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Abstract
We investigate properties of the bijective Burrows-Wheeler transform (BBWT). We
show that for any stringw, a bidirectional macro scheme of size O(rB) can be induced
from the BBWT of w, where rB is the number of maximal same-symbol runs in the
BBWT. We also show that rB = O(z log2 n), where n is the length of w and z is the
number of Lempel-Ziv 77 factors of w. Then, we show a separation between BBWT
and BWT by a family of strings with rB = �(log n) but having only r = 2, where r is
the maximal same-symbol runs in the standard Burrows–Wheeler transform (BWT).
However, we observe that the smallest rB among all cyclic rotations of w is always at
most r . While computing an optimal rotation yielding the smallest rB in o(n2) time
remains an open problem, we show how to compute the Lyndon factorizations – a
component for computing BBWT – of all cyclic rotations in O(n) time using right
and left Lyndon trees. We also show that the optimal rotations can be computed in
Õ(nh) time, where h is the (maximum) height of the two Lyndon trees which can
vary from log n to n. Furthermore, we conjecture that we can transform two strings
having the same Parikh vector to each other by BBWT and rotation operations, and
prove this conjecture for the case of binary alphabets and permutations.
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1 Introduction

The Burrows–Wheeler transform (BWT) [14] has seen numerous applications in data
compression and text indexing, and is used heavily by various tools in the field of
bioinformatics. For any string w, BWT(w) is defined as the string obtained by con-
catenating the last symbols of all cyclic rotations of w, in the lexicographic order of
the cyclic rotations. BWT is not injective, as two strings are transformed to the same
string if they are cyclic rotations of each other. Also, BWT is not surjective since BWT
preserves the string length and by the pigeonhole principle, there exist strings that are
not in the image of BWT.

For a string x , the inverse BWT transform is induced from the LF-mapping function
ψx (i) which maps position i in x to its rank among all positions ordered by (x[i], i),
i.e. ψx (i) = |{ j ∈ [1, |x |] | x[ j] < x[i]}| + |{ j ∈ [1, i] | x[ j] = x[i]}|. For a
primitive string w, the standard BWT always constructs a string x = BWT(w) such
that ψx forms a single cycle (i.e., for all i, j ∈ [1, |x |] there exists a k ≥ 0 such that
ψk
x (i) = j), and x[ψ |w|−1

x (i)] · · · x[ψ0
x (i)] is a cyclic rotation ofw. As an example, for

w[1..6] = banana and x = BWT(w) = nnbaaa, ψx (1) = 5, ψx (2) = 6, ψx (3) =
4, ψx (4) = 1, ψx (5) = 2, ψx (6) = 3, and thus ψ6

x (i) = i for all i ∈ [1, 6].
In general, ψx can form several cycles (e.g., when x is not in the image of

BWT), and it is more natural to view the inverse BWT as a bijection from a string
to a multiset of primitive cyclic strings [16]. For example, for x = annbaa,
ψx (1) = 1, ψx (2) = 5, ψx (3) = 6, ψx (4) = 4, ψx (5) = 2, ψx (6) = 3, thus ψx

forms the cycles (1), (2, 5), (3, 6), (4), respectively corresponding to the cyclic strings
a,an,an,b. The extended BWT (eBWT) [23] can be viewed as the corresponding
forward bijective transform (i.e., the inverse of the inverse BWT) from a multiset of
cyclic primitive strings to a string. The bijective BWT (BBWT) [17, 20] exploits this
bijection in order to define a bijection between strings; By selecting the lexicographi-
cally smallest rotation of each cyclic string and concatenating them in non-increasing
lexicographic order, this mapping becomes a bijection that maps a string to another
string. In the above example for x = annbaa, the strings b,an,an,a, are concate-
nated in this order to form banana. The forward transform BBWT(w) can then be
defined as a transformation that first computes the Lyndon factorization [15] of w,
and then computing the eBWT of the Lyndon factors, i.e., taking the last symbol of
all cyclic rotations of all the Lyndon factors, sorted in ω-order ≺ω – essentially the
lexicographic order for cyclic strings – which can be defined, when x, y are primitive,
as x ≺ω y ⇐⇒ x∞ ≺ y∞, and ≺ denotes the standard lexicographic order.

