cases separately. For all j € [i..k — 2], the conjugate starting
within P; has a prefix of biaan or b'aaHy_; (Case 1). For all j € [i..k — 2], the conjugates
starting within E; have a prefix of biaba/ _ZP]-_H (Case 2). In addition, conjugate starting
within a word in Case 3 has a prefix of b'a*~3Q;. Finally, the conjugates starting with Qj
starts with b'aP, (Case 4). By construction, we can see that first we have all the conjugates
first from Case 3 and then from Case 1 sorted according to the lexicographic order into
U;‘:—iz biaaE]- U blaaH;_4; then, we have the conjugate from Case 4, then Case 2 sorted
according to the decreasing length of the run of as following the common prefix b'ab.
Moreover, we note that only when the run of bs is exactly of length i, the conjugate ends
with a. Thus, only the conjugates ending with an a are those starting within b'aaF; and
biabai72Pi+1. O

Lemma 45. B(b*~'a, Dy)= aab.
Proof. There are three conjugates in M (D) starting with prefix b*~1a. These conjugates are
bkilak%Qk cra< b laaabF 1. ca < b lap; - b

Observe that the only conjugates with prefix b*"'a have the prefixes, respectively,
of bk"1a%k=3Q,, v*laaH;_;, and b*'aP;. One can see that these conjugates taken in
this order are already sorted, and only the conjugate starting within Qj ends with b, while
the other two have a.

Lemma 46. B(bfa, D;) = a.

Proof. The last conjugate in M (Dy) with prefix b¥a is b¥aP; - - - a. Finally, the only occur-
rence of b is within Q. Hence, the last conjugate in lexicographic order starts with b*aP,
and since the run of b’ is maximal, it ends with an a, and the thesis follows. [J

We summarize the above lemmas as follows.

Lemma 47. For integer k > 10, p(Dy) = 8k — 18, cf. Table 14. The BWT of the word Dy is given
by BBWT(Dy) = T3 p(ak~b) - TTE_, B(bia).

Proof. Every conjugate of f(a'b) is smaller than each conjugate of f(a’b) for every 1 <
i’ < i < k — 2. Symmetrically, every conjugate of (ba) is greater than any conjugate of
(v a), for every 1 < j' < j < k. Since we considered all the disjoint ranges of conjugates of
Dy based on their common prefix, the word Hf;zl B(a"b) - TTE_, B(b'a) is the BWT of Dy.

With the structure of BBWT(Dy), we can easily derive its number of runs. The word
H;‘;ﬁl B(aF7b) has exactly 2(k — 6) runs. We start with 2 runs from B(a*~2b)B(a¥~3b) = bba,
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and then, concatenating each B(a’b) up to B(a*b) adds 2 new runs each. By counting, we
observe that f(aaab), B(aab), B(ab) have 2(k — 6), 4, 4. The boundaries between these
words do not yet merge. The word B(ba) has exactly 8 runs. The remaining part of the
BWT, that is, [T_, B(b'a), has 4(k — 3) + 2 runs. Concatenating each (b%a) to S(bk2a)
adds 4 new runs each. The word B(b*a) adds only one run by b, as it contains an a
that merges with the previous one. Finally, B(bfa) adds one run. Altogether, we have
2(k—6)+2(k—6)+4+4+8+4(k—3)+2 =8k — 18, and the claim holds. [J

Table 14. Classification of the number of runs obtain in Lemma 47. The total number of runs is
8k — 18.

BBWT of W)c Runs

B(aF"2p) =1b 1

B(a'b) = bak~~2, foralli € [4.k — 3] 2k — 12 but, when merged, 2k — 13
B(aaab) = bbbbb(ab)" "baa 2k — 12

,B(aab)=baab212k_8 4

B(ab)= bf3aabaZk—6 4

B(ba) = ba®bbbabl*abk—3a 8

B(b/a) = bab®*~%~2aforall j € [2.k — 2] 4k — 12

B(bF~1a)= aab 2 but, when merged, 1

ﬁ(bka)= a 1

Using Lemma 47 above, we can finally obtain the runs of CZ = Dya.

Theorem 10. p(C,E) =8k—17.

