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Abstract. Given a set of results from range minimum queries (RMQs), our task is to
construct a sequence that is consistent with the results of the queries. We study two types
of RMQs: a value-based RMQ returns the minimum value and an indez-based RMQ returns
the index of the minimum. While the value-based version has been discussed informally in
the context of competitive programming, the index-based version appears to be unexplored.
In this paper, we provide a survey and unified analysis of the value-based version, and
we propose efficient algorithms for the index-based version. These include algorithms for
computing the lexicographically smallest consistent sequence and permutation, as well as
an enumeration algorithm that outputs all consistent permutations with constant delay.

1 Problem Definition

Given an integer array A[l : n| of n integers, a range minimum query (RMQ) asks, for a given
interval [I,7] to report the smallest entry in the sub-array A[l : 7], i.e., mingcp ] A[k]. Literature
gives two types of data structures that deal with this problem differently: encoding and indexing
data structures. Encoding data structures [7J5I1113], mostly based on the equivalence with the
lowest common ancestor problem, need A only during their construction — at query time they
can report the answer directly. The other type, the indexing data structures [I5J9T0], needs to
consult A even during query time. While the latter type seems to be weaker, it allows squeezing the
constructed data structure in only a few bits of space. Indeed, indexing data structures that report
only the index ¢ of the minimum need 2n + o(n) bits of space, which was reached by Fischer and
Heun [10]. In particular, when only the index of the minimum is needed, indexing data structures
for RMQs are the way to go. Therefore, it has become natural to think about RMQs as either of
two types: returning the value of the minimum or the index at which the minimum is stored. We
call the former type value-based and the latter index-based.

Now suppose that instead of having A or an RMQ data structure on A, we are given some
answers to either value-based or index-based RMQs and try to reverse-engineer A. We should find
an array A’[1 : n] that is consistent with the original A, i.e., answering each of the RMQs on A
or A’ leads to the same results. While there can be infinitely many arrays satisfying the require-
ments, this paper focuses on reconstructing specific types of arrays as representatives: namely,
lexicographically smallest arrays and permutations. Those variants of the value-based version of
this problem have occasionally appeared in competitive programming contests [2321I25/T9/TE],
with several informal explanatory articles available online [24]22/20126]. In contrast, to the best of
the authors’ knowledge, the index-based version has not been investigated.

Regarding the reverse engineering of index-based RMQs, we present linear-time algorithms for
computing the smallest positive integer sequences and permutations, together with an algorithm
that enumerates all consistent permutations with constant delay, in Section [3] Since index-based
RMQs do not retain the actual array values, consistent permutations can be viewed as representing
all consistent arrays without duplicated values. The value-based counterparts of these problems are
discussed in Section[d] After surveying the existing results, we present a new linear-time algorithm
for computing the smallest consistent permutation.
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2 Preliminaries

Let N and N, denote the sets of non-negative integers and positive integers, respectively. The
interval of two non-negative integers [ and r is denoted by [l,r] = {i e N |l < i < r}. For a
sequence A = (a1, ...,a,) of integers, A[i]| = a, and A[i : j] = (ai, ..., q;) if i < j.In the case where
i > 7, Ali : j] is the empty sequence. For a set .J of indices of A, we write A(J) = { A[i] | i€ J}.
Thus, Afi : j] is a sequence and A([i,j]) is a set. Since this paper is concerned with sequences
of positive integers only, an (integer) sequence refers to a sequence of positive integers, unless
otherwise noted. A sequence A of length n is (lexicographically) smaller than another B of the
same length if there is ¢ € [1,n] such that A[l :4—1] = B[l :4— 1] and A[i] < BJ[i].

2.1 Useful queries and data structures

Our algorithms need to solve two types of problems, for which we use data structures from liter-
ature.