It is known that the BBWT can be computed in linear time [8, 12]. It can also
be used as an index similar to the BWT [7, 8], or as an index for a set of circular
strings [13]. While the size r of the run-length compressed BWT (RLBWT) has been
a focus of study in various contexts and is known to be small for highly-repetitive
texts [27], the size rB of the run-length compressed BBWT (RLBBWT) has not yet
been studied rigorously. Biagi et al. [10, 11] study the sensitivity [1] of rB with respect
to the reverse operation, and present an infinite family of strings such that rB of a string
and its reverse can differ by a factor of �(log n), where n is the length of the string.
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In this paper, we investigate properties of BBWT and rB . In detail, we show that
we can induce a bidirectional macro scheme (BMS) [30] of size O(rB) for w, from
the RLBBWT of w (Lemma 3). We further show that rB = O(z log2 n) where z is
the number of Lempel-Ziv 77 (LZ77) factors of w (Theorem 1). Then, we show a
separation between rB and r , by a family of strings with rB = �(log n) but r =
2 (Theorem 2).

Noticing that rB = r for Lyndon words, the smallest rB among all cyclic rotations
of w is always at most r . While we do not yet know how to compute, in subquadratic
time, such an optimal rotation that gives the smallest rB , we show that we can compute
the Lyndon factorizations of all rotations of w in linear time (Theorem 3) using right
and left Lyndon trees [3, 5]. We further show that computing the optimal rotation can
be done in O(nh log n) time using O(n) space, or O(nh log log n) time using O(nh)

space, where h is the (maximum) height of the Lyndon trees, which can vary from
log n to n.

Finally, we conjecture that two strings having the same Parikh vector can be trans-
formed into each other by BBWT and rotation operations (Conjecture 1), and prove
this for special cases (Theorem 5), namely, for binary strings and permutations, i.e.,
each position of the string is a distinct symbol.

This paper is an extended version of a (short) paper presented at the 31st Interna-
tional Symposium on String Processing and Information Retrieval (SPIRE 2024) [2],
and includes more detailed proofs, examples, and a new result concerning the compu-
tation of the optimal rotation and their relation to the height of Lyndon trees.

2 Preliminaries

Let � be a set of symbols referred to as the alphabet, and �∗ the set of strings over
�. For a string x ∈ �∗, |x | denotes x’s length. The empty string (the string of length
0) is denoted by ε. For integer i ∈ [1, |x |], x[i] is the i-th symbol of x , and for integer
j ∈ [i, |x |], x[i .. j] = x[i] · · · x[ j]. For convenience, let x[i .. j] = ε if i > j . Let
x = x1, and for integer k ≥ 2, xk = xxk−1. A stringw is primitive if there is no string
x and no integer k ≥ 2 such that w = xk . We will denote by x∞ an infinite string
obtained by concatenating x infinite times to itself. A cyclic string is a string whose
last position is followed by the first position. The infinite string x∞ can be viewed as
a cyclic string in that for any integer i , the position i can be mapped to an appropriate
position in [1, |x |], i.e., x∞[i] = x[((i − 1) mod |x |) + 1].

Let rot(x) = x[|x |]x[1..|x |−1]. A string y is a cyclic rotation (or simply a rotation)
of x if there exists i such that y = roti (x), where rot0(x) = x , and for integer k ≥ 1,
rotk(x) = rotk−1(rot(x)) and rot−k(x) = rot|x |−k(x). A conjugacy class is any
maximal set of strings that are cyclic rotations of each other.

Given a total order ≺ on �, the lexicographic order (also denoted by ≺) induced
by ≺ is a total order on �∗ such that x ≺ y if and only if x is a prefix of y, or,
x[i] ≺ y[i] where i = min{k ≥ 1 | x[k] 	= y[k]}. A string w is a Lyndon word, if
it is lexicographically smaller than all of its proper suffixes [22]. Lyndon words must
therefore be primitive. Also, any string w can be partitioned into a unique sequence of
lexicographically non-increasing Lyndon words, called the Lyndon factorization [15]
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of w, i.e., w = f k11 · · · f k�(w)

�(w) where each fi (1 ≤ i ≤ �(w)) is a Lyndon word, and

fi � fi+1 for all 1 ≤ i < �(w). We call f kii the i-th Lyndon necklace of w. The
ω-order ≺ω is a total order over primitive strings, defined as: x ≺ω y if and only if
x∞ ≺ y∞. 1 For any string x , we denote the lexicographically smallest rotation of x
as rot∗(x). Note that rot∗(x) is a Lyndon word if and only if x is primitive.

Given a string w, the Burrows–Wheeler transform BWT(w) is a string obtained by
concatenating the last symbol of all cyclic rotations of w, in lexicographic order. The
bijective BWT BBWT(w) is a string obtained by concatenating the last symbol of all
cyclic rotations of the multiset of all Lyndon factors in the Lyndon factorization of w,
in ω-order.

Since 1) BWT(w) is, by definition, invariant to rotations on w, 2) the Lyndon fac-
torization of a Lyndon word w (or an integer power wk of w) is w itself (or k copies
of w), and 3) the ω-order is identical to the lexicographic order for strings of the same
length, the following observation holds:

Observation 1 (Proposition 1 in [11]) For any string w, BWT(w) = BBWT(rot∗(w)).