Proof. Ci = aF2pka. (Hi‘;zz abiaaabiabai’2> -ab*~laaabf~1a. The Lyndon conjugate of
CZ is the smallest conjugate starting with the longest runs of a, thus it is the one starting with
ak~1. Therefore, it is obvious that C,E is not a Lyndon word, then it is Lyndon factorized by
an a and the residual which is Dy. Figure 12 depicts the Lyndon factorization of Ci. Since the
lexicographic order between a and Dy is a< Dy, the runs of C,i add one run because the first

conjugate of Dy from Lemma 38 ends with a b. Therefore, p(Cz) = p(a) +p(Dy) = 8k —17.
O

1
PN

C )| ak—2pky . (Hi:zz abiaaabiabai_2> - ablaaab*!|a

T(Dk)=8k — 18

Figure 12. Lyndon factorization of C,E. We obtain p(C,E) by knowing the number of runs of both its
Lyndon factors and where these conjugates are sorted in the BBWT. The analysis is in the proof of
Theorem 10.

With Lemma 37 and Theorem 10, we determine that the additive sensitivity of p for Cy
is ©(log 1) when deleting the last character.

Theorem 11. p(Ci#): 8k —16.
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Proof. C]E# = ak2pka . (Hf:_zz ab'aaablabal2) - ab’ laaabflat. C,E# is Lyndon factorized
into three parts, which are Dy, a and #, because the lexicographic order of a is lower than
Dy, and moreover # is smaller than both Dy and a. Therefore, the p(C}#) = p(#) + p(a) +
p(Dy) = 8k — 16. We show a sketch in Figure 13. O

11
NN

CIE#: 2 A - (Hﬁ:zz abiaaabiabai_z) - abFlaaab* ! |a|#

p(Dk)=8k — 18

Figure 13. Lyndon factorization of Clz#. Compared to Figure 12, we have one additional Lyndon
factor. The analysis is in proof of Theorem 11.

With Lemma 37 and Theorem 11, we obtain that the additive sensitivity of p for Cy is
©(logn) when substituting the last character.

7.2. Editing Cy with a Character Larger than b

Now, we consider the editing operation Cy, with a character c that is lexicographically
larger than any character in Cy. In this part, we consider two edit operations that add c in
the last part of Cy, and substitute the last character of Cj into c.

7.2.1. Appending c to Cy

Now, we prove that adding c to Cy, i.e., Cx becomes Cc, also adds ©(y/n) in runs
in BBWT. Cic = aF2bka - (Hé:zz abiaaabiabai_z) - ab* laaab*labc. We illustrate Cy in

bk labcak—3. In this section,

Figure 14. Similar to Section 7.1, we slightly modify E;_; to a
we call this modified subword Si_1. The lexicographic order of c is larger than any words
in Cg. Thus, Cyc is a Lyndon word itself. Recall that the runs of a Lyndon word are the
same in both the BWT or the BBWT, so we obtain p(Cyc) by using BWT with M (Cyc) the

same way we did in previous lemmas.

CkC: A (Hi:zz abiaaabiabai_z) el eeellT a e

Ck
Figure 14. Introducing the Lyndon word Cy.c studied in Section 7.2

Lemma 48. B(af2b,Cic) = c.

Proof. The first conjugate in M (Cyc) is a¥"2baP; - - - c. The first conjugate must start with
the longest run of as. In Cyc, the longest run of a has a length of k — 2 which is a prefix of
itself, and it is obtained by concatenating the suffix ak=3 of S;_; with Qy, and it is preceded
byac. O

Lemma 49. B(a'b, Crc) = bak =2 forall i € [4..k — 3].
Proof. In M(Cyc), the conjugates starting with a'b for i € [4..k — 3] are

ai_1Pi+2 b < ai_1Pi+3 ca< - <a P g ca<a T IQp - al
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For alli € [4.k — 3], the factor a’b can only be obtained, for all j € [i + 2..k], from the
concatenation of the suffix ai~! of E;_y with prefix ab of P;, if j € [i +2..k — 1] or from
the concatenation with a’~! of S;_; with prefix ab of Q. We can sort these conjugates
according to the lexicographic order of U;‘;} ai’lpj Ua'~1Qy. Note that all these conjugates
end with an a, with the exception of the conjugate starting with a1 P, », since it is here the
only occurrence of ba'b can be found. [J

)kfé

Lemma 50. f(aaab, Cxc) = bbbbb(ab)" "a.

Proof. In M (Cyc), the conjugates starting with aaab are
aaFr---b<aaE3z---b<aaFEy---b<aaP5---b<aaFE5---b

< aaPg--ra<aakg---b<---<aaP_,---a
< aaEp_,b <aalP_1---a<aaSp_q1---b
< aaQy---a.