INTERVAL UNION-FIND PROBLEM
Consider manipulating an interval partition Z of the set [1, n]. Initially, Z is the discrete partition
Z={[i,i] | € [l,n]}. We allow two kinds of operations:

1. Z.link(i) with ¢ € [1, n] merges the intervals [I, ], [i +1,r] € Z into [[, r] if such intervals exist
in Z;
2. I.find(i) with ¢ € [1,n] returns r € [1,n] such that i € [I,r] € Z.

The above is a specialization of the union-find problem commonly studied in the literature.
Our specialization allows a more efficient solution.

Theorem 1 ([I6/12]). One can perform m operations of link and find over [1,n]| given in an
online manner in O(n 4+ m - a(m + n,n)) time, where « is the inverse of Ackermann’s function.
Moreover, if the machine word size is £2(logn) bits, the factor a(m + n,n) can be replaced by a
constant.

Here, by an online manner, we mean that we perform each operation without knowing the suc-
ceeding operations.

OFFLINE MINIMUM PROBLEM
Consider manipulating a semi-dynamic set S C [1,n] of integers. Initially, S is empty (S = ().
We allow two kinds of operations:

1. S.insert(i) with ¢ € [1,n] updates the set S to SU {i};
2. S.extract() returns and deletes the minimum of S, unless S is empty.

Theorem 2 ([I12]). One can perform (at most 2n) operations of insert and extract over [1,n]
given in an offtine manner in O(n - a(n,n)) time if insert(i) is called at most once for each
1 € [1,n]. Moreover, if the machine word size is 2(logn) bits, the factor a(n,n) can be replaced
by a constant.

Here, by an offline manner, we mean that we are given the sequence of operations before processing
the first operation.

3 Index-based RMQs

This section is concerned with integer sequences consistent with given index-based RMQs and
their answers. An index-based RMQ with answer (iIRMQA) is a triple of positive integers (I, r, k)
such that I, r, k € [1,n] with | < k < r for some fixed n. We formally define our problem as follows.
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IRMQA REVERSAL PROBLEM

Input: a finite set Q C {(I,r, k) € Nﬁ_ |1 <I<k<r<n}of iRMQAs;

Output: a sequence A[l : n] such that min{i € [I,r] | A[i] = min A[l : ]} = kfor all (I,7, k) € Q
or a report that no such sequence exists.

In this model, when there are multiple indices that achieve the minimum value within the
queried range, the query result is the smallest such index.

Throughout this section, we fix the length n of the underlying sequences and a finite set Q) of
iRMQAs, and let ¢ = |Q)|.

Ezample 1. Given n = 9 and Q1 = {(1,2,1),(1,3,3),(4,7,5),(6,8,8),(5,9,9)}, one of the solu-
tions is B = (7,7,5,9,5,5,5,3,1). In fact,

min{i € [1,2] | B[i] =min B[1: 2] =7} = min{1,2} =1,
min{¢ € [1,3] | B[i] = min B[1: 3] =5} = min{3} = 3,
min{i € [4,7] | Bl{)] =min B[4 : 7] =5} = min{5,6,7} = 5,
min{i € [6,8] | B[i] = min B[6 : 8] = 3 } = min{8} = 8§,
min{i € [5,9] | Bli] =minB[5:9] =1} = min{9} =9

If two iRMQAs (1,7, k) and (I’,7/, k) with the same k are given, they can be merged into
(min(l,1"), max(r,r’), k) without changing the admissible consistent sequences. We call an iRMQA
set canonical if it has just one iRMQA of the form (I, rg, k) for each k. One can convert @ into
canonical form by letting

Iy =min({k} U{l| (I, k) € Q for some r}),
rp =max({k}U{r| ({,r k) € Q for somel}).

We store those values in two arrays of length n by a preprocessing taking O(q+n) time. Hereafter,
we assume that the given iRMQA set is canonical.

3.1 Permutations consistent with iRMQAs

This subsection is concerned with the problems of enumerating all permutations and finding the
smallest permutation consistent with the given iRMQA set Q.

We represent the conditions defined by the iRMQAs of @ with a directed graph Gg =
([1,n], Eqg), where

Eqg={(i,j)|i#jand l; <j < for (I, ri,i) € Q}.