The number of maximal same-symbol runs in BWT(w) and BBWT(w) will be
denoted by r(w), and rB(w) respectively. Although r(w), rB(w), and �(w) are func-
tions on strings to non-negative integers, we will omit writing the considered string
and just write r , rB , and �, if the context is clear.

The LZ77 factorization of w [21, 33] is a factorization w = s1 · · · sz of the string
where each si is the longest prefix of si · · · sz that has at least two occurrences in
s1 · · · si . We denote by z(w), or simply z if the context is clear, the size of the LZ77
factorization of w. The following relation is known between the size z(w) of the
LZ77 factorization and the number �(w) of distinct Lyndon factors in the Lyndon
factorization:

Lemma 1 (Theorem 1 in [31]) For any string w, �(w) < 4z(w).

A bidirectional macro scheme (BMS) [30], the most expressive form of dictionary
compression, consists of a factorization of w into phrases, such that each phrase of
length at least 2 can be represented as a reference to another substring of w. The
referencing of the phrases induces a referencing forest over the positions: any position
in a phrase of length at least 2 references another position in w, such that all positions
in the same phrase have the same offset and thus adjacent positions point to adjacent
positions, and there are no cycles. The number of phrases of a BMS is referred to as
its size. The size of the smallest BMS that represents w is denoted by b(w), or simply
b if the context is clear.

3 Properties of rB

We here analyze rB as a repetitiveness measure for a string w. We first confirm that
the RLBBWT of size rB induces a BMS of size O(rB), implying b = O(rB), and thus

1 Mantaci et al. [23] define the ω-order as a total order over arbitrary strings (including non-primitive
strings), but as it is not relevant in our presentation, we omit this for simplicity.
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can be interpreted as a repetitiveness measure in the class of dictionary compression,
as is r .

We first show that the number of distinct Lyndon factors �(w) is a lower bound for
rB(w).

Lemma 2 For any string w, �(w) ≤ rB(w).

Proof Corollary 4. of [13] states that for a set of m conjugate-free set of primitive
strings, the number of runs r of its extendedBWT (eBWT) satisfiesm ≤ r . TheBBWT
of w is equivalent to the eBWT of the Lyndon factors of the Lyndon factorization of
w.

Recall that the multiplicity ki of a Lyndon factor fi of the Lyndon factorization

w = f k11 · · · f k�(w)

�(w) has no effect on the number of maximal same-symbol runs of the

BBWT or the eBWT2 because these copies are all adjacent in ω-order — and more
generally: the i-th cyclic rotations of these copies are adjacent in ω-order, for every i .
Since the set of �(w) distinct factors of the Lyndon factorization of w are conjugate-
free and primitive, and the eBWT of these strings have the same number of maximal
same-symbol runs as the BBWT of w, the lemma follows. �

Lemma 3 For any string w, there exists a BMS of size O(rB(w)) that represents w.

Proof We follow the existence proof for a BMS of size at most 2r(w) by Navarro
et al. [28]. We consider a BMS such that each text position that does not correspond
to a beginning of a same-symbol run in BBWT(w) will reference the text position
corresponding to the preceding symbol in the BBWT(w). It is clear that there are no
cycles in such a referencing, and we claim that this allows the string to be partitioned
into O(rB(w)) phrases, such that references of positions in the same phrase have the
same offset.

Focus on the i-th Lyndon necklace f kii of w. For any cyclic rotation of fi , its ki
copies occur adjacentlywhen ordering all cyclic conjugates of all Lyndon factors in the
ω-order, and thus correspond to adjacent symbols in a same-symbol run in BBWT(w).
It follows that for any position in the last k − 1 copies of fi , the reference points to
the corresponding position in the preceding copy. Thus, the offset of references is the
same for these positions, and they can be contained in the same phrase.

Next, consider a position in the first copy of fi that does not correspond to a
beginning of a same-symbol run in BBWT(w). Then, since the symbol at this position
and the preceding (in ω-order) cyclic string is the same, their preceding positions
must also correspond to adjacent positions in BBWT(w). This implies that, as long
as the corresponding position is again not a beginning of a same-symbol run, the
reference of the previous position will have the same offset unless the previous (in the
cyclic sense) referenced position wraps around and is the last symbol of the referenced
Lyndon factor, in which case the referenced position and previous position will not
correspond to adjacent text positions. Being the beginning of a same-symbol run in
BBWT(w) can happen at most rB(w) times. Being adjacent referenced positions in the
cyclic sense, but not being adjacent referenced text positions can happen at most once

2 For the eBWT, we consider the multiplicities of the input strings.
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per referenced Lyndon necklace. Thus, the number of times adjacent text positions
must be in a different phrase is bounded by O(rB(w) + �(w)). From Lemma 2, we
have that the number of phrases is thus O(rB(w)) which concludes the proof. �

Example 1 For the string w = abbbabbababab, we give below an example for the
BMS computed from its BBWT. The Lyndon factorization ofw isabbb,abb,ab,ab,
ab. The number of runs rB is 6. BBWT positions belonging to a referencing phrase
are marked with in the last row of Table 1. We therefore have 6 non-referencing
phrases.