Similarly to Lemma 49, aaab can be obtained from concatenation of the suffix aa of Ei1,
with the prefix ab of Pj, if j € [5..k — 1], or concatenating aa of S;_; with prefix ab of Q.
On the other hand, there are more conjugates from concatenating suffix aa of Py to the prefix
ab of Ey, for all j* € [2.k — 2], or with §;_; if j/ = k — 1. All the conjugates starting with
aaab are sorted according to the lexicographic order of the words in U]Af:2 {aaE;} U {aaPs -
aaEs} U U;,‘,;zé {aaPy -aakj} U {aaP; 1 -aaSy 1} U {aaQx}. Note that all the conjugates
starting either with aaP; , forall j € [6..k — 1], or with aaQy, end with a. On the other hand,
the conjugates starting either with aaPs or with aaE;, for all j € [2.k — 2] or aaS;_1, end
with b. O

Lemma 51. B(aab, Cxc) = baaba? 8,
Proof. The conjugates starting with aab in M (Cyc) are

ab---b<aEy---a<aE3---a<aP;---b
<aEg--ra<alPs--ra<aEg--ra<---<aP_q1--ra<aSp q---a<aQr---a.

Each of the conjugates starting with aaab from Lemma 50 induces a conjugate starting
with aab, obtained by shifting one character on the left a. It follows that all of these
conjugates end with a. The other conjugates starting with aab are the ones obtained
by concatenating the suffix a of E3 and the prefix ab of P4, and the one obtained by
concatenating the suffix a of Qy and the prefix ab of P,. Moreover, both conjugates end
with a b. We conclude this proof by sorting lexicographically the conjugates in {aP,} U

Ul {aEi} U {aP; - aEi} U{aPc - aSi_ 1} U{aQy}. O
Lemma 52. B(ab, Cic) = b 3aaba 6y,
Proof. The conjugates in M (Cyc) starting with ab are

ab" 4P -b<ab* PP ,.--b<---<abPy---b
<P--ra<Ey---a<P3---b
<Ej--ra<Pi-ra<Eja<--<Pqa<Spqi--a<Qi-a
< abc:---b.
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For all two distinct integers 7,7’ with i > i’ > 0, we have ab'ab < abab. Thus, the first
conjugate in lexicographic order starting with ab is the one followed by the longest run of
as. The smallest of these conjugates can be found by concatenating the suffix aba~* of E;_,
with Py_1, followed by the suffix aba! 3 of E;_; concatenated with P;, for all i € [3.k —2],
taken in decreasing order. By construction of E;, for all i € [2..k — 2], these conjugates all
end with a b. The remaining conjugates starting with ab are exactly those conjugates that
have as prefix either P; or E;, for all i € [2..k — 2], Px_1, Sx_1 or Q. Note that all of these
conjugates are obtained by shifting one character on the left a from the conjugates starting
with aab from Lemma 51, with the exception of one starting with P;. It follows that the
latter ends with a b, while all the other conjugates end with a. Finally, the conjugate starting
with the prefix abc follows, which ends with b. O

Lemma 53. ﬁ(ba, Cie) = 25—6vbbabf—4abk—3ab.

Proof. In M (Cyc), the conjugates starting with ba are
bak_4Pk_1 cra< bak_SPk_z -vra< - <baaalPs---a<baaEy---b

< baaEj---b<baaEs---b <baaP5---a

< baaEs---b<baaEg---b< - --<baaEj_,---b<baaS;_1---b
<baP,---b<baPy---a<baba"#P_;---b<--- <babaPs---b
< babP3---b < bPs---a< babcak3Qy---b.

We have as many circular occurrences of ba as the number of maximal runs of b in Cxc. We
have four cases.

Case1l: onerunofbsinP;, foralli € [2.k —1],
Case2: tworunsinE;foralli € [2.k — 2],
Case 3:  one run of ba in Qy,

Case4: onerunofbain S;_j.

For Case 1, we have one conjugate starting with baaE;, for each i € [2.k — 2],
or baaSy_1. Since each run of bs within each word from Ui:zl {P;} is of length of at least 2,
all conjugates in Case 1 end with a b.