Proposition 1. A permutation P is consistent with an iRMQA set Q if and only if its inverse
permutation P~ is a topological ordering of the graph Gg.

Thus, finding a permutation consistent with the given iRMQAs is equivalent to finding a topo-
logical sort on the graph Gg. In particular, () has a consistent permutation if and only if Gg
is acyclic. However, constructing the graph Gg can take quadratic time. Instead, we compute a
subgraph G/,, which has less than 2n edges and retains the same admissible topological orderings
as Gg. We first observe some properties of the graph G¢. Let EQ be the transitive closure of Eg;
that is, (,7) € Eg if and only if there is a path from i to j in Gg.

Lemma 1. If i < j < k and (i,k) € Eq, then (i,j) € Eqg. As a corollary, if i < j < k and
(i,k) € Eq, then (i,j) € Eq. The same holds when i > j > k.

We call an edge (7,7) leftward if i > j and rightward if i < j. Lemma [l| implies that if we have

(1,k), (J, k) € Eg with i < j < k, deletion of (i, k) does not affect the reachability from i to k
since (¢,7) € Eq. Therefore, it is enough to keep the closest predecessors par [k] and parg[k] on
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Fig. 1. Graph Gg, for Q1 in Example 1] Edges of EL and Eg are drawn by solid leftward and rightward
arrows, respectively. The vertex 10 and its outgoing edges drawn with dashed lines appear in 71 only.
Similarly, 0 appears in Tr. The boxed numbers show the preorder numbering in left-to-right depth-first
search of the tree T, which gives the smallest permutation consistent with Q.

the left and the right, respectively, for each vertex k. We call par|[k] and parg[k], if they exist,
the left and the right parents of k, respectively. Formally, define Gf, = ([1,n], E) whose edge set
Eg C Eq keeps only edges of the forms (par [k], k) and (parg[k], k) where

par (k] = max({i| ¢ < k and (i, k) € Eg } U{0}),
parglk] =min({¢ | k <iand (i,k) € Eg }U{n+1}).

If k has no left (resp. right) predecessors, par [k] (resp. parg[k]) is the dummy value 0 (resp. n+1).
Let us partition Ef, into Ei and Er that consist of leftward edges of the form (parglk], k) and
rightward edges of the form (par [k], k), respectively. The edge sets E and Er respectively form
forests. Let EL and ER be the transitive closures of E| and ER, respectively.

Lemma 2. For (i,]) € Eq, if i > j, then (i,j) € EL. If i < j, then (i, ) € Er.

Therefore, the graph Gy, admits exactly the same topological orderings as Gq. Since |Eg| =
|EL| + |Er| < 2(n — 1), the size of Ef, is less than 2n.

Algorithm [1| computes the right parent parg[k] and the leftmost reachable vertex reach [k] =
min({j | (j,k) € EL} U {k}) for ecach k. The array parg can be seen as a tree with the dummy
root n + 1, where we set [,,41 = 1. That is, we claim that Algorithm [I] constructs the tree
7L = (1,n+ 1], E}) where

Ef = E U{(n+ 1,k) | k has no incoming edges in E }.

The function subtree(j) recursively constructs the subtree rooted at j in the right-to-left depth-
first search manner and returns the leftmost descendant minus one. Figure [I]illustrates an example
of G’Q together with 7} and Tr where Tg is defined symmetrically to 7} .

Lemma 3. Algorithm[1] computes the right parent parg[i] and the leftmost reachable vertex reachy [i]
of all i in O(n) time.

Computation of par|[k] is symmetric to Algorithm [1} so we can construct the graph G’Q in
linear time by the same techniques. If the graph G'Q contains a cycle, which can be decided in
time linear in the graph size, () admits no consistent permutations. Suppose G’Q is acyclic. Ono
and Nakano [I4] have shown that we can enumerate all linear extensions of a given poset with
constant delay time. The edge set Eég itself is not a poset, but one can recognize its transitive

closure in constant time, since (4, ) € EQ if and only if j € [reach_[i], reachg]i]], where reachgr is
defined and computed in the way exactly symmetric to reach .