The referencing phrases are computed as follows: In Table 1, CSA is the circular
suffix array whose entry CSA[i] denotes the corresponding text position of the first
symbol of the i-th string in ω-order among all rotations of all Lyndon factors. The
row CSA[i] − 1 denotes the text position corresponding to BBWT[i], or equivalently,
the corresponding text position of the last symbol of the i-th string in ω-order among
all rotations of all Lyndon factors. By construction of our BMS, text positions corre-
sponding to BBWT positions 2-5, 7-8, and 10 correspond to referencing phrases, i.e.,
the text positions 11, 13, 7, 4, 10, 12, 3. These positions refer to 9, 11, 13, 7, 8, 10, 6,
respectively. If we group together neighboring text positions that have the same offset
to their references, we obtain 9 phrases, which are visualized in Fig. 1.

Theorem 1 For any string, rB = O(z log2 n).

Proof We basically follow the proof of r = O(z log2 n) by Kempa and Kociu-
maka [19], with changes to deal with the difference between BWT and BBWT.

The LCP array of a string w is an array of integers such that its i-th entry is 0
for i = 1, and for i ≥ 2, the length of the longest common prefix (lcp) between the
lexicographically (i −1)-th and i-th cyclic rotation ofw. An irreducible LCP position
is a position i such that i = 1 or BWT(w)[i − 1] 	= BWT(w)[i], and thus the number
r of BWT runs is the number of irreducible LCP positions. For a multiset of primitive
cyclic strings, we can analogously define the ω-LCP array [18]. Let xi denote the
i-th string, in ω-order, among all cyclic rotations of all Lyndon factors of the Lyndon
factorization ofw. Then, the i-th entry of theω-LCP array is 0 for i = 1, and for i ≥ 2,
the lcp between x∞

i−1 and x∞
i . By construction, the number rB of BBWT runs is the

number of irreducible ω-LCP positions, i.e., i = 1 or BBWT(w)[i − 1] = xi−1[0] 	=
BBWT(w)[i] = xi [0]. Note that ω-LCP values can be infinite when there are Lyndon
necklaces in the Lyndon factorization with exponent at least 2. However, they can be

Table 1 BBWT and related arrays of w = abbbabbababab of Example 1

i 1 2 3 4 5 6 7 8 9 10 11 12 13

w[i] a b b b a b b a b a b a b

BBWT[i] b b b b b a a a b b a b a

CSA[i] 8 10 12 5 1 9 11 13 7 4 6 3 2

CSA[i] − 1 9 11 13 7 4 8 10 12 6 3 5 2 1

ref?
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Fig. 1 The BMS factorization of Example 1

safely disregarded since they are not irreducible. The number ofω-LCP positions with
ω-LCP value 0 is equal to the alphabet size which is upper-bounded by z. The theorem
follows if we can show that for any value k, the number of irreducible ω-LCP values
in [k, 2k) is O(z log n), and considering k = 20, . . . , 2�log n�.

If we assign cost k to each irreducibleω-LCP position i ≥ 2, i.e. BBWT(w)[i−1] 	=
BBWT(w)[i] with ω-LCP value in [k, 2k), the number of such positions is (1/k)-th
of the total cost. More formally, costk(i) = k for i ∈ Ik , where Ik = {i ≥ 2 |
BBWT(w)[i − 1] 	= BBWT(w)[i] and ω-LCP[i] ∈ [k, 2k)}, and costk(i) = 0 for
i /∈ Ik . Then,

∑
i∈Ik costk(i)/k = |Ik |. Let S3k (resp. Sk) denote the set of all distinct

length 3k (resp. k) substrings of strings in the set { f ∞
1 , . . . , f ∞

�(w)}, i.e., the infinite
repetition of the Lyndon factors of the Lyndon factorization of w. The size |S3k | (or
|Sk |) of the set is upper-bounded by n since any position in f p for any p, which
corresponds to (at most) one distinct element of S3k (or Sk), can be mapped to a
distinct position (the corresponding position in the occurrence of f p as a factor of the
Lyndon factorization of w) in w. |S3k | = O(kz) also holds; Any string is either a
substring of f p (and therefore ofw), or a string that is not a substring of f p but of f ∞

p ,
for some p ∈ [1, �(w)]. The former is bounded by 3kz since any string must have
an occurrence that contains the ending position of an LZ77 factor and there can be at
most 3k different strings for each of the z ending positions. The latter is also O(kz),
since there can be at most 3k substrings for each f p, and �(w) < 4z by Lemma 1.