For Case 2 and all i € [2..k — 2], we can distinguish between two subcases based on
where ba starts:

Case 2 (a): a first run of ba in E;, which has a type of baba’~2 for all i € [2..k — 2],
Case2 (b):  asecond run of ba in E;, which has a type of ba' =2 for all i € [2..k —2].

e For Case 2 (a), we can see that these conjugates are of the type baba'~2P;, 4, for i €
[2..k — 2]. Analogously to Case 1, each conjugates for Case 2 (a) end with a b. Each
conjugate in Case 2 (b) is obtained by shifting two characters on the right each conju-
gate in Case 2 (a). Therefore, all of these conjugates end with an a and have prefixes of
the type ba' 2P, 1, foralli € [2..k —2].

e For Case 3, the conjugate starting with ba in Qj has baP; as prefix, and it is preceded
by ab.

e  Finally, in Case 4, there is one run of ba, having a prefix of babcak~3Qy, ending with b.

*  Only for Case 2 (b) we have conjugates starting with baaaa. Hence, the first con-
jugate in lexicographic order is the one starting with ba*~#P,_;, followed by those
bak 5P, < -+ < baaaP;.

Among the remaining conjugates, those having prefix baaa either start with baaPs
from Case 2 (b) or baaFE; from Case 1, for all i € [2..k — 2] or baaS;_; if i = k — 1. We can
sort these conjugates by following the order of Jt_,{baaF;} U {baaPs} U U;‘;Sz{baaEi} U
{baaSi_1}. Then, the remaining conjugates with prefix baa are those starting with baP»
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from Case 3 and baP; from Case 2 (b). Finally, we focus on the conjugates from Case 2 (a).
These conjugates are sorted according to the length of the run of as following the common
prefix bab. The last two conjugates left are one starting with bP; from Case 2 (b), and the
one from Case 4, which is babca¥~3Q;. These two conjugates are already sorted. Since
these conjugates are greater than other conjugates, these are the greatest conjugates of
M (Cgc) starting with ba. O

Lemma 54. B(b'a, Cic) = ab®* =% 2ab forall i € 2.k —2].

Proof. With integer i € [2..k — 2], conjugates in M (Cyc) with prefix ba are
b'aaE;---a <b'aaFj, 1 ---b<--- <baaEr_, --b<baaSi_1 b
<baP,---b < blaba" *P_;---b
<blaba* PP _,---b<--- <baba Py---b
< biabaifzpi_ﬂ ra< biabcakfe’Qk -+ b.

With integer i € [2..k — 2], these conjugates are obtained in the following cases.

Casel:  concatenating b'aa of Pj with E;, forall j € [i.k — 2] or with Sy_; if j =k —1,
Case2:  concatenating b'aba/~2 of Ej with Pj,4 foralli € [2.k —2],

Case3: concatenating b'a of Qi with P,

Case4: concatenating babca’ 3 of S;_; with Q.

We consider the four cases separately. For all j € [i..k — 1], the conjugate starting
within Pj (Case 1) has as prefix b'aaF; if j € [i..k — 2] or b'aaS;_; if j = k — 1. Also, when
j € [i-k — 2], the conjugate starting within E; (Case 2) has the prefix of biaba/ _2P]-+1. In ad-
dition, the conjugate starting within Q(Case 3) has as prefix b'aP,. Finally, the conjugate
that begins within S;_; (Case 4) has a prefix of blabcak 3. By construction, we can see that
all the conjugates from Case 1 are sorted according to the lexicographic order of the words
in U;.‘;iz{biaan} U {b'aaS;_;}; then, we have the conjugate from Case 3. Following, we
have the conjugate from Case 2, sorted according to the decreasing length of the run of
as following the common prefix b’ab. Finally, the conjugate of Case 4 follows. Moreover,
we note that only when the run of bs is exactly of length i ends the conjugate with an a.
Thus, only conjugates ending with an a are those starting within P; and E;, i.e., those with
prefixes blaaE; and blaba’ 2P, ;. [

Lemma 55. B(b‘~la, Cic)=aba.

Proof. In M(Cyc), the conjugates with prefix bk~

a are
bkilaaSk_l cra< bkilapz b < bkilabcakfg’Qk ---a.

Observe that the only conjugates with prefix b*~!a start within Px_;, Qi and S;_;. These
conjugates have prefixes of, respectively, b*1aaS;_1, b TaP,, b*Tabcak~3Q;. One can see
that these conjugates taken in this order are already sorted, and only the conjugate starting
within Qj ends with b, while the other two have a. [J

Lemma 56. B(bfa, Cic)=a.

Proof. In M(Cyc), the conjugate with prefix b¥a is b¥aP; - - - a. The only occurrence of bFa
is within Q. Since the run of bs is maximal, it ends with a. [

Lemma 57. B(bc, Cic) = a.
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Proof. In M (Cyc), the conjugate starting with bc is bca¥3Qy - - - a. The only occurrence of
be is in Sx_1, preceded by an a. [

Lemma 58. B(c,Cxc) =b.

