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Abstract
The Lempel-Ziv 78 (LZ78) factorization is a well-studied technique for data compression. It
and its derivates are used in compression formats such as compress or gif. Although most
research focuses on the factorization of plain data, not much research has been conducted on
indexing the data for fast LZ78 factorization. Here, we study the LZ78 factorization and its
derivates in the substring compression model, where we are allowed to index the data and
return the factorization of a substring specified at query time. In that model, we propose an
algorithm that works in compressed space, computing the factorization with a logarithmic
slowdown compared to the optimal time complexity.
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1 Introduction

The substring compression problem [1] is to preprocess a given input text T such that computing
a compressed version of a substring of Ti..j] can be performed efficiently. This problem has
been originally stated for the Lempel-Ziv-77 (LZ77) factorization [2], but extensions to the
generalized LZ77 factorization [3], the Lempel-Ziv 78 (LZ78) factorization [4] as well as two of its
derivates [5], the run-length encoded Burrows—Wheeler transform (RLBWT) [6], and the relative
LZ factorization [7, Sect. 7.3] have been studied. Given that n is the length of T, a trivial solution
would be to precompute the compressed output of T'[Z] for all intervals Z C [1..n]. This, however,
gives us already Q(nQ) solutions to store.

For an appealing solution, we want to be able to index a large amount of data efficiently within
a fraction of space; two criteria (speed and space) that are likely to be anti-correlated. However, as
far as we are aware, the substring compression problem has not yet been studied with compressed
space bounds that can be sublinear for compressible input data. Our main target is therefore a
solution that works in compressed space and can answer a query in time linear in the output size
with a polylogarithmic term on the text length.

In this paper, we build upon the line of research on LZ78 factorization algorithms that
superimpose the LZ trie on the suffix tree [4, 5, 8-10], which all use the (n) space (in words) to
store the suffix tree. Here, we make the algorithmic idea of the superimposition compatible with the
compact directed acyclic word graph (CDAWG) [11], trading a tiny time penalty with a large space



Table 1 Solutions for computing the LZ78 (or alternatively LZD, or LZMW)
substring compression for a string of length n over an alphabet of size o, with z
LZ78 (LZD, or LZMW) factors, e CDAWG edges, r BWT runs, and having
substring complexity § [14]. Extra space means the additional working space
required for processing queries in addition to the index. All space complexities
are measured in words.

method space time
index extra space query
naive Q(n?) O(z) O(z)
Képpl [4] O(n) O(z) O(z)
Theorem 2 Ofe) O(z) O(zlgn)
Theorem 3 O(rlg2) O(2) O(z (1g gl +1g 2 + g z))
Theorem 4 O (5 Ig :;1152) O(z) O(zlg*ten)

improvement for compressible texts. Furthermore, we generalize the LZ78 substring compression
algorithm to work with any data structure that can perform a limited set of suffix tree operations.
As a result, we obtain alternative solutions for computing the LZ78 substring compression. We
also apply the proposed method for LZ78 substring compression to LZD [12] and LZMW [13]
compression, which are derivates of the LZ78 factorization. Table 1 summarizes both known and
newly proposed solutions for the substring compression problem of LZ78, LZD, and LZMW.

Our contribution fits into the line of research focused on data compression with the CDAWG.
Given e and z are the number of edges of the CDAWG and the number of LZ78 factors, respectively,
in that line, [15] proposed a straight-line program (SLP), which can be computed in O(e) time
taking O(e) words of space. Given an SLP of size O(g), [16] showed how to compute LZ78 from
that SLP in O(g + zlg z) time and space. Combining both solutions, we can compute LZ78 from
the CDAWG in O(e + z1g z) time and space. Recently, [17] showed how to compute, among others,
the RLBWT and LZ77 in O(e) time and space.

Beyond LZ78, variants such as LZD [12] and LZMW [13] have been introduced to improve
compression performance. Both factorizations represent each factor as the concatenation of two
previous factors. Since the length of each factor can grow exponentially in the best case, the lower
bound on the number of factors becomes Q(logn). This is significantly smaller than the lower bound
for standard LZ78 factorization, which is Q(1/n). However, while the standard LZ78 factorization
can be computed in an online manner in O(n) time using O(z) additional words of space where z is
the number of LZ78 factors, computing these two variants within the same additional space is more
difficult. [18] showed that the greedy algorithm for these variants takes Q(n°/4) time in the worst
case. The fastest known solution for this problem runs in expected O(n + 2 log® n) time, where 2’
is the size of the corresponding parsing [18]. This gap in the computational complexity motivates
the investigation into the possibility of computing these factorizations in compressed space.

We also note that our research can be viewed as a practical application of compressed suffix trees.
The majority of the queries needed to compute substring compressions correspond to standard
suffix tree operations. Indeed, the compressed indexes we employ can be seen as specific instances
or variants of compressed suffix trees. Our approach shows how to maintain the LZ78, LZD, and
LZMW tries within this framework, leveraging the capabilities of these compressed structures.
This perspective not only unifies different parsing algorithms but also broadens the applicability of
compressed suffix tree-based methods.

This article is an extended version of our contribution [19] to the SPIRE’24 conference. Our
extension is as follows. First, we have adapted our techniques for substring compression to LZD
and LZMW. Second, we formulate an abstract data type for the data structure we need for
our algorithm computing the substring compression for any of the addressed compression types
(LZ78/LZMW /LZD). We subsequently provide examples of implementations other than CDAWGs
for this abstract data type. Finally, we provide additional experimental results.



2 Preliminaries

With lg we denote the logarithm log, to base two. Our computational model is the word RAM
model with machine word size Q(lgn) bits for a given input size n. Accessing a word costs O(1)
time. Unless stated otherwise, we measure space complexity in words rather than bits.

Let T be a text of length |T'| = n whose characters are drawn from an integer alphabet ¥ = [1..0]
with ¢ < n°M . Given X,Y, Z € ¥* with T = XY Z, then X, Y and Z are called a prefiz, substring
and suffiz of T, respectively. We call T'[i..] the i-th suffix of T', and denote a substring T'[7] - - - T'[§]
with T[i..j]. A longest common prefiz (LCP) of two strings X and Y is the longest prefix P of X
and Y that satisfies X[1..|P|] = Y[1..|P|] = P. We denote lcp(X,Y) as the longest common prefix
of X and Y. The longest common prefix between two suffixes of the string is also called longest
common extension (LCE). A parsing dictionary is a set of strings. A parsing dictionary D is called
prefiz-closed if it contains, for each string S € D, all prefixes of S as well. A factorization of T of
size z partitions T into z substrings F; - - - F, = T. Each such substring F, is called a factor and x
its indezx.