Next, we show how to charge the cost k = costk(i) of an irreducible ω-LCP
position i , to positions of strings in S3k . For each k′ = 1, . . . , k, a unit cost is charged
to the k′-th position of the length 3k string y = x∞

i− j [1 − k′..3k − k′], i.e., at y[k′] =
x∞
i− j [0], where j ∈ {0, 1} is chosen so that the number of strings in Sk with suffix
x∞
i− j [0..k − k′] is less than or equal to those with suffix x∞

i−(1− j)[0..k − k′]. Then,
since the number of strings in Sk with suffix x∞

i− j [1..k − k′] = y[k′ + 1..k] is at least
twice the number of strings in Sk with suffix x∞

i− j [0..k − k′] = y[k′..k], it follows that
a given string y ∈ S3k can be charged at most at log |Sk | ≤ log n different positions.

Furthermore, a given position k′ of a given string y ∈ S3k can be charged at most
twice: Let [b, e] be the maximal range of cyclic strings in ω-order (which we denote
by x∞

b , . . . , x∞
e ), prefixed by y[k′ + 1..3k]. Since |y[k′ + 1..3k]| ≥ 2k, the ω-LCP

values in the range [b + 1, e] are at least 2k. Therefore, xb and xe are the only two
possible positions for which y occurs as x∞

b [1 − k′..3k − k′] or x∞
e [1 − k′..3k − k′],

and y[k′] is charged for an ω-LCP value k′ ∈ [k, 2k) at position b or e + 1 in the
ω-LCP array.

From the above arguments, the total cost
∑

i∈Ik costk(i) cannot be more than twice
the number of positions of strings in S3k that can be charged, and is upper-bounded
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by |S3k | · 2 log n = O(kz log n), and thus the number of irreducible ω-LCP positions
is upper-bounded by O(z log n). �


Despite sharing common traits, r and rB can be asymptotically different:

Theorem 2 There exists a family of strings with rB = �(log n) and r = 2.

Proof Define the Fibonacci words as follows: F0 = b, F1 = a, Fi = Fi−1Fi−2. The
infinite Fibonacci word is limk→∞ Fk . Melançon [25] showed that the k-th factor (the
first factor being the 0-th) of the Lyndon factorization of the infinite Fibonacci word,
has length f2k+2, where fi = |Fi |. Now, ∑i

k=0 f2k+2 = − f1 + (· · · ((( f1 + f2) +
f4) + f6) + · · · ) + f2i+2 = f2i+3 − 1. Therefore, the word obtained by deleting the
last symbol of F2i+3 has i + 1 distinct Lyndon factors. Noticing that the last symbol
of F2i+3 must be ‘a’ and will form a distinct Lyndon factor, we have that the size of
the Lyndon factorization of F2i+3 is i + 2. Since �(w) ≤ rB(w) by Lemma 2, the
BBWT of the k-th Fibonacci word Fk for odd k has �(k) runs, while the BWT of any
Fibonacci word has r(Fk) = 2 runs [24]. �


Very recently, the opposite case, i.e., a family of strings where r = �(log n) and
rB = O(1) has been reported [6] as well.

4 RLBBWT and Rotation

While rB can be larger or smaller compared to r , if we are to incorporate a rotation
operation, which can be encoded as a single log n-bit integer, we can always obtain a
representation that is at least the same and possibly smaller than r , using BBWT. This
is because we have r(x) = rB(rot∗(x)) due to Observation 1. The lexicographically
smallest rotation of a word can be computed in linear time [29].

For any stringw, let ŵ = argminuv=w{rB(vu)} be the optimal rotation with respect
to rB . We observe that ŵ is not always the Lyndon rotation of w. For example, for
the Lyndon word w = aaabaabaaabaabb, we have that BWT(w) = BBWT(w) =
bbbaabaaaabaaaa, thus rB(w) = 6. However, we have that ŵ = rot(w) =
baaabaabaaabaab and BBWT(ŵ) = bbbbaaaaaaaaaab, thus rB(ŵ) = 3.

Since BBWT(w) (and hence rB(w)) can be computed in O(n) time, we can poten-
tially get a rotation giving smaller rB still in linear time by trying O(1)more rotations.
For computing the optimal rotation giving the smallest rB , it is straightforward to
compute ŵ (and hence rB(ŵ)) in O(n2) time. A subquadratic time algorithm for this
problem is unknown to us. For LZ77, it was recently shown that indeed subquadratic
time computation for the optimal rotation is possible [4]. While we have not yet been
able to achieve this, we give partial results: We first show a linear time algorithm for
computing the Lyndon factorizations, a precursor to computing BBWT, of all cyclic
rotations, using Lyndon trees.We then show that the optimal rotation can be computed
in O(nh log n) time using O(n) space, or O(nh log log n) using O(nh) space, where
h is the height of the Lyndon trees.