Proof. In M (Cic), the last conjugate is ca*~3Qy - - - b since c is biggest character in Cyc.
The only occurrence of ¢ is in the last character of Cxc. Hence, the last conjugate in
lexicographic order starts with ca¥~3Q;. Since c is preceded by b, the conjugate Cic
contributes a b to the BWT. [J

The following theorem puts the above lemmas together.

Theorem 12. p(Cyc) = 8k — 12, ¢f. Table 15. It holds that BBWT(Cyc) = BWT(Cyc) =
[T A(ab) - T B(b') - B(be) - Ble):

Table 15. Classification of the number of runs obtain in Theorem 12. The total number of runs is
8k — 12.

BWT of Cic Runs

B(ak2b) = ¢ 1

B(a’b) = bak~"2 forall i € [4.k — 3] 2k —12

B(aaab) = bbbbb(ab)" °a 2k — 10

B(aab) = baaba?*~8 4

B(ab) = bF3aaba?*tp 5

B(ba) =aF~Obbbabl—*abF~3ab 8

B(b'a)=ab? 2 2ap foralli € [2.k — 2] 4k — 12

B(bF~1a) = aba 3

B(bka) = a 1 but when merged 0
B(bc) = a 1 but when merged 0

plc)=b 1

Proof. Every conjugate of B(a'b) is smaller than any conjugate of (a’b), forall 1 < i’ <
i < k — 2. Symmetrically, every conjugate of B(b/a) is greater than any conjugate of B(b/'a),
for every 1 < j’ < j < k. Since we considered all the disjoint ranges of conjugates of Cic
based on their common prefix, ]—[;‘;21 (ak=b) - TTE, B(b'a) - B(bc) - B(c) is the BBWT and
BWT of Cic.

With the structure of BWT(Cjc), we can easily derive its number of runs. The word
Hi«‘;ﬁl (a¥~7b) has exactly 2k — 11 runs: we start with 1 run from g(a*~?b) = ¢, and then
concatenating each from B(a*~3b) to B(aaaab) adds 2 runs each. By counting, we observe
that B(aaab), f(aab), (ab), have 2k — 10, 4, 5 runs, respectively. The boundaries between
these words do not merge. The word B(ba) has exactly 8 runs. The remaining parts of the
BWT [T5_, B(b'a) have 4(k — 3) + 4 runs: we start adding 4 runs each by concatenating
each B(bba) to B(b*2a). And B(bF~1a) adds 3 runs. On the other hand, the words (b a)
and B(bc) do not add new runs, as they consist only of an a that merges with the previous
one. For the last element, B(c) adds one run. Altogether, we have 2k — 11 +2k — 10+ 8 +
44544k —12+3+1 = 8k — 12, and the claim holds. [

With Lemma 37 and Theorem 12, we obtain that the additive sensitivity of p for Cy is
©(logn) when appending a character.
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7.2.2. Substituting the Last Position of C with ¢

Here, we focus on the word Cjc that we obtain by substituting the last character of
Ck with ¢, which is lexicographically larger than any character in Cy. See Figure 15 for

k=13cak=3, and we refer

a visualization. The same as Section 7.2.1, E;_; changes to ab
to it as Rx_1 below. According to its definition, Czc = ak2pka. (Hf;zz abiaaabiabai_z) .
ab’laaabf~ac. Recall from the proof of Theorem 10 that Cz is not a Lyndon factor. The
Lyndon factors of CK are Dy and a. There, we prove that the run of Cz is 8k — 17. We start

with the first observation that CZc is a Lyndon word.

CIECZ aF—2pka - (Hi:zz abiaaabiabai_z) . abF~laaab*! a |c

CP
k
Figure 15. Introducing the Lyndon word CZC studied in Section 7.2.2.

Lemma 59. C,b(c is a Lyndon word.

Proof. The longest run of a has a length of k — 2, which is a prefix of C]Ec itself having prefix
ak~2p. Thus, C,Ec is a Lyndon word. OJ

Thus, we prove p(C,Ec) using the M (C,bcc) as we did above.
Lemma 60. B(a"2p,Clc) = c.

Proof. The first conjugate in M (C,b(c) is ak~2bkaP, - - - c. The first conjugate in lexicographic
order must start with the longest run of as. By the definition of C,E, the longest run of a has
length k — 2, and it is obtained by concatenating the suffix a*=3 of R;_; with Q, which is
preceded by a c. [

Lemma 61. B(a'b, Cic) = ba" 2~ forall i € [4..k — 3].