LZ78 Factorization.

Stipulating that Fp is the empty string, a factorization F; --- F, = T is called the LZ78 factoriza-
tion [20] of T' if and only if, for all € [1..z], the factor F}, is the longest prefix of T[|F} - - - Fyp—1|+1..]
such that F, = F, - ¢ for some y € [0.z — 1] and ¢ € X, that is, F, is the longest possible
previous factor Fy appended by the following character in the text. The dictionary for comput-
ing Fy is Dy := {F, -c:y € [0.x — 1],c € X}, which is prefix-closed. Formally, F, starts at
dst, := |Fy..Fy_1|+1 and y = argmax{|F},| : F,y = T[dst,..dst, +|F,/|—1]}. We say that y and F,
are the referred index and the referred factor of the factor F, respectively. The LZ78 factorization
of T'=babac is Fy, Fy,..., Fy = €,b,a,ba, c. The referred factor of F5 = Fia is Fi; F3’s referred
index is 1.

D, is often implemented by the LZ trie, which represents each LZ factor as a node; the root
represents the factor Fy. The node representing the factor Fy, has a child representing the factor F),
connected with an edge labeled by a character ¢ € ¥ if and only if F,; = F,c. To see the connection
of the LZ trie and D,, we observe that adding any new leaf to the LZ trie storing {Fi,..., Fy_1}
gives an element of D,, and vice versa we can obtain any element of D, by doing so. A crucial
observation is that every path from the LZ trie root downwards visits nodes in increasing LZ factor
index order.

Lempel-Ziv Double (LZD) [12] and Lempel-Ziv-Miller-Wegman (LZMW) [13] factorization
are non-prefix-closed variants of LZ78 factorization. A factorization Fy---F, of T is LZD if F,
is represented by F, = Gy - Go with Gy € {Fo, F1,...,Fy_1},Go € {F},..., F;_1} UX such that
G1 and Gy are, respectively, the longest possible prefixes of T[dst,..] and of T[dst, + |G1|..]. A
factorization Fy--- F, of T'is LZMW if F, = F, - Fyy1 with1 <y <z —1or F, € ¥ and all
factors are greedily selected by length. Examples of the LZ78, LZD, and LZMW factorizations are
shown in Fig. 1. Because non-prefix closed parsings may introduce unary paths in the parse trees,
we need to study LZ tries having unary paths.

Suffix Tree.

Given a tree, with an s-t path we denote the path from a node s to a node ¢. All trees in this paper
are considered non-empty with a root node, which we denote by root. The suffiz trie of T is the trie
of all suffixes of T'. There is a one-to-one relationship between the suffix trie leaves and the suffixes
of T. The suffix tree [21] ST of T is the tree obtained by compacting the suffix trie of T. The
string stored in an ST edge g is called the label of g. The string label of a node v is defined as the
concatenation of all edge labels on the root-v path; its string depth is the length of its string label.
The leaf corresponding to the i-th suffix T'[i..] is labeled with the suffiz number i € [1..n]. The
locus of a substring S of T is the place we end up when reading S from ST starting at root. The
locus of S is either an ST node, or on an ST edge (called an implicit node because it is represented
by a suffix trie node). The left of Fig. 2 gives an example of ST.



T a b a a b a a b c

1 2 3 4 5 [
LZ78 | a || b (1,a) (2,a) (1,b) C
1 2 3 4 5
LZD |(a||b|]| (1,1) (2,3) (2,b)
1 2 3 4 5 0
LZMW | a || b || a 1 3 c

Fig. 1 The LZ78, LZD, and LZMW factorizations for T' = abaabaabc. Each block corresponds to a factor, and the
number above each block indicates the factor’s index. Blocks labeled with a single character represent that character
as a factor. In LZ78, a factor F; represented by a tuple (j,¢) means F; = Fjc. In LZD, a factor F; represented by a
tuple (4, k) means F; = F;F). In LZMW, a factor F; represented by a single integer j means F; = FjFj;.

Reading the suffix numbers stored in the leaves of ST in leaf-rank order gives the suffix array [22].
We denote the suffix array of T' by SA. The array ISA is defined such that ISA[SA[i]] = i for every
i=1,...,n. We also denote the LCP array LCP of T by LCP[i] = |lep(T[SA[i]], T[SA[i +1]])]|. Since
the ST leaves are sorted in SA order, the value LCP[i] is the string depth of the lowest common
ancestor of the i-th leaf and (i + 1)-st leaf in leaf-rank order. An ST node v can be uniquely
represented by an SA range [i..j] such that the k-th leaf is in the subtree of v for all k € [i..j].

Centroid Path Decomposition.

The centroid path decomposition [23] of a tree is defined as follows. For each internal node, we call
its child whose subtree is the largest among all its siblings (ties are broken arbitrarily if there are
multiple such children) a heavy node, while we call all other children light nodes. Additionally, we
make root a light node. A heavy path is a maximal-length path from a light node u to the parent of
a leaf containing, except for u, only heavy nodes. Since heavy paths do not overlap, we can contract
all heavy paths to single nodes and thus form the centroid-path decomposed tree whose nodes
are the heavy paths that are connected by the light edges. The centroid-path decomposed tree is
helpful because the number of light nodes on a path from root to a leaf is O(lgn), which means
that a path from root to a leaf contains only O(lgn) nodes. This can be seen from the fact that
the subtree size of a light node is at most half of the subtree size of its parent; thus when visiting a
light node during a top-down traversal in the tree, at least half the number of nodes we can visit
from then on. Consequently, a root-leaf path in a centroid-path decomposed tree has O(lgn) nodes.

CDAWG.