The right (resp. left) Lyndon tree [3, 5] of a Lyndon word w is a binary tree defined
recursively on the right (resp. left) standard factorization. The right standard factor-
ization of a Lyndon word w with at least two symbols is given by two strings u and v
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such that w = uv and v is the longest proper Lyndon suffix of w. The left standard
factorization of a Lyndon word w is defined similarly with the difference that u is the
longest proper Lyndon prefix of w. It is known that u and v are both Lyndon words in
either of the two standard factorizations.

Now, if w is a single symbol, then the right (resp. left) Lyndon tree of w is just
a leaf representing w. Otherwise, w is represented by an internal node of the right
(resp. left) Lyndon tree whose left and right child are respectively the right (resp. left)
Lyndon trees of u and v, where w = uv is the right (resp. left) standard factorization
of w.

Theorem 3 Wecan compute the sizes of theLyndon factorizations of all cyclic rotations
of w in time linear in the length of w.

Proof Assume that w is Lyndon, consider the string W = ww, and view the cyclic
rotations of w as substrings of length |w| of W . Any Lyndon factorization of such
substrings consists of the Lyndon factorization of a suffix ofw and a prefix ofw, since
any x = uv such that u is a suffix of w and v is a prefix of w cannot be Lyndon:
it would imply uv ≺ v ≺ w ≺ u, a contradiction. Therefore, we can consider the
Lyndon factorizations of the suffixes of w and the prefixes of w independently.

We observe that the factors of the Lyndon factorization for any suffix of w, are
the sequence of maximal right sub-trees of the standard (right) Lyndon tree of w that
are contained in the suffix. Similarly, for any prefix of w, they are the maximal left
sub-trees of the left Lyndon tree of w that are contained in the prefix.

By definition of the Lyndon trees, and the property of the Lyndon factorization
which states that the first (resp. last) factor is the longest prefix (resp. suffix) that is a
Lyndon word, it is a simple observation that the Lyndon factorization of a suffix of w

is the sequence of maximal right nodes of the right Lyndon tree that are contained in
the suffix, and the Lyndon factorization of a prefix of w is the sequence of maximal
left nodes of the left Lyndon tree that are contained in the prefix. In other words, the
Lyndon factorization of a proper suffixw[i ..|w|] ofw is the sequence of right children
on the path from the leaf at position i − 1 to the root in the right Lyndon tree, and the
Lyndon factorization of a proper prefix w[1..i] of w is the sequence of left children
on the path from the leaf at position i + 1 to the root in the left Lyndon tree. See Fig.
2 for an example.

Both trees can be computed in linear time [3, 5]. It is not difficult to see that the
changes in the factorization and thus the sizes of the Lyndon factorizations can be
computed in total linear time for each of the suffixes and prefixes, by a left-to-right
traversal on the trees. More specifically, we maintain the Lyndon factors on a stack;
The top element on the stack will be the left-most Lyndon factor when computing the
factorization for suffixes of w, and the right-most when computing the factorization
for prefixes ofw. When removing the left-most symbol from a suffix ofw, we first pop
the Lyndon factor on top, and push, if any, each right child on the (possibly empty)
left-path from the removed factor leading to the removed symbol. When adding a
symbol to a prefix of w, we pop, if any, the Lyndon factors on the stack that are a left
child of nodes that have a (possibly empty) right-path leading to the added symbol,
and add the highest node with such right-path.

It is clear that the total time is linear, since each node is pushed and popped once. �
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Fig. 2 The left and right Lyndon trees of the stringw = aaabaaabababaabb. The Lyndon factorization
of cyclic rotations of w are shown below, where factors are delimited by vertical bars. Right-nodes of the
right Lyndon tree, and left-nodes of the left Lyndon tree are marked in red. We observe that the Lyndon
factorization of suffixes of w is the sequence of maximal right nodes of the right Lyndon tree that are
substrings of the suffix, and the Lyndon factorization of prefixes of w is the sequence of maximal left nodes
of the left Lyndon tree that are substrings of the prefix

Theorem 4 Wecancompute in O(nh log n) timeusing O(n) space, or in O(nh log log n)

time using O(nh) space, the optimal rotation of w, where h is the maximum height of
the right and left Lyndon trees of w.

Proof Following the proof of Theorem 3, we assume w = rot∗(w), and compute the
right and left Lyndon trees of w, BBWT(w) in linear time, and rB(w).