Proof. All conjugates in M (Cjc) starting with the prefix a'b for any i € [4.k — 3] are given
below.

a P, -b<a 'Piz-ca<--<a P gra<al 1Qp--a

Foralli € [4..k — 3], the factor a’b can only be obtained, for all j € [i +2..k — 1], by concate-
nating the suffix a’~! of E;_1, with the prefix ab of P;, or by concatenating suffix a3 of
Ry._1 with the prefix ab of Qk. We can sort these conjugates according to the lexicographic
order of U;.‘;? {ai’1Pj+2} U {a’~1Qs}. Note that all these conjugates end with an a, with the

exception of the conjugate starting with a’ 1P, », since it is here the only occurrence of ba'b
can be found. OJ

Lemma 62. B(aaab, Clc) = bbbbb(ab)"

a.
Proof. The conjugates in M (C)c) starting with the prefix aaab are

aaEy---b<aaFE3---b<aaF;---b<aaP5---b<aaF5---b
<aaPg--ra<aaEbg---b<- - <aaP p--ra<aaRk_q1:--b<aaQ---a

These conjugates are obtained from the following cases.
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Case1l:  concatenating suffix aa of P; with prefix ab of E;, for all i € [2..k — 2] or with
Ry ifi=k—-1,

Case2:  concatenating suffix aa of E;_; with prefix ab of P; for all i € [5..k — 1],

Case 3:  concatenating suffix aa of Ry_1 with prefix ab of Q.

All these conjugates starting with aaab are sorted according to the lexicographic order
of the words in J}_,{aaFE;} U {aaPs - aaEs} U Uf;g{aapi -aaFE;} U {aalP_q -aaRy 1} U
{aaQx}. Note that all the conjugates starting either with aaP; , forall i € [6..k — 1] of Case 2,
or Case 3 end with a. On the other hand, the conjugates starting either with aaPs of Case 2
or Case 1 end withab. [J

Lemma 63. f(aab, C,b(c) = baaba? 8.

Proof. The conjugates in M (Cjc) that starts with the prefix aab are

aP,---b<aEy--ra<aE3---a<aPy---b<aEj---a<abP5---a
<aEs--ra<---<aP,--ra<aE ,--ra<aPq--ra<aRg 1---a
<aQy---a

Each of the conjugates starting with aaab from Lemma 62 induces a conjugate starting
with aab, obtained by shifting one character on the left a. It follows that all of these
conjugates end with a. The other conjugates starting with aab are the ones obtained
by concatenating suffix a of Q with ab of P, and another is obtained by concatenating
suffix a of E3 with ab of P,. Moreover, both conjugates end with a b. We prove our
claim by sorting the conjugates according to the lexicographic order of the words in
{aP, - aE; -aFs} UU;{aP; - aE;} U{aP1 - aRe_1} U{aQi}. O

Lemma 64. f(ab, C,Ec) = bF3aaba? .

Proof. In M(CJc), the conjugates which start with prefix ab are

aba" 4P _;---b < aba* 3P 5 -b< - <abPy---b
<P--a<Ey--ra<P3---b<Ez---a
<Py-ca<Ej-ra<--<DPoa<Erop--a
<Peq--ra<Req--ra< Qg -a

For all two distinct integers i,i’ with i > i’ > 0, we have aba'b < abai'b. Thus, the first
conjugate in lexicographic order starting with ab is the one which is followed by the longest
run of as. The smallest of these conjugates can be found by concatenating the suffix aba*—*
of Ex_, with the prefix ab of P;_1, followed by the suffix aba~3 of E;_; concatenated with
the prefix ab of P;, for all i € [3..k — 2] all taken in decreasing order. By construction of E;,
for all i € [2..k — 2], these conjugates must end with a b. The remaining conjugates starting
with ab are exactly those conjugates having as prefix either P; forall i € [2..k — 1] and E; for
alli’ € [2..k — 2] or Ri_1 and Q. Note that all of these conjugates are obtained by shifting
one character on the left a from the conjugates starting with aab from Lemma 63, with the
exception of one starting with P;. It follows that the latter ends with a b, while all the other
conjugates end with an a. [

Lemma 65. f(ac, Cic) =b.
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Proof. In M(C,Ec), the conjugate that starts with prefix ac is aca*~3Qj - - - b. The lexico-
graphic order of c is larger than b or a, so the prefix ac is also larger than the prefix ab. ac
is obtained from Ry_1, preceded by a b.