In what follows, we adapt LZ78-substring-compression techniques to work with the CDAWG
instead of ST. The CDAWG of T', denoted by CDAWG, is the minimal compact automaton that
recognizes all suffixes of T' [11, 24]. The CDAWG of T is the minimization of ST, in which (a) all
leaves are merged to a single node, called sink, and (b) all nodes, except sink, are in one-to-one
correspondence with the maximal repeats of T' [25], where a maximal repeat S is a substring of T
having two occurrences a1.S5b; and a2Sbe in T with a; # as and by # by. When transforming ST
into CDAWG, multiple ST nodes can collapse into a single CDAWG node, and we say that such a
CDAWG node corresponds to these collapsed ST nodes. We denote the number of CDAWG edges
by e. With e, we denote the number of edges of the CDAWG of the reverse of T. The number
of CDAWG edges e can be regarded as a compression measure. For highly repetitive text, e can
become asymptotically smaller than the text length n. In general, we can bound e with e € O(n)
and e € Q(lgn). The upper bound is obtained from the fact that the number of ST edges is at
most 2n — 1; the lower bound is obtained from the fact that g € O(e) and g € Q(lgn), where g is
the size of smallest grammar that produces T' [15, Lemma 1]. Furthermore, there is a string family
that achieves e € O(lgn) [26]. The middle of Fig. 2 gives an example of CDAWG.
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Fig. 2 ST (left), CDAWG (center), and the LZ trie (right) for T = babac. The LZ78 factorization of T is
Fo, F1,...,Fy = ¢,b,a,ba, c. We superimpose the suffix trie and the DAWG on ST and CDAWG, respectively, by
drawing implicit nodes with black dots on the edges. We additionally encircle vertices corresponding to LZ78 factors
(thus showing explicit nodes as double circles). Bold and thin lines represent, respectively, the heavy and light edges
of the centroid path decomposition. The CDAWG sink represents the set of strings {c, ac, bac, abac, babac}, which
can be read on the root-sink paths. Only a part of these strings are LZ78 factors.

RLBWT.

We also adapt the algorithm to work in RLBWT-compressed space. The Burrows—Wheeler transform
(BWT) [27] of T is the concatenation of the last characters of all rotations of T sorted in lexicographic
order. Since a BWT puts together all the suffixes starting with the same context, it typically has
many runs. Therefore, the run-length encoded Burrows—Wheeler transform (RLBWT) [6], denoted
by RLBWT, compresses the text effectively. It is known that r € O(e) holds for all strings [28], and
a simple string a”~!$ achieves e € ©(n) and r € O(1). RLBWT can also be used for compressed
indexes. There is a data structure that efficiently simulates typical suffix tree operations in O (r Ig %)
space [29]. Note that the two compression measures e and r1g % are incomparable. Therefore, an
RLBWT-based O(r lg %) space index can be considered as an alternative to a CDAWG-based O(e)
space index.

Substring Complexity.

The substring complexity [14] is a repetitiveness measure that can be efficiently computed. For a given
text string T of length n, the substring complexity ¢ is defined as § = max{dy(T)/k | k € [1,n]},
where di(T) is the number of distinct substrings in 7" of length k. § can be computed in linear
time and is a lower bound for many repetitiveness measures such as the number of edges e of the
CDAWSG or the number of runs r of the BWT. A string of length n with substring complexity §

nlgo
dlgn

can be represented using (9(6 lg ) space [30]. Recently, a data structure has been proposed
that supports various queries by providing random access on both SA and ISA and supporting

longest common extension queries, all within the same space complexity [31].



3 Factorization Algorithm

The aim of this paper is to compute, after indexing the input text T in a preprocessing step, upon
request for a provided interval [i..j] C [1..n], the LZ78 factorization of Ti..j], in compressed space
with time bounded linearly in the output size and logarithmic in the text length. For that, we
propose two algorithms, where the first one simulates ST with CDAWG, and thus directly applies
the techniques of our pre-cursors working on ST. For the last algorithm, we show how to eliminate
the need for the ST functionality to improve the time bounds.

3.1 Superimposing CDAWG

In the following, we show how to adapt the ST superimposition by the LZ trie from [8] to CDAWG.
The main observation of [8, Sect. 3] is that the LZ trie is a connected subgraph of the suffix trie
containing its root because LZ78 is prefix-closed. However, the compacted suffix trie, i.e., ST, does
not contain all suffix trie nodes. In fact, the locus of each factor F), is either an ST node v or
lies on an ST edge g. In the former case, v corresponds to the LZ node v’ representing F, in the
sense that both have the same string depth. In the latter case, the locus of F, can be witnessed by
the lower node the edge g connects to (by storing information on the length of F, at that node).
Thus, we can represent the LZ trie with a marking of ST nodes. The marking is done dynamically
while computing the factorization as we mark the locus of each factor after having it processed.
By marking the ST root node, we identify the LZ trie root with the ST root. To find the factor
lengths, we perform a traversal from the leaf A to its lowest marked ancestor, where A is the leaf
whose suffix number corresponds to the starting position of the factor we want to compute. Thus,
we process the leaves in the order of their suffix numbers while computing the factorization.

To translate this technique to CDAWG, we no longer move to different leaves since all leaves
are contracted to sink. This is no problem if we keep track of the starting position of the factor we
want to compute. However, an obstacle is that a CDAWG node can have multiple parents. Given
we superimpose the LZ trie on CDAWG such that an explicit LZ (trie) node v is stored in its
corresponding CDAWG node v'. Unlike the case for ST, we generally have no information on the
actual length of the string of v because v’ can have multiple paths leading to root. Fig. 2 presents
an example for which we cannot superimpose the LZ trie on CDAWG. In what follows, we propose
two different solutions.

3.2 First Approach: Plug&Play Solution

Our solutions make the idea of the superimposition more implicit by modeling the LZ trie with
a weighted segment tree data structure whose intervals correspond to ST nodes. In detail, we
augment each LZ trie node with an SA range. For explicit LZ trie nodes having a corresponding
ST node v, its SA range is the SA range of v. Otherwise, its range is the SA range of the ST
node directly below. SA ranges of LZ trie nodes can be nested but do not overlap due to the tree
topology of ST. This makes it feasible to model the lowest marked ancestor data structure used
in the precursor algorithms with a weighted segment tree data structure that represents each LZ
trie by its SA range and its LZ index as weight. For the example in Fig. 2, we end by storing the
weighted intervals (0, [1..5]), (1,[3..4]), (2,[1..2]), (3, [3..4]), (4, [5..5]), where the first components
denote the weights (i.e., the factor indices). In particular, we can make use of the following data
structure for a stabbing-max query, i.e., for a given query point ¢, to find the interval with the
highest weight containing ¢ in a set of weighted intervals.