To achieve O(nh log n) time using O(n) space, we preprocess w in linear time for
constant time Longest Common Extension (LCE) queries [9]. An LCE query (i, j) on
stringw returns max{l ≥ 0 | w[i ..i+l−1] = w[ j .. j+l−1]}. Then, comparisons for
the lexicographic order and ω-order between any two substrings of w or between any
two rotations of a substring of w, can be computed in a constant time, i.e., a constant
number of LCE queries.

We start from w, and incrementally compute BBWT(rot−k(w)) and rB(rot−k(w))

for k = 1, . . . , n − 1. We maintain the BBWT as a dynamic string with insert/delete
operations and predecessor/successor queries in O(log n) time per operation, which
can be implemented by any standard balanced binary search tree. When computing
BBWT and rB for the next rotation, we delete all entries corresponding to the Lyndon
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factor that is removed and insert all entries corresponding to the new Lyndon factors.
Updates on rB after an insert/delete operation can be done by simply comparing the
inserted/deleted symbol and the adjacent symbols which can be obtained by prede-
cessor/successor operations. Since the ω-order of an element can be determined in
constant time, all the above operations and queries can be done in O(log n) time per
operation/query.

It remains to bound the total number of insertion/deletions, which is the total length
of all the Lyndon factors that are updated during all the rotations. This can be bounded
by O(nh) since each position is involved in at most h different Lyndon factors during
the updates. Therefore, the total time is O(nh log n).

To achieve O(nh log log n) time using O(nh) space, we first construct the eBWT of
all the factors that occur in the Lyndon factorization of all rotations. These correspond
to the right nodes of the right Lyndon tree, and the left nodes of the left Lyndon
tree, and their total length sums up to O(nh) as mentioned in the previous paragraph,
so can be constructed in O(nh) time. Then, the BBWT of each rotation of w is a
subsequence of the eBWT. During the construction, we can associate for each factor,
at which rotation the symbols in the factor were inserted and at which rotation they
were subsequently deleted. Thus, for each rotation, we can later identify positions in
the eBWT of the factors that will be inserted or deleted in constant time. The problem
now lies in maintaining the size of the run-length encoding of the subsequence. This
can be solved using van Emde Boas trees [32] to implement dynamic predecessor
queries using O(nh) space, in O(log log n) time per update and query. �


Unfortunately, the heights of both trees can be�(n) in the worst case, for example,
abcdef.... We note that the expected height of the right Lyndon tree for a random
Lyndon word is known to be �(log n) [26]. We are not aware of any similar analysis
of the height of the left Lyndon tree.

5 BBWT Reachability

Further developing the idea of combining rotation and BBWT in order to obtain a
smaller representation of a string, we give the following conjecture.

Conjecture 1 Given two words with the same Parikh vector, we can transform one into
the other by using only rotation and BBWT operations.

Here, a Parikh vector of a string is an array of σ = |�| non-negative integers
that represent the number of occurrences of each alphabet symbol in the string. If
Conjecture 1 is true, then we can represent a string w based on w’s Parikh vector,
and a sequence of integers where each integer alternately represents the offset of the
rotation or the number of times BBWT is applied, to reachw from the lexicographically
smallest string with the same Parikh vector.

We have computationally confirmed the conjecture for ternary strings of up to
length 17, with code available at https://github.com/koeppl/bbwtreachability, and
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prove below for the specific cases where the alphabet is binary, or, when all symbols
are distinct.We first give the following lemmawhich shows that, under the condition of
the lemma, we can obtain a lexicographically smaller string using rotation operations
and an inverse BBWT operation.

Lemma 4 Let x be a word of length n that satisfies x = rot∗(x) over the alphabet
{c1, . . . , cσ } where c1 ≺ · · · ≺ cσ , and let (e1, . . . , eσ ) be the Parikh vector of x. Let
y = ce11 · · · ceσσ , i.e., the lexicographically smallest string with the same Parikh vector
as x, and i = lcp(x, y). If x[i] 	= x[n], then, rot∗(BBWT−1(rot(x))) ≺ x.

Proof Note that x[i] 	= x[n] implies y ≺ x since y = x implies i = n. Let x[1..i] =
ce11 · · · ce′

k , where e
′ ≤ ek . This implies that symbols smaller than ck are all used up

in x[1..i] = y[1..i], and cannot occur in x[i + 1..n] nor y[i + 1..n]. Thus, for all
j ∈ [i + 1, n], it holds that x[ j] � x[i] = ck , in particular, for all j ∈ [1, i], it holds
that x[n] � x[i] � x[ j] since x[i] 	= x[n] is assumed.