Lemma 66. f(ba, C;c) = a*"®bbbabl~*abk~3ab.
Proof. In M (CZC), the conjugates starting with the prefix ba are

bak74Pk,1 ra< bak75Pk,2~--a < ---<baaaPs---a
< baaE; --b<baaE3z-:-b < baaEy---b <baals---a
< baaFEs---b<baaEg---b<--- <baaRy_1---b
<baPr,---b<baPy---a
< baba" P, ;- b < baba"PP_,---b<--- <babPs---b
<bP3---a<bacak_3Qk---b.

One can notice that we have as many circular occurrences of ba as the number of
maximal runs of bs in M (CZc). The conjugates are obtained from the cases below.

Case1l: onerunofbsin P, foralli e [2.k—1],
Case2: tworunsinE;forallie [2.k—2],
Case 3: onerunin Qy,

Case4: onerunin Ry ;.

For Case 1, we have one conjugate starting with baaE; for each i € [2..k — 1]. Since
each run of bs within each word from U;‘;zl {P;} is of length of at least 2, all conjugates
in Case 1 end with a b.

For Case 2, with integer i € [2..k — 2], we can distinguish between two subcases based
on where ba starts:

Case?2 (a):  afirst run of ba in E;, which has a prefix of baba' 2P, ; foralli € [2.k — 2],
Case2 (b):  asecond run of ba in E;, which has a prefix of ba’ 2P, foralli € [2..k — 2].

*  Similarly to Case 1, all the conjugates in Case 2 (a) end with a b.

*  Each conjugate in Case 2 (b) is obtained by shifting two characters on the right each
conjugate in Case 2 (a). Therefore, all of these conjugates end with an a.

¢ For Case 3, the conjugate starting with ba in Qy has baP, as a prefix, and it is preceded
by a b.

e For Case 4, ba in R;_; has bacak—3

as a prefix, and it is preceded by a b.

*  Observe that only for Case 2 (b) we have conjugates starting with baaaa. Hence,
the first conjugate in lexicographic order is the one starting with ba¥~#P;_; followed
by bak 5P, < -+ < baaal.

*  Among the remaining conjugates, those having prefix baaa either start with baaP;
from Case 2 (b) or baaFE; from Case 1 for all i € [2..k — 1]. Thus, we can sort them
according to the order of the words in U?_,{baaE;} U {baaPs} U Ui-:g{baaE,-}. Then,
the remaining conjugates with prefix baa are those starting with baP, from Case 3
and baP, from Case 2 (b).

Finally, we focus on the conjugates from Case 2 (a). These conjugates are sorted accord-
ing to the length of the run of as following the common prefix bab. The last conjugates left
are the one starting with bP; from Case 2 (b) and the one starting with bacak 3 from Case 4.
These conjugates are lexicographically organized and are greater than any other cases,
and therefore we analyzed all conjugates. U
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Lemma 67. B(b'a, Cic) = ab® 2~ 2ab forall i € [2.k — 2].
Proof. In M(C}c), the conjugates starting with b'a for all i € [2..k — 2] are

biaaEl- ra< biaaEl-_H b < biaaEl-+2 b <o < biaaRk,l --+b
<baP;---b < baba" P_;---b< - <blaba P, b
< biabai_ZPi_,_l ra< biacak_3Qk S

All runs of bs of length of at least i € [2..k — 2] are obtained from the cases below.
Case1:  suffix b'aain P;, forallj € [i.k —1]

Case2: blaba/2inE,forallj € [i.k—
Case3: blain Qy,

k-3

2)

Case4: blaca"3in R;_;.

e  Consider the four cases separately. The conjugate starting within P; (Case 1) has as
prefix b'aaF; if only j € [i.k — 2] or b'aaRy_; if j =k — 1.

e And forall j € [i.k — 2], the conjugate starting within E; (Case 2) has as prefix
biaba];ZP]-_H.

* Inaddition, the conjugate starting within Qy (Case 3) has as prefix b’aPs.

Finally, the conjugate that begins within R;_; (Case 4) has as prefix b'acaf—3.