Lemma 1 ([32]). Given a set of z intervals in the range [1..n] with weights in [1..n], there exists
a linear-space data structure that answers stabbing-mazx queries and supports the insertion of a
weighted interval in O(lg z) time.

With the data structure of Lemma 1, it is already possible to compute the LZ78 factorization
without constructing the LZ trie in O(zlgz) time with ST. For that we maintain the intervals
of all computed LZ factors in an instance Stab of this data structure such that we can identify
the factor index by the returned interval. We additionally index Fy with interval [1..n] and
weight 0 for determining non-referencing factors. By doing so, given we want to compute a factor



F, = T[dst,..dst, + |F,| — 1], we can determine its reference y by querying Stab. If y > 0, then
Fy = F,-T[dst, + |F,|]. It is left to determine the interval of F,, which we need to add to Stab. For
that, we find the locus of F), in the suffix tree, which can be done with a weighted level ancestor
data structure in constant time [33, 34].

This approach can be directly rewritten for CDAWG. To this end, we make use of the O(e + €)-
words representation of [28] and [15], which represents an ST node v with O(lg n) bits of information,
namely: (a) v’s corresponding CDAWG node, (b) the string length of v, and (¢) v’s SA range.
Their representation supports the following ST operations: (a) suffixlink(v, ¢) returns the ST node
after taking ¢ suffix links starting from v, in O(lgn) time; (b) strAncestor(v, d) returns the highest
ancestor of an ST node v with string depth of at least d, in O(Ign) time.

Furthermore, it is known that the number of runs 7 in the BWT is upper-bounded by e [28].
Hence, in O(e) space, we can store the run-length compressed FM-index (RLFM)-index [35]. Given
SA[i], RLEM can recover T[i — 1] in O(lgn) time. By storing RLFM-index in both directions,
we can sequentially extract characters in O(lgn) time, which we use to match the next factor in
CDAWG — remembering that each ST node representation also stores the corresponding SA range.

Let us recall that for computing a factor F, = T|[dst,..dst, + |F| — 1], the only thing left
undone is to find its Stab interval. For that, we stipulate the invariant that when computing F,., we
have selected the SA leaf A whose suffix number is dst,. To ensure this invariant for F, 1, we call
suffixlink(A, |F;|) to obtain the needed SA leaf. Finally, we find the locus of F, by strAncestor(\, | Fy|).
Since each ST node stores its SA range, we have all the information to add the interval of F}, to
Stab, and we are done. The time complexity is dominated by the ST simulation of CDAWG.
Theorem 1. For a text T' of length n, there exists a data structure of size O(e + €), which can,
given an interval T C [1..n], compute the LZ78 factorization of T|Z] in O(zlgn) time with O(z)
extra space, where z is the number of computed factors.

3.3 Second Approach: Climbing Up

In what follows, we show how to get rid of the dependency on the ST simulation, which costs
us O(lgn) time per query and makes it necessary to also store the CDAWG of the inverted text.
Instead of simulating the ST leaf with suffix number dst, for computing factor F, we select sink
and search for a path to root of length ¢ := n — dst, + 1. This also means that instead of the
top-down traversals as in the previous subsection, we climb up CDAWG from sink. To this end, we
use the centroid path decomposition and some definitions.

Centroid Path Decomposition.

By applying the centroid path decomposition on ST, we obtain a centroid-path decomposed tree
whose nodes are the heavy paths of ST and its edges the remaining light ST edges. Each root-leaf
path in the centroid-path decomposed tree has a length of O(lgn). [15] observed that the CDAWG
edges corresponding to the ST heavy edges form a spanning tree of CDAWG. We apply the centroid
path decomposition to the spanning tree of heavy edges again. We denote the heavy edges obtained
by the second centroid path decomposition as the heavy edges of the CDAWG, and all other edges
of the CDAWG as the light edges. After the second centroid path decomposition, the heavy edges
form a set of disjoint paths, and each root-sink path in CDAWG visits at most 21gn € O(lgn) light
edges. Fig. 2 gives an example of the centroid path decomposition and the correspondence between
ST and CDAWG.

To speed up the CDAWG traversal for the factorization computation, we want to skip heavy
edges. For that, we accumulate the information about LZ nodes of all heavy nodes in a heavy path
P and store this information directly in P so that we only need to query a heavy path instead
of all its heavy nodes. A linear sink-root traversal in CDAWG thus visits O(lgn) light nodes and
heavy paths. We can perform this traversal efficiently with some preprocessing:

Node Lengths.

Let len(u) for a CDAWG node u denote the set of the string lengths of all root-u paths in CDAWG.
Actually, the set len(u) is an interval. This can be seen as follows: if there are root-u paths with



labels X and Y for X € ¥* and Y being a suffix of X, then any suffix Z of X longer than Y
has the same occurrences as X and Y in T, implying that these occurrences all follow the same
characters, and therefore we can also reach u from root by reading Z. As a consequence, we can
represent len(u) in O(1) words by using both interval ends, and augment each CDAWG node u
with len(u) without violating our space budget.

Node Distances.

For two CDAWG nodes u and v on the same heavy path, let dist(u, v) be their string depth distance,
which is well-defined because either u is the parent of v or vice versa (otherwise they cannot belong
to the same heavy path).

Upward Navigation.

Recall that our aim is, after determining a factor F, = T'[dst,..dst, + |F,| — 1] with Stab, to find its
interval for indexing F, with Stab. For that, we climb up CDAWG from sink and search a root-sink
path P of length ¢ := n — dst, + 1, which is the string depth of the ST leaf having suffix number
dst,. Such a path P is uniquely defined since the ST nodes collapsed to a CDAWG node have all
distinct string depths. In particular, ST nodes with the same string depth cannot have isomorphic
subtrees, and therefore no two root-v paths can share the same length (substituting v with non-root
ST nodes).