Theorem 3. One can enumerate all permutations consistent with q given iRMQAs with constant
delay time after processing the input in O(q + n) time.

Now we turn our attention to finding the smallest consistent permutation. We assume G has
no cycle. The left-to-right depth-first search of the tree Ti finds the smallest consistent permuta-
tion. This might appear surprising, because not every topological sort on 7| gives a topological
sort on G’Q. However, the numbering based on the “left-to-right” depth-first search on T always
respects the “rightward” edges of ER, as long as G'Q has no cycle.
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Algorithm 1: Computing the tree 7|
Input: Canonical iRMQA set Q = { (lx,rx, k) | k € [1,n] }
Output: arrays parg and reachL such that parg[i] is the smallest j satisfying [; < i < j and
reachy [t] is the leftmost reachable vertex from 4

begin
parg, reach < arrays of length n;
subtree(n + 1);

return parg and reachy;

1 j—1;
while i > [; do
L pargi]  j;

1
2
3
4
5 function subtree(j):
6
7
8
9 i < subtree(i);

10 reachi[j] < i+ 1;
11 return i;

Lemma 4. The preorder numbering Py in left-to-right depth-first search of the tree T gives the
smallest permutation consistent with Q, where the dummy vertex n + 1 is numbered 0.

Proof. We note the fact that if i < j and j is visited before i, then j is an ancestor of i in T}.
We first show the consistency of Py, i.e., for any edge (i,7) of G, it holds Fy[i] < Pylj]. If
(4,5) € EL, obviously Fyli] < Po[j]. Suppose (i,j) € Er. Since Gy, has no cycle, (j,7) ¢ EL. Thus,
j is not an ancestor of ¢ in Ti. Since i < j, we visit ¢ before j, i.e., Py[i] < Py[j]. Therefore, Py is
consistent with Q.
To establish the minimality of P,, we show that if a permutation P’ is consistent with @ and
P'[1:i—1)= Pyl :i—1], then P'[i] > Py[i]. The vertices visited before ¢ belong to either

Ji={j€i+1,n]|jis an ancestor of i } or
K;={jel,i—1]]|jis not a descendant of i } .

That is, Po(J; UK;) ={1,..., Py[i] — 1}. The assumption P'[1:4— 1] = Fy[l : i — 1] immediately
implies P/(K;) = Py(K;) by K; C [1,i — 1]. Thus,

P'(J;) C [Ln]\ P(K;) = [1,n] \ Po(K;) = [Poli], n] U Po( ;) -
]

If P'(J;) = Py(J;), then P'[i] € [Pyli], n], so P'[i] > Poli]. If P'(J;) # Po(J;), there is j € J; such
that P[] € [Poli], n], i-e., P'[j] > Poli]. Since P’ is consistent with @, we have P’[i] > P'[j] > Pyli].
O

Corollary 1 (Smallest permutation for iRMQAs). One can find the smallest permutation
of length n consistent with q given iRMQAs in O(q+ n) time.

3.2 Smallest sequence consistent with iRMQAs

In this subsection, we discuss finding the smallest integer sequence consistent with the given
iRMQAs. Similarly to the case of permutations, the conditions defined by the iRMQAs can be
represented by the graph G = ([1,n], Eg) defined in Subsection with an edge weighting
w: Eg — {0,1} defined by
o 0 ifi<j,
w«“”)_{l ifi> ],
Recall that for any sequence A consistent with Q, if (1,7, k) € Q, then A[k] < A[i] for alli € [I, k—1]
and A[k] < A[i] for all ¢ € [k +1,r]. Thus, A is consistent with @ if and only if for all (¢, j) € Eq,

Ali] +w((i, 7)) < Alj]- (1)
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The length of a path is the sum of the weights of the constituting edges.
Lemma 5. @ admits a consistent sequence if and only if Gq is acyclic.