Next, consider traversing the symbols of x̂ = rot(x) = x[n]x[1..n − 1] using
the LF mapping ψx̂ starting from position i ′ such that ψx̂ (i

′) = i + 1 to recover a
cyclic substring of BBWT−1(x̂), whose smallest rotation (Lyndon rotation) will be a
substring of BBWT−1(x̂). We start from the symbol x̂[i ′] = y[i + 1]. Since x̂[1] =
x[n] 	= x[ j] = y[ j] for any j ∈ [1, i] and x̂[2..i + 1] = x[1..i] = y[1..i], it follows
thatψx̂ ( j) = j −1 for any j ∈ [2, i +1]. Therefore, we have that y[i +1] is preceded
by x[1..i], i.e., x[1..i]y[i+1] ≺ x[1..i+1] is a cyclic substring of BBWT−1(x̂), where
the inequality follows from the definition of y and i . It follows that BBWT−1(x̂) will
contain a length i + 1 substring that is smaller than x[1..i + 1], and therefore a cyclic
rotation smaller than x[1..i + 1] ≺ x[1..n], and the lemma holds. �

Example 2 For x = aacb, BBWT−1(rot(x)) = BBWT−1(baac) = caab. Then,
rot∗(caab) = aabc, which is lexicographically smaller than x .

For x = abbcb, the conditions of Lemma 4 do not hold. Indeed, BBWT−1(rot(x)) =
BBWT−1(babbc) = cbbab, and its smallest rotation rot∗(cbbab) = abcbb is
lexicographically larger than x .

In Example 2, caab coincides with the string y in the proof of Lemma 4. A
schematic sketch of this proof is given in Fig. 3.

The following theorem is a consequence of Lemma 4.

Fig. 3 Schematic sketch of the proof of Lemma 4. Here, α = y[i + 1] and β = x[i + 1] with ck ≤
y[i + 1] = α < x[i + 1] = β produces a string that contains x[1..i]y[i + 1]. x[n] does not “interfere” with
this mapping when x[n] > ck
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Fig. 4 Example of non-reachability for standard BWT and BWT−1, for binary strings of length 7 with 4 a’s
and 3 b’s (above), and permutations of length 4 (below). Strings are enclosed in rectangles, and rounded
edge rectangles group conjugacy classes. For binary strings, not all strings are shown for each conjugacy
class. For permutations, all strings are shown (since there exists a conjugacy class with no BWT images
(bottom left)) and the black arrows represent rotation operation rot or rot−1. The red arrows represent BWT
from a conjugacy class to a string. BWT−1 can be considered as a mapping back to one of the strings in the
conjugacy class. We see that for binary strings, the left three conjugacy classes cannot reach or be reached
from the right two conjugacy classes. For permutations, the left two conjugacy classes cannot reach or be
reached from the right four conjugacy classes

Theorem 5 Given twowords of the same length with the same Parikh vector, it is possi-
ble to transform one into the other by using only rotations and BBWT transformations
if all symbols are distinct, or if the alphabet is binary.

Proof Given any word x , let y be the smallest word with the same Parikh vector. Since
BBWT and rotations are bijections, it is easy to see that BBWT−1(x) (resp. rot−1(x))
can be represented by a sequence of BBWT(x) (resp. rot(x)) operations. Therefore, it
suffices to show that we can reach y from x using any of these operations. If y ≺ x ,
using Lemma 4, we can always obtain a strictly lexicographically smaller string using
rotations and BBWT−1 and thus eventually reach y: when all symbols are distinct, it is
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easy to see that the condition of Lemma 4 holds. If the alphabet is binary, i.e., {a,b},
we have that x[n] = b since x is a smallest rotation. Furthermore, if i = lcp(x, y),
then, since x[i] = b would imply x = y, we have x[i] = a 	= b = x[n]. �


6 Discussion

Weanalyzed rB as a repetitivenessmeasure and showed similar results thatwere known
for r . We further showed that by combining rotation with BBWT, we are always able to
achieve compression at least as small as BWT, and possibly better. We showed how to
compute the optimal rotation inO(nh log n) time usingO(n) space, orO(nh log log n)

using O(nh) space, where h is the maximum height of the right and left Lyndon trees.
Since h can be �(n), this is still �(n2) in the worst case. Further developing the idea
of combining rotation and BBWT, we conjecture that any string can be transformed
from another with the same Parikh vector, by a combination of rotation and BBWT
operations, and prove the conjecture holds for binary strings and strings where all
symbols are distinct.

We note that the analog of this conjecture does not hold for the standard BWT
and BWT−1, even for the same cases of Theorem 5. For binary strings, for example,
from aaaabbb we cannot reach aaababb and vice versa using BWT, BWT−1, and
rotations. Similarly, for permutations, for example, from abcdwe cannot reach acbd
and vice versa. See Fig. 4.
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