For upward navigation, we augment each node v with a binary search tree B,. For each parent
u of v connected by a light edge (u,v), we store (u,v) with key min(len(w)) + ¢(u,v) in B, where
¢(u,v) is the number of characters on the edge (u,v). With B,,, we can find the last edge (u,v) of
the root-v path P of string length ¢ in O(lge) time. After climbing up to u, the remaining prefix
of P is a root-u path P’ of string length ¢ — ¢(u,v).

Now, a CDAWG ancestor u of v in the same heavy path can be a node in P if and only if
¢ — dist(u,v) € len(u). Finding the highest possible such ancestor can be done with an exponential
search in O(lge) time. We end up with a CDAWG ancestor u of v in P that is connected to its
parent node w in P via a light edge (or u = root, and we terminate the traversal). We can find
w with B, and recurse on w belonging to another heavy path closer to the root node. In total,
we visit O(min(lgn,e)) = O(Ign) heavy paths and light nodes. On each heavy path or light node
that we process, we spend O(lge) time. Thus, the total time per factor is O(lgnlge).

Finding the SA Range.

Given we process factor F,, we use the above procedure to find the ST locus of F,, represented by
CDAWG. For that, we stop climbing when we reach the shortest path P with a string length of
at least | F,|. However, unlike the previous approach, we do not have the SA ranges at hand. To
compute them, we perform the following pre-computation step: We let each CDAWG node store (a)
the number of ST leaves in the subtree rooted at one of its collapsed ST nodes (this is well defined
because all these collapsed ST nodes have the same tree topology) and (b) the number of ST
leaves of its lexicographically preceding sibling nodes, which we call the aggregated CDAWG value.
Additionally, each heavy path stores from bottom up the prefix-sums of the aggregated CDAWG
values of the nodes such that we can get for the i-th node on a heavy path the number of all leaves
of all lexicographically preceding siblings of the descendant nodes of the i-th node belonging to the
same heavy path. This whole pre-preprocessing helps us find the SA range of F, as follows: We use
a counter ¢ that accumulates the leftmost border of the SA range we want to compute. For that, we
increment ¢ when climbing up to a light node by its aggregated CDAWG value. Additionally, when
we leave a heavy node, we use the prefix-sum stored in its respective heavy path to perform the
computation in constant time per light node or heavy path. When we reach the CDAWG node v
representing the locus of F,, ¢ gives us the left border of the SA range we want to compute. However,
the length of this SA range is given by the subtree size stored in v. This concludes our algorithm.



Speeding Up by Interval-Biased Search Trees.

The above time can be improved from O(lgnlge) to O(lgn) by implementing (a) B, and (b) the
exponential search in each heavy path with interval-biased search trees.

Lemma 2 ([36, Lemma 3.1]). Given a sequence of integers €1 < - -+ < £y, from a universe [0..u], the
interval-biased search tree is a data structure of O(m) space that can compute, for an integer p given
a query time, the predecessor of p in O(lg(u/x)) time, where x = successor(p) — predecessor(p) is the
difference between the predecessor predecessor(p) and successor successor(p) of p in {l1,...,lm}.

We note that there are faster predecessor data structures with time related to the distance of
the query element to the predecessor such as [37, 38], which however do not improve the total
running time, which is dominated by the number of nodes O(lgn) we visit.

For the former (a), denoting B, as B. for any node v, during a sink-root traversal, a query of
B. always leads us to a higher node v such that the next search in B. is bounded by max(len(v)),
and therefore the query times in Lemma 2 lead to a telescoping sum of O(lgn) total time.

For the latter (i.e, (b) the heavy paths), we let each heavy path maintain an interval-biased
search tree storing its CDAWG nodes. A node u is stored with the key dist(u,v’), where v’ is
the deepest node in the heavy path. At query time, we have the desired path-length ¢ and
len(u) = [min(len(w)).. max(len(w))] available such that we can query for the highest node u; with
dist(uy,v) = dist(ug, v')—dist(v, v") < f—min(len(uy)), i.e., dist(u,v’) < £—min(len(u))+dist(v,v’)
and the highest node us with dist(ug, v') > ¢ — max(len(usg)) + dist(v,v’). Then the deepest node
among u; and us is the highest ancestor of v that is still in P and is a member of the same
heavy edge. The time complexity forms like for (a) a similar telescoping sum if we add to each key
dist(u, v’) the maximum depth of a heavy path such that each heavy path visit shrinks the search
domain to be upper bounded by the last obtained key.

Theorem 2. For a text T of length n, there exists a data structure of size O(e), which can, given
an interval T C [1..n], compute the LZ78 factorization of T[Z] in O(zlgn + z1lgz) C O(zlgn) time
and O(z) extra space, where z is the number of computed factors.

3.4 Replacing CDAWG by Other Data Structures

Not only the CDAWG-based index mentioned above, but other compressed indexes can also be used
for substring compression. To make this possible, we revisit the algorithm described in Section 3.2
and identify the core operations it requires from the underlying data structure. To compute a new
factor F, = T'[dst,..dst, + |F;| — 1], we first find the ST leaf X that represents T'[dst,..]. Note that A
is the lexicographically ISA[dst,]-th smallest suffix of T'. Second, we compute the lowest LZ78 node
u on the root-A path. We find u by actually performing a stabbing-max query on Stab with value
ISA[dst,]. Finally, we compute the SA range R corresponding to the locus of F, and insert R into
Stab. We observe that the SA range R computed by the above procedure is the same as the SA range
corresponding to T'[dst,..dst, +|F| — 1]. In general, our algorithm requires the following operations:

) compute ISA[i],

) access Ti],

) compute the SA range corresponds to a substring T'[¢..r] for 1 < ¢ <r <n, and
) perform a stabbing-max query or update on a dynamic set of intervals.

00 T

Therefore, any data structure supporting (a)-(c) can take over the role of suffix trees or CDAWGs
for substring compression with our algorithm.

Here, we show that an RLBWT-based compressed index satisfies the above properties. There is
a compressed data structure that supports typical suffix tree operations in O(r lg %) space [29]. It
supports

e random access on the text and on the inverse suffix array in O(lg %) time, and

e computing PSV(z,d) = max({0}U{l<y<az]|LCPly]<d}) and NSV(z,d) =
min ({n} U {z <y <n|LCP[y] <d}) in 0<1gl;g1gnn +1g %) time.



It thus supports operations (a) and (b). We can support (¢) by computing [PSV(ISA[{],r — ¢ +
1), NSV(ISA[{],r — £+ 1) — 1]. Therefore, by replacing CDAWG with this data structure, we can
obtain the following result.