Hereafter, we write w(i, j) rather than w((4, j)) for readability, and assume that G is acyclic.
We define a graph éQ by adding a vertex n + 1 to G and edges (n + 1,%) for all ¢ € [1,n],
with w(n + 1,4) = 1 for all i € [1,n]. We then define an array MazDistg, of length n so that
MazxDist g, [i] is the maximum length of a path from vertex n 41 to i in éQ.

Lemma 6. MazxDistg, is the smallest integer sequence consistent with Q.

Similarly to the case of permutations in Subsection we use a smaller graph for computing
MazDista,, -

Lemma 7. Let T\ be the graph defined in Subsection . Then, MaxDistg,[i] coincides with the
depth of i in T\ for any vertex i € [1,n).

Proof. If a longest path p from n + 1 to ¢ in Eg consists of leftward edges only, Lemma |2| implies
that there is a path p’ in E| that is at least as long as p. Therefore, it suffices to show that for
any path from n + 1 to i € [1,n] in Eq, there is a path of the same weight consisting of leftward
edges only.

Suppose a path p from n + 1 in Eg includes a rightward edge. Since the first edge must be
leftward, the first rightward edge (4, k) in p must follow a leftward edge (i, j) € Eg with j < ¢ and
Jj < k.Ifi <k, then (j,k) € Eg implies (j,i) € Eg. We have a cycle of ¢ and j. So, ¢ > k. By
Lemmal (1} Eg has a leftward edge (¢, k). Replacing the sub-path (i, 7, k) with (i,%k) in p does not
change the length. O

Concerning the iRMQA set @ in Example [T} the depth list of the vertices 1,...,n of the tree T}
is (2,2,1,3,2,3,3,2,1) (see Fig. . This is the smallest sequence consistent with Q1.

Having already discussed linear-time construction of 7 (Algorithm , we obtain the following
theorem.

Theorem 4. We can compute the smallest sequence of length n consistent with q given iRMQ@QAs
in O(q+n) time.

4 Value-based RMQs

This section is concerned with integer sequences consistent with given value-based RMQs and
their answers. A value-based RMQ with answer (vRMQA) is a triple (I,r,v) of positive integers
such that {,r € [1,n] with [ <r and v € N for some fixed n. We formally define our problem as
follows.

VRMQA REVERSAL PROBLEM

Input: a finite set Q@ € {({,7,v) € N} |1 <1 <r <n} of VRMQAs;

Output: a positive integer sequence A[l : n] such that min A[l : r] = v for all (I,7,v) € Q or a
report that no such sequence exists.

Throughout this section, we fix the length n of the underlying sequences and a finite set @ of
vRMQAs and let ¢ = |Q)|.

Ezample 2. Givenn = 9and Q2 = {(1,5,3),(2,3,6), (4,6,3),(6,8,1)}, the sequence A = (3,9,6,8,9,3,5,1,2)
is one of the solutions. In fact,

min A[1 : 5] = min(3,9,6,8,9) = 3, min A[2 : 3] = min(9,6) =6,

min A4 : 6] = min(8,9,3) = 3, min A6 : 8] = min(3,5,1) = 1.
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4.1 Smallest sequence consistent with vRMQAs

The problem of constructing a sequence consistent with a given set of vVRMQAs has been previously
addressed in competitive programming contests like [T9JI8]. This subsection reviews the editorial
of [I9] on this problem.

We call a sequence A consistent with a vVRMQA set @ if, for every (I,7,v) € @,

v, (2)
: (3)

We refer to the first condition (2)) as a lower-bound condition (LBC) and denote it by LB(I,r,v).
Similarly, the second condition (3)) is referred to as an existential condition (EXC) and is denoted
by EX(l,r,v).

We define the lower-bound array LB of length n by

Y

Vi e [I,7], A[i]
3 e [I,r], Ali] =

LB[i| =max ({1} U{v |3, rv) €@, i €[l,7]}), (4)

which represents the logical conjunction of the LBCs on each position 1.
For the instance of Example [2] we have

LB =(3,6,6,3,3,3,1,1,1).
Proposition 2. If Q admits consistent integer sequences, LB is the smallest such sequence.