By construction, we have all the conjugates from Case 1 sorted according to the lexi-
cographic order of the words in U;.‘;iz{biaaE]-} U {b'aaR;_,}; then, we have the conjugate
from Case 3. Then, the conjugates of Case 2 are sorted according to the decreasing length
of the run of as following the common prefix b‘ab. Finally, the conjugate of Case 4 follows.
Moreover, note that only when the run of bs is exactly of length i the conjugate ends with an
a. Thus, only the conjugates ending with an a are those starting within P; and E;, i.e., those
with prefix b'aaF; and biabanPH_l. O

Lemma 68. ﬁ(bkila, Cjc) = aba.
Proof. In M (C,Ec), there are exactly three conjugates that start with prefix b*~1a. These are
bk_laaabk_lacak_st ca<bflap,- b < bk_lacak_3Qk S a.

Observe that the only conjugates with prefix bYla start within P,_q, Qi, and R;_1. These
conjugates have prefixes of, respectively, b* 1R, _1, b¥~1aP,, b lacak~3Q;. One can see
that these conjugates taken in this order are already sorted, and only the conjugate starting
within Q; ends with b, while the other two end with a. [J

Lemma 69. B(bka, C,Ec) =a.

Proof. In M (C,Ec), only one conjugate starts with a prefix of b¥a and it is b*aP; - - - a. The
only occurrence of b¥a is within Qy, preceded by a. (]

Lemma 70. B(c, C]Ec) =a.

Proof. The last conjugate in M (CJc) that starts with prefix c is ca*"3Qj - -a. The last
conjugate in lexicographic order that starts with ¢ occurs in Ry_;. Since c is preceded by an
a, it ends with a. [J

The following theorem puts the above lemmas together.
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Theorem k13. p(Cie) = 8k — 13, cf. Table 16. The BBWT of Clcis BBWT(Clc) = [T'=) B(a" ™) -
Blac) - TIi; B(b'a) - B(c).

Table 16. Classification of the number of runs obtained in Theorem 13. The total number of runs is
8k — 13.

BWT of C,zc Runs

B(a"p) = 1

ﬁ(ab)—bak 2iforalli € [4.k — 3] 2k — 12

B(aaab) = bbbbb(ab)" °a 2k — 10

B(aab) = baaba? 8 4

B(ab) = b 3aaba*—t 4

Blac) — 1

B(ba) = aF~Opbbabf*abk—3ap 8

B(b'a) = ab®* 2~ 2ap foralli € [2.k — 2] 4k —12

B(bFla) = aba 3

,B(bka) = 1 but, when merged, 0
B(c) = 1 but, when merged, 0

Proof. Every conjugate contributing a character to (a’b) is smaller than any conjugate
of ,B(ai/b), forall1 < i < i < k—2. Symmetrically, every conjugate contributing a
character to B(b/a) is greater than any conjugate of B(b/'a), for every 1 < j/ < j < k. Since
we considered all the disjoint ranges of conjugates of Cy.c based on their common prefix,
[T=) B(a"~™b) - B(ac) - TTE_; B(b'a) - B(c) is the BBWT and BWT of Cjc.

With the structure of BWT(C]EC), we can easily derive its number of runs. The word
H;:é (a*~'b) has exactly 2k — 11 runs: we start with 1 run from g(a*~2b) = ¢, and then
concatenating each from B(a*~3b) to B(a*b) adds 2 runs each. By counting, we observe that
B(aaab), B(aab), and B(ab) contribute 2k — 10, 4, and 4 runs, respectively. The boundaries
between these words do not merge. The conjugates in ﬁ(ac) and B(ba) contribute with
1 and 8 runs each. The remaining parts of the BWT H ', B(b'a) contribute 4(k — 3) + 3
runs: we start adding 4 runs each by concatenating each B(bba) to f(b*~2a). And B(bf'a)
adds 3 runs. B(b*a) and B(c) do not add new runs, as they consist only of an a that
merges with the previous one. The last part B(c) contributes one run. In total, we have
2k—11+2k—10+4+4+1+ 8+ 4k — 12 + 3 = 8k — 13, and the claim holds. O

8. Conclusions

In this article, we analyzed the sensitivity of the Burrows—Wheeler Transform (BWT)
and its bijective variant (BBWT) to single-character edits. We extended previous work on
the BWT by a four-character alphabet setting and an alphabet reordering. Our findings
reveal that BWT and BBWT exhibit similar sensitivity characteristics, with compression size
changes that can follow a multiplicative logarithmic or additive square-root growth. These
insights clarify that the BWT and BBWT are not robust repetitiveness measures, which is a
crucial property for data compression applications. As future work, we would like to find
positions in a word for which we can predict the compression size changes when editing
that position. That would allow us to design algorithms to improve the compression power
of BWT/BBWT by editing the word in a way that minimizes the compression size changes.
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