Theorem 3. For a text T of length n, there exists a data structure of size (’)(r lg %) , which can, given

an interval T C [1..n], compute the LZ78 factorization of T[Z] in O(z <1g lg o tlgt +1g z))

time with O(z) extra space, where z is the number of computed factors and r is the number of
BWT-runs of T.
Furthermore, we also show that the §-index [31] also satisfies the above requirements. The

d-index can be stored in (9(5 lg glls’g) space, and supports random access for the text and ISA

in (’)(log4+€ n) time, where € > 0 is a given constant. Furthermore, it also allows computing the
length of the longest common prefix between any two suffixes of the text in O(lgn) time. Since it
supports LCE operations, we can simulate PSV(z, d) and NSV(z, d) using the é-index by combining
binary search and LCE queries. Therefore, we can use it instead of CDAWG and the RLBWT-based
compressed index for the LZ78 substring compression problem. With the §-index, we obtain the
following result.

Theorem 4. For a text T of length n, there exists a data structure of size (’)(5 lg ZIE::)’ which,

given an interval I C [1..n], can compute the LZ78 factorization of T[I] in O(z 1g*te n) time with
O(z) extra space, where z is the number of factors computed, and § is the substring complexity of
T, and € > 0 is a constant.

Note that we focus solely on the theoretical result because there is no practical implementation
of this data structure, and it is not designed with practical performance in mind.

3.5 Extension for LZMW and LZD

In this section, we show the compressed-space substring compression algorithms for LZMW and
LZD factorization. The main difference between these factorizations and LZ78 lies in the structure
of their corresponding LZ tries. Fig. 3 illustrates the LZ tries considered in this work. While the
standard LZ78 trie contains only nodes that correspond to factors, the LZD and LZMW tries
also include intermediate nodes that do not represent any factor. As a result, the total number of
nodes in these tries may exceed the number of factors. Therefore, maintaining the LZ tries in a
straightforward manner does not guarantee good space complexity. However, our approach avoids
this issue by not maintaining the trie topology explicitly. Instead, we associate each factor with
an interval in the suffix tree, which allows us to sidestep the overhead caused by the structural
differences in the LZ tries.

LZD Factorization.

We first review the original substring compression algorithm for LZD proposed in [10]. Suppose we
want to compute a new factor F; = G1Gs. In the algorithm, the first half G; is computed using
the LZ trie consisting of {Fy, ..., F;_1}, which is superimposed on the suffix tree. The second half
G5 is then computed in the same manner as the first. Finally, a new node corresponding to the
new factor F; is inserted into the LZ trie.

Since the procedures for computing both G and G, are essentially the same as in the LZ78
algorithm, we can directly apply the compressed-space algorithm developed for LZ78. In addition,
the method for computing the new SA range described in Section 3.3 can also be reused. Therefore,
by using compressed-space data structures for LZ78 substring compression, we obtain the same
performance guarantees for LZD.

LZMW Factorization.

We next consider the LZMW substring compression problem. Unlike the LZ78 and LZD tries,
the LZMW trie consists of all concatenations of two consecutive factors. In the LZMW substring
compression algorithm, we superimpose the LZMW trie onto the suffix tree, in the same way as done
for LZ78. Using this superimposed structure, we find the longest matching factor starting at position
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Fig. 3 The LZ78 (left), LZD (center), and LZMW (right) tries for T = abaabaabc, the same string as in Fig. 1.
Vertices shown as double circles represent nodes corresponding to factors in each LZ trie, while black dots mark
intermediate nodes that do not correspond to any factor. The integer inside each node indicates the index of the
corresponding factor. In the LZ78 and LZD tries, a node labeled ¢ represents the factor F;. In the LZMW trie, a
node labeled ¢ represents the concatenation of two consecutive factors, namely the string F; F; 1, except for the
special case when ¢ = 0.

pin T by identifying the deepest mark corresponding to an LZMW factor along the path representing
T'[p..n]. Since this procedure is nearly identical to that of the LZ78 substring compression, our
compressed-space method can be naturally extended to support LZMW factorization as well. Thus,
we can compute the LZMW substring compression using the same data structures.

Therefore, using the methods of Theorem 2, Theorem 3, and Theorem 4, we can obtain these
results.
Theorem 5. For a text T of length n over an alphabet of size o, there exist data structures that,
given an interval T C [1..n], can compute the LZMW or LZD factorization of T|Z] under the
following space and time complexities:

e A structure of size O(e) takes O(zlgn + z1gz) = O(zlgn) time with O(z) extra space.

o A structure of size O(rlg2) takes O(z (lglglgin +1g2 +1g z)) C O(zlgn) time with O(z)
extra space.

e A structure of size (’)((5 Ig ZIEZ) takes O(z Jgite n) time with O(z) extra space.

Here, z is the number of computed factors, and r is the number of BWT-runs of T, § is the substring
complexity of T, and € > 0 is a constant.

4 Experiments

In what follows, we empirically evaluate CDAWG-based and RLBWT-based indexes on real-world
text strings for computing LZ78 substring compression. To do this, we first highlight the details
of our implementation in Section 4.1. Subsequently, we describe our experimental settings in
Section 4.2. Finally, we report the memory consumption, running time, and the distribution of the
number of edges on paths between the CDAWG root and its sink in Section 4.3.
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4.1 Deviation from Theory

We implement a simplification of our CDAWG-based index proposed in Section 3.3. In particular,
we omit the centroid path decomposition because we empirically observed that the average number
of edges on the root-sink paths is small in our datasets. We will discuss this observed phenomenon
in detail in Section 4.3. To reduce complexity, we implemented the branches of each internal node,
instead of an interval-biased search tree, by a sorted list on which we do a binary search to find the
edge with the right label. We also deviate from theory in the implementation of the stabbing-max
data structure, for which we use splay trees [39]. With a splay tree built on z intervals, the times
to answer a query or add an interval are O(lg z) amortized each, and the space is O(z) words.
Therefore, replacing the original data structure with splay trees does not worsen the space of our
index and keeps the time within O(zlgz). Splay trees provide fast access to frequent elements by
rearranging their structure adaptively on each query, and thus can exploit skewed distributions
unlike common balanced trees such as AVL trees. The reason for using splay trees is that vertices
of the splay tree are sequentially inserted at positions adjacent to the vertex that becomes the root
of the splay tree by the previous query. By doing so, chances are high that a splay tree query only
involves the very upper part of the tree, making the implementation practically fast in most cases.