Theorem 5 ([19]). In O(n + qlogn) time, one can decide whether given vRMQAs admit a con-
sistent sequence and if so, compute the smallest consistent sequence.

Proof. The array LB can be constructed in O(n + qlogn) time by employing a segment tree with
range updates and point queriesﬂ as follows. For each vRMQA (I,7,v) € @ (the order is not of
importance), we (lazily) update LB[i] for all i € [I,r] to be v if v is larger than the current value.
Furthermore, the EXCs can also be verified in O(n + ¢glogn) time using a segment tree, with
which we can verify min LBl : r] = v for each (I,7,v) € Q. Therefore, the problem can be solved
in O(n + qlogn) time in total. O

When the maximum value v of (I,r,v) € Q is O(n), we can compute LB more efficiently using
the union-find structure like Algorithm [2] shown later.

4.2 Permutations consistent with vRMQAs

This subsection discusses counting the permutations and finding the smallest permutation consis-
tent with the given vVRMQA set. These problems were previously addressed, respectively, at Nordic
Olympiad in Informatics 2018 [2I] and Singapore National Olympiad in Informatics 2017 [23]. In
addition, a variant problem was addressed at USA Computing Olympiad 2008 [25]. Several unof-
ficial web articles [22I24126] explain these problems, but they are informal and do not necessarily
pursue minimizing the theoretical time complexity. In this subsection, we consolidate these ideas
together with our own, and present a formal and comprehensive analysis.

Since we are concerned with permutations, we assume v € [1,n] for all (I,r,v) € Q. In addition,
since there must be a position with value 1 in any permutation, we may assume without loss of
generality (1,n,1) € Q. Furthermore, if there exist two vRMQAs (I1,71,v), (l2,72,v) € Q with the
same value v € [1, n], since any permutation P over [1,n] has just one position ¢ such that P[i] = v,
those intervals [l1,71] and [l2, r2] must overlap in order to admit a consistent permutation. So, the
following two facts hold:

— P satisfies both LB(l1,r1,v) and LB(l3, 79, v) if and only if
it satisfies LB(min(ly,ls), max(ry,r3),v);

3 For details of segment trees, see, e.g., [J, Section 3.2.5] or [, Section 10.3].
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— P satisfies both EX(l1,71,v) and EX(l2,72,v) if and only if
it satisfies EX(max(l1,l2), min(rq,72), v).

Therefore, the information represented in @ is equivalent to @’ defined as follows.

Q = { (5B 7B v) v e Vo YU { (IF,7EX v) | v € Vg }, where
I8 =min{l € [1,n]| (I,r,v) €QY}, ri®=max{rec[l,n]|(l,rv)€Q},
I =max{l€[L,n] | (I,r,v) €Q}, r™=min{re[Ln]|(rv)EQ},

and Vo ={v e [l,n] | (I,r,v) € Q for some [, r } is the set of values that appear in Q). We say that
Q' is the canonical form of (). From now on, we assume @ is given in its canonical form and one
can obtain ILB rLB [EX »EXin constant time for each v € V. Just by scanning the vVRMQA set

Q once, we can store those values in four arrays of size n in O(g + n) time. We note that 1 € Vg,

158 =1, and r{B = n by the assumption.
Let I'B = [ll';B, rLB] and IEX = [IEX rEX]. Then, a permutation P is consistent with @ if and

only if for all v € Vg,
Viec IB, Plij>v, and 3icI Pli|=

As in Eq. [4]in Section we define the lower-bound array LB accordingly. Using ILB = [ILB 7LB]
the array is expressed as LB[i] = max{v € Vg |i € IB}.

Ezample 3. For the instance ()2 in Example [2| we have Vi, = {1,3,6} and
% =1[1,9], 58 = [1,6], I8 =[2,3], IF* =[6,8], IF* =[4,5], IE* =[2,3].