For comparison, we also implement a simplification of the ST-based index. Our implementation
differs from the method proposed in [4] in the following two points: (i) we omit the weighted-
ancestor data structure, and, (ii) we use a stabbing-max data structure instead of a lowest marked
ancestor data structure. The first change is because the average number of edges on the root-leaf
paths of ST is small on our datasets, similar to the root-sink paths of CDAWG. The second change
aims to reduce memory consumption. The stabbing-max data structure requires only O(z) space,
whereas the lowest marked ancestor data structure requires O(n) space in addition to ST.

We also implement a RLBWT-based index. This implementation is almost the same as the
method proposed in [40], except for the implementation of the predecessor structure used for
computing PSV(z,d) and NSV(z,d). In the original method, they split an LCP array of length
n into O(r) blocks and maintain each block in grammar-compressed form. Finally, they use a
predecessor structure to determine the block containing the position x. Since each block has a

tree structure of height O(lg %) and the used predecessor structure needs O (lg lg lgLn) query time,

the time complexity for computing PSV and NSV is O(lg lg lgLn +1g %) However, the predecessor

structure mentioned by the authors focus only on the theoretical result and is not going to be
implemented. For simplification, in our implementation, we concatenate all blocks and construct a
grammar tree of height O(lgn). Therefore, our solution answers these queries in O(zlgn) time.

Implementation Details.

We maintain the nodes and the edges of CDAWG separately in two arrays Ay and Ag. We store
nodes in Ay in an arbitrary order, while we store edges in Ag in a sorted order based on two
criteria. First, we partially sort the edges in groups sorted by the Ay index of the connecting child
node. Second, for a fixed child node v, an edge (u,v) is sorted by the key min(len(u)) + ¢(u,v)
within its groups of edges sharing the same child node v. This arrangement makes it possible to
perform binary search on the edge array for simulating the binary search trees B,,, which we here
no longer need. Given a node v, to jump into the range [¢..r] of the edge array of edges connecting
to v for querying B,, we let v store £. We can do so by letting node Avy[i] store (V1) the sum
of the number of children over all preceding nodes (summing up the number of children of node
Av[j] for each j € [1..i — 1]). We then also know the right end of the interval [¢..r] by querying the
subsequent node in the Ay. Additionally, each node stores (V2) max(len(v)) and (V3) the number
of paths from v to the sink. An edge (u,v) from a node w to its child v is represented as a tuple of
three integers: (E1) the index of u’s entry in Ay, (E2) the string length of (u,v), and (E3) the
prefix sum of u’s aggregated CDAWG values (defined in Section 3.3). Therefore, both a node and an
edge store three integers each. Following Section 3.3, we use these integers as follows: (E1) to select
the parent node of v returned by B,,, (E2) to simulate a query on B, via binary search with (V2),
and to compute the string depth of the updated path when moving upward to the returned parent,
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Table 2 Sizes and memory usage of CDAWG, ST and RLBWT of each dataset. Memory
is measured in mebibytes (MiB). ST has approximately 2n vertices and edges regardless
of the dataset.

CDAWG size RLBWT size memory usage
dataset e e/n rlg rlgZ/n ST CDAWG RLBWT
s T
SOURCES 66.33e6 0.494  65.74e6 0.489  3970.6 984.5 1764.9
DNA 178.91e6 1.333  56.74e6 0.422  4069.3 2830.2 1258.1
ENGLISH 102.21e6 0.761 T71.21e6 0.531  3920.0 1518.6 1809.5
FIB 74 5.513e-7 453.6 3.38e-6  4736.0 1.28e-3 2.76e-2

lonT——mm—————————— TR AN W]
0.9n sources
» 0.8n 1 # dna
<
% 0.7n4 4 english
2 0.6n 1 + fib

© 0.5n1
2 0.4n-
€ 0.3n-
< 0.2n1

0.1n4

0.0n — S m—
0 5 10 15 20 25 30 35

number of edges on the path representing T[i, n]

Fig. 4 The histogram of the number of edges on all paths between root and sink. The dashed vertical line for each
dataset represents the average number of edges on all root-sink paths. The curve represents the cumulative sum of
the histogram. Note that the number of all root-sink paths is n = 134,217,728 for all datasets.

and (E3) with (V3) to determine the SA range of the factor we want to compute. In addition, we
store the first character of each edge label for each edge incident to root to provide efficient random
access to T. To restore T'[i] from CDAWG, we first compute the path (e, es, ..., er) representing
Ti..n]. Then, we obtain T[i] by taking the first character of the edge label of e;. Storing these
labels takes o lg o bits in total. Therefore, the overall memory consumption is 3p(|V| + |E|) +olgo
bits, where p € Q(lgn) is the size of an integer in bits.

Our suffix tree consists of three parts: an array of nodes, an array of pointers to all leaves sorted
by their suffix numbers, and the raw input text. Each node v stores its string depth, the index of
v’s parent node in the node array, and v’s SA range. With the node array and the pointers to the
leaves, we can determine the SA range for Stab. We do not need SA because for computing the
LZ78 substring compression, we only need to compute the SA range corresponding to an LZ78
factor, not the actual SA values. The total memory consumption is 4p|V'| 4+ nlg o bits.

Our index based on RLBWT consists of three data structures: a block tree to access T[i], a
block tree for accessing ISA[i], and a grammar-based index to compute PSV(z,d) and NSV(z, d).
We omit the details of the implementation, but the overall data structure is almost the same as the
structure of [40], except for the predecessor structure. Each of the tree data structures consumes
O(rp lg %) bits of space, where p € Q(lgn) is the size of an integer in bits.

4.2 Experimental Settings

We have implemented our LZ78 substring compression algorithms in C++. The source code is
available at https://github.com/shibh308/CDAWG-LZ78. For simplification, we assume that the
input is interpreted in the byte alphabet (Igo = 8) and n < 232 (thus p = 32). Table 3 gives
characteristics of the input texts used.