Taking advantage of the restriction that v € [1,n] for any (I,r,v) € Q, Algorithm [2| computes
the array LB more efficiently than the method in the proof of Theorem [f| The array LB is
initialized with ones. In the for loop, decrementing v from n to 2, we set LBJi] = v for all i € I'B
unless LB[i] has already been updated (i.e., LB[i] # 1). This procedure gives the correct lower-
bound array. If we check whether LB[i] = 1 for every i € I'B, the computation costs quadratic
time, but we can accelerate this by using Theorem [1} following the approach of [26]. We partition
the set [1,n + 1] into intervals with the invariant property that LB[j] = 1 if and only if j is the
right end of an interval for any j € [1,n + 1], assuming LB[n + 1] = 1. This allows us to skip
consecutive indices where the values of LB are not 1 and to find the least j > i such that LB[j] = 1
by find(i). This guarantees that LB is updated at most once on each index i and the total number
of iterations of the while loop is bounded by n. Therefore, Algorithm [2] computes the lower-bound
array LB in O(n - a(n,n)) time. It will be O(n) time if the machine word size is {2(logn) bits.

Now, we determine all valid positions of values v € [1,n] in a consistent permutation using LB.
Define

X,={iel,n]|LBJi|=v},
XSv:UZﬂXua
X=X, NI forve V.

Note that X, = 0 for v ¢ Vg and XEX C X, for v € V.
Lemma 8. A permutation P is consistent with Q if and only if

Pp ¢ {XEX for all v € Vg,

X<y forallv ¢ Vg.
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Algorithm 2: Computing the lower bound array

Input: Canonical vRMQA set Q = { (158,758, v), (IE*,7E%,v) |[v € Vo }
Output: The lower-bound array LB
1 begin
LB < an array of length n initialized with ones;
7 « the discrete partition of [1,n + 1];
forv=nn—-1,...,2do
if v € Vo then
i+ Z.find(I5?);
while i < 7% do
LB[i] + v;
ZL.link(1);
i+ Z.find(3);

© o N O A WN

-
(=]

return LB;

[ary
[y

Counting permutations consistent with vRMQAs A strategy for counting the number of
permutations consistent with @Q is presented in [22]. We determine P~1[v] for v = 1,...,n in this
order based on Lemma 8] If v € Vi, we have | XEX| choices, since none has been chosen from XEX
earlier. If v ¢ Vi, we have | X<,| — (v — 1) choices, since we have already picked v — 1 from X<,.
Therefore, the number Cg of consistent permutations is

Co = H max(0, ¢,) where ¢, =
vE[l,n]

| XEX| if v e Vo,
{ 9 (5)

| X<o| —v+1 ifv¢ Vo

Counting |XEX| and |X<,| is easy using LB and IEX.
Ezxample 4. For the instance ()2 in Example [2| we have
X, ={7,8,9}, X35 ={1,4,5,6}, X = {2,3},
XP={7.8}, X5 = {45}, X¢* =1{2,3},

and
Co,=2-3-1)-2-(7-3)-(7—4)-2-(9—-6)-(9—-7)-(9—8) =1152.

Theorem 6. We can count the number of permutations of length n consistent with q given vR-
MQAs in O(q + n - a(n,n)) time. Moreover, if the machine word size is {2(logn) bits, the factor
a(n,n) can be replaced by a constant.

By expanding the counting arguments above, we can rank all consistent permutations so that,
given a rank r in [1, Cg], we can return the unique consistent permutation with rank r in O(n)
time, and vice versa. This immediately yields an enumeration of consistent permutations with an
O(n)-time delay. We remark that by applying Uno’s technique [I7], it is also possible to enumerate
all consistent permutations with an O(logn)-time delay after O(n?) time preprocessing.

Smallest permutation consistent with vRMQAs Assuming that ) admits at least one
consistent permutation (Cg # 0), we compute the lexicographically smallest such permutation.
The strategy in [24] greedily assigns each v € Vg to the earliest position satisfying the conditions
of Lemma |8 Formally, we define a permutation F, via its inverse Po_l[v] forv=1,...,n in this
order by

XEX ifv e VQ,
Xeo\ Py (Lo —1)) ifvé Vo

By the counting argument for Theorem [6] Y, is never empty and minY,, differs from any value of
Py 1 :v—1]. Thus, Py is well-defined and consistent with Q.

Py '[v] = minY, for Y, = { (6)
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Algorithm 3: Computing the smallest consistent permutation
Input: Canonical vVRMQA set @) and the lower-bound array LB
Output: The smallest consistent permutation Py

1 begin

2 Py, F' + arrays of length n initialized with zeros;

3 Zy + 0 for all v € Vo;

4 fori=1,2,...,n do

5 v < LBJil;

6

7

8

9

if i € IF* and F[v] = 0 then Py[i] + v and F[v] + 1;
else add i to Z,;

S« 0;

forv=1,2,...,n do
10 if v € Vg then S.insert(i) for all ¢ in Z,;
11 | else Py[S.extract()] < v;
12 return Fp;

Ezxample 5. Let us compare the smallest consistent permutation Py and the lower bound array
LB for the instance @2 in Example [2}

PO = (4567773a5a8517279)a
LB=(36.6333111),

where the positions in XF* for v € Vj,, are underlined in LB.

Lemma 9. P, is the smallest permutation consistent with Q.

Proof (Sketch). One can show that if a permutation P is consistent with @ and P # Py, then the
permutation obtained from P by swapping the values v and u is smaller than P and consistent
with @, where v € [1,7] is the smallest such that P~'[v] # Py '[v] and u = P[Py *[v]]. O

Algorithm [3[ computes Py based on the definition (Eq. @ While the underlying greedy logic
follows [24], this is slightly modified to enable efficient computation, improving the O(nlogn) time
complexity to O(n-a(n,n)). The for loop of Linecomputes Pyt [v] for v € Vg straightforwardly,
where F[v] indicates whether P, '[v] has already been computed. At the same time, we prepare
the sets Z, = X, \ {P; *[v]} for all v € Vi. These sets store the positions where values greater
than v and not belonging to V; can be placed, and are used in the latter half of the algorithm.
We determine the positions Py '[v] of v ¢ Vg in the for loop of Line @ We perform the following
operations on a semi-dynamic set S, which is initially empty, for each v € [1,n] in ascending order:

1. if v € Vo, insert every index i € Z, = X, \ {P; '[v]} into S,
2. if v ¢ Vi, set Py[min S] = v and remove min S from S.

These operations maintain the loop invariant that after the vth iteration of the second for loop,
we have S = X<, \ Py '([1,v]). Thus, our construction is faithful to the definition of Py (Eq. @
Since we can fix those operations over S before Line [8] we can apply Theorem

Theorem 7. We can compute the smallest permutation of length n consistent with the q given
vRMQAs in O(q+n-a(n,n)) time. Moreover, if the machine word size is 2(logn) bits, the factor
a(n,n) can be replaced by a constant.

5 Concluding Remarks

We presented efficient algorithms for reconstructing sequences and permutations consistent with
RMQ answers, addressing various natural variations such as computing the lexicographically small-
est solution, enumerating all consistent permutations, and counting their total number, for both
value-based and index-based settings.
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While we showed that counting consistent permutations is tractable for vRMQAs, the com-
plexity of the analogous counting problem for iRMQAs is still open. Counting the number of
permutations consistent with a given iRMQA set @ is equivalent to counting that of linear ex-
tensions of the poset generated by the directed acyclic graph G’Q in Section |3 Whilst counting
the number of linear extensions of a given poset is #P-complete in general [§], some special cases
allow polynomial-time counting (e.g., [I3/4]). Since the graph G/Q is highly restrictive, it might be
possible to design a polynomial-time algorithm for counting the consistent permutations.

It is also interesting future work to study the inversion problems of other types of range queries,
such as range sum queries and range mode queries.
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