In one experiment instance, we construct the CDAWG, the ST, or the RLBWT-based index
of an input text and answer some LZ78 substring compression queries. As input texts, we used
SOURCES, DNA, and ENGLISH from the Pizza&Chilli Corpus [42], and the length-n prefix of the
(infinite) Fibonacci string FIB. We note that the construction time of these indexes is O(n) in
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https://github.com/shibh308/CDAWG-LZ78

Table 3 The alphabet size and repetitiveness measures on the first 128MiB
of each dataset (n = 134,217,728). o,e,r, 277 and z7g represent the alphabet
size, the number of edges in the CDAWG, the number of runs of Burrows—
Wheeler transform, and the number of factors of LZ77 and LZ78 factorization,
respectively. Note that e € Q(max{r, z77}) holds for any text [41]

dataset o e r z77 278
SOURCES 227 663278 31303555 7816156 13811755
DNA 16 178908741 84071820 9284690 10825116
ENGLISH 218 102211137 48367053 9639620 14219552
FIB 2 74 20 41 267813
103 £ soUrces BHHHIBIIIIIINNNNNRRRRRRNRE
—=— dna
10! 4 —A— english
—o— fib Fig. 5 Average memory usages of the

stabbing-max data structure depicted by
solid lines. The dotted line with the same
respective color represents the memory
usage of the CDAWG of the respective
dataset.

memory usage (MiB)

100 102 10° 10* 105 10° 107 10°
substring length

theory. However, since our implementation is not optimized for construction speed, we omit
experiments evaluating construction time. It is known that the CDAWG of the length-n prefix
of the Fibonacci string has only O(lgn) edges [26], and r € O(lgn) also holds from r € O(e).
We fixed n = 227 = 134,217,728, and generated our input texts by extracting the first 227 bytes
(=128MiB) from each dataset from the text collection.

We compiled our source code with GCC 12.2.0 using the -O3 option, and ran all experiments
on a machine with Debian 12, Intel(R) Xeon(R) Platinum 8481C processor, and 64GiB of memory.

We first construct the indexes for each text string and compute its memory consumption. We
also measure the distribution of the number of edges on the root-sink paths of CDAWG. Note that
we did not measure the construction time because we did not focus on efficient construction. After
construction, we let them answer LZ78 substring compression queries. For each o € {23,2%,...,227}
we choose ten substrings of length « from the text uniformly at random and compute the LZ78
compression of these substrings. We calculate the average memory consumption of the stabbing-max
data structure and the elapsed time excluding the maximum and minimum values.

4.3 Experimental Results

Table 2 indicates the size and memory consumption of each approach. For all datasets, CDAWG and
RLBWT consume less memory than ST. Except for DNA, CDAWG consumes less space than RLBWT.
However, it consumes more than twice the space of RLBWT in the case of DNA. Furthermore,
CDAWG takes more space than the input itself because each edge and vertex consists of multiple
integers. Even more severe, the number of CDAWG edges alone is higher than n for DNA. For FIB,
both CDAWG and RLBWT compress the input text exponentially. Especially, the memory usage of
CDAWG is about 10° and 3.7 x 10° times less than the raw text and ST, respectively.

Fig. 4 shows the distribution of the number of edges on all root-sink paths. We observe that the
average number of edges on a root-sink path is about 10-15, and almost all paths have at most
20 edges in real-world datasets. Therefore, we can regard the number of paths as almost O(lgn).
For plain CDAWGS without centroid path decomposition, path extraction can take O(n) time at
worst. However, from this result, we empirically constitute that such cases are rare in practice, and
both with and without centroid path decomposition, the running times are almost the same. Note
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Fig. 6 Average elapsed time for LZ78 substring compression with ST, CDAWG, and RLBWT.
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Fig. 7 Average elapsed time divided by the number of computed factors for LZ78 substring compression with ST,
CDAWG, and RLBWT.

that the average number of edges on the root-sink paths of CDAWG is the same as the number of
root-leaf paths of ST, so this fact also applies to ST.

Fig. 5 plots the memory usage of the stabbing-max data structures used. Memory consumption
increases almost linearly with the increase in the length « of the queried substring. The memory
usage of the stabbing-max data structure is about 50-80% lower than the memory consumption of
CDAWG except for FIB even if n = « (i.e., the substring to compress in the whole text). Therefore,
for real-world datasets, the main memory bottleneck is the CDAWG.

Fig. 6 shows the elapsed time for LZ78 substring compression using ST, CDAWG, and RLBWT.
Fig. 7 shows the elapsed time divided by the number of factors computed. The elapsed time
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increases almost linearly with the increase in the length of the queried substring. On real-world
datasets, CDAWG is the slowest and ST is the fastest for most cases. The difference in computation
time between CDAWG and ST is about 2-20 times. This is because the traversal of the ST is simpler
than that of the others. In contrast, CDAWG and RLBWT computes the LZ78 substring compression
about 5-300 times faster than ST in FIB, and CDAWG is the fastest in this case. We speculate that
effective CDAWG-based compression has a positive impact on cache-friendly memory access.

5 Conclusion

We propose a technique that allows us to compute the substring compression of LZ78, LZD, and
LZMW in compressed space. For that we introduce an abstract data type, whose implementations
give various trade-offs, cf. Table 1. We conducted experiments on different types of data, and
empirically evaluated that our method performs LZ78 substring compression efficiently with space
improvements compared to methods based on ST. For that, we slightly deviated from the theory
by omitting the centroid path decomposition and sophisticated data structures.

There are several directions for future work. Reducing the number of required operations for
substring compression and exploring smaller indexes that support substring compression is an
interesting line of research. For instance, grammar-based compressed indexes are theoretically
smaller than CDAWG-based ones, and support not only random access but also pattern matching
queries. However, they do not support suffix array queries, which are essential in our current
method for LZ78 substring compression. Developing a new substring compression technique that
avoids relying on suffix array queries could allow the use of grammar-based indexes, resulting in a
more space-efficient solution.

Substring compression for dynamic texts is another promising direction. When the text is
modified, the compressed index must be updated accordingly. A straightforward approach would
be to use known compressed indexes that support edit operations [43, 44], but most of these incur
high computational costs. However, in our case, we only require the support for a limited set of
operations. Thus, by focusing on this restricted set, it may be possible to significantly speed up
the update process